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THE  HYDHODYI^ALIICS  OF  AN  EXPLOSION 
■by 

Yu.  S,  Yakovlev 

INTRODUCTION 

The  problems  of  applied  theory  of  explosion  attract  the  attention 
of  a  large  circle  of  specialists. 

Explosions  are  used  for  large-scale  mining  and  earth-moving  work: 
construction  of  channels,  dams,  roads,  mine  shafts,  etc.  Explosion  is 
finding  ever-increasing  application  in  the  oil  industry  (oil  drilling) 
in  processing  of  metals,  and  in  other  fields  of  the  national  economy. 
Seismic-explosion  methods  have  found  extensive  use  in  the  study  of  the 
structiire  of  the  earth’s  crust  and  in  prospecting  for  useful  minerals. 

A  study  of  the  theory  of  explosion  is  also  of  great  interest  for 
shipbuilding  engineers.  One  of  the  main  requirements  Imposed  upon  a 
modern  ship  is  a  long  life.  This  quality  is  attained  by  rational  de¬ 
sign  of  the  hull  structures,  which  makes  provision,  among  the  other 
theoretical  cases,  also  for  the  action  of  dynamic  loads.  The  theory  of 
explosions  is  the  basis  for  the  determination  of  such  loads. 

The  work  by  the  Soviet  school  of  hydrodynamics,  and  primarily  by 
Kochln,  Lavrent’yev,  Sedov,  Landau,  Khristyanovich,  Zel'dovich,  Shiman 
skly,  Sadovskiy,  Novozhilov,  S tanyukovich,  Pokrovskiy,  Vlasov,  Olisov, 
Patrashev,  and  other  scientists,  has  laid  the  groundwork  for  the 
theory  of  explosion  as  an  Independent  field  of  knowledge. 

However,  the  original  investigations  by  the  foregoing  authors  are 
scattered  among  many  publications.  Even  a  cursory  acquaintanceship 
with  them  calls  for  much  time  and  labor. 

There  are  practically  no  books  in  which  the  problem  is  developed 
sufficiently  fully  from  a  single  unified  point  of  view. 
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i*iis  i^ap  v/aj  to  a  ccnsldarable  degree  by  the  recently  pub¬ 

lished  monograph  of  F.A.  Baum,  K. P.  Stanyukovich,  and  B. I.  Shekhter, 

The  Physics  of  Explosions. "  It  considers  in  detail  questions  of 
thermal  chemistry,  combustion,  and  brisance  of  explosives,  the  theory 
of  detonation,  cud  t  o  theory  of  cximulation.  Much  attention  is  paid  to 
problems  in  none..  :  unary  gacfynamics.  However,  the  problem  of  external 
forces  and  prco^ems  involving  the  action  of  an  explosion  on  a  struc¬ 
ture  are  not  investigated  by  the  authors  of  "Physics  of  Explosions." 

Ye.,  it  IS  precisely  these  problems  that  are  of  great  interest  to 
engineers,  oeslgners,  and  scientific  v/orkers.  » 

This  v;as  precisely  the  motivation  for  writing  the  present  book, 
which  consists  of  four  chapters. 

In  Chapter  1  -  "General  Laws  Governing  the  Propagation  of  Shock 
Waves  --  principal  attention  is  paid  to  a  consistent  and  sufficiently 
rigorous  development  of  the  principles  of  nonstationary  gasdynamlcs  as 
applied  to  nonsteady  motions,  the  characteristic  feature  of  which  is 
the  presence  of  discontinuity  surfaces.  The  main  material  of  the  chap¬ 
ter  is  preceded  by  a  brief  exposition  of  thermodynamics. 

Chapter  2  Explosion  in  an  Unbounded  Medium"  —  does  not  pretend 
to  be  complete  in  exposition,  but  allows  judgment  to  be  formed  concern¬ 
ing  methods  of  solving  the  problem.  It  also  contains  many  formulas  and 
relationships  that  are  necessary  for  practical  estimates.  It  was 
deemed  appropriate  to  include  in  this  chapter  also  the  general  laws  of 
similarity  theory,  knowledge  of  which  is  essential  to  both  the  the¬ 
oretician  and  particularly  to  the  experimenter. 

In  Chapter  3  -  "Simplest  Boundary  Problems  of  Explosion  Theory"  - 
are  considered  the  reflection  of  an  aerial  shock  wave  from  the  earth's 
surface,  of  an  underwater  shock  wave  from  the  free  surface  and  from 
the  bottom  of  a  water  reservoir.  An  attempt  was  .made  to  present,  along 
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with  the  results  of  the  linear  theory,  some  idea  of  the  nonlinear 
effects,  which  have  appreciable  significance  in  the  analysis  of  sim¬ 
ilar  problems. 

In  the  last  section  of  the  chapter  are  given  semiempirical  equa¬ 
tions  which  permit  an  approximate  estimate  of  the  parameters  of  seis- 
•mic -explosion  waves  near  the  earth's  surface. 

Finally,  Chapter  4  -  "Principal  Aspects  of  the  Problem  of  External 
Forces  in  the  Case  of  Aerial  and  Underwater  Explosions"  —  is  devoted 
principally  to  problems  of  interaction  betvreen  shock  waves  and  a  pai'- 
t it ion  —  one  of  the  main  problems  of  the  theory  of  explosion  and  struc¬ 
tural  mechanics. 

In  the  writing  of  this  chapter,  it  was  a  particularly  difficult 
problem  to  choose  material  so  that  without  repeating  the  fundamental 
works  in  the  field  of  strength  under  dynamic  loads  would  nevertheless 
give  a  complete  idea  of  the  main  methods  for  solving  the  problem. 

The  foregoing  shows  that  the  book  does  not,  by  far,  treat  all 
problems  in  the  hydrodynamics  of  explosions.  Thus,  for  example,  v;e  do 
not  consider  at  all  the  theory  of  gas-bubble  pulsation,  surface  phe¬ 
nomena  in  the  case  of  underwater  explosions,  and  other  problems,  the 
solution  of  which  is  usually  presented  under  the  assumption  that  the 
medium  is  -incompressible. 

This  approach  to  the  choice  of  material  seemed  to  us  Justified, 
since  it  enables  us  to  carry  out  the  exposition  by  relying  only  on  the 
main  laws  of  gasdynamics.  ,In  addition,  the  theory  of  gas-bubble  pulsa¬ 
tion  has  been  developed  in  great  detail  in  the  v;ell-knovm  book  by  R. 
Cowl  "Underwater  Explosions."  For  the  same  reason,  little  space  has 
been  allotted  to  problems  of  irregular  and  regular  reflection  of  aerial 
shock  waves  from  an  absolutely  rigid  w^all.  Such  problems  are  considered 
in  detail  in  the  monograph  of  R.  Kurant  and  X.  Fridrikh  "Supersonic 
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Flov;  and  Snoclc  V/avec." 

Tending  to  impart  where  poaaible  an  applied  character  to  the  ex¬ 
position,  the  author  dec-mod  it  advantageous  to  provide  the  main  sec¬ 
tions  of  the  boolc  '..-"th  eT'.amnlr  o,  v;hj  (;n  permit  a  deeper  insight  into  the 
gist  of  too  invest-'  a'.d  phencv.ena  ^-.d  to  acquire  skill  in  the  solu¬ 
tion  of  pmcaical  problems. 

The  manuscript  was  evaluated  during  the  course  of  preparation  for 
publication  by  many  specialists,  v.-hor  o  remarks  and  preferences  were 
taken  into  consideration  to  a  great  degree.  The  author  expresses  deep 
gratitude  to  those  who  participated  in  the  discussion  of-  the  manuscript 
of  the  book. 

Comments  and  desires  with  respect  to  the  books  should  be  addressed 
to:  Leningrad,  D-65,  ul.  Dzer zhinskogo  10,  Sudpromgiz. 
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Chapter  1 

GENERAL  LAWS  GOVERNING  THE  PROPAGATION  OP  SHOCK  WAVES 
§1.  EXPLOSION  AS  VIEWED  FROM  THE  HYDRODYNAMIC  POINT  OF  VIEW 

An  explosion  is  defined  as  a  chemical  or  nuclear  reaction^  as  a 
result  of  which  there  is  produced  within  a  very  short  time  interval 
within  a  definite  volume ^  a  high  energy  density  resulting  in  the  forma¬ 
tion  of  a  region  of  high  pressures  and  temperatures.  In  the  general 
case  the  distribution  of  the  pressures  and  temperatures  on  the  surface 
separating  the  explosion  products  from  the  surrounding  mediiun  is  at 
the  initial  instant  of  time  arbitrary,  since  the  character  of  a  reac¬ 
tion  such  as  an  explosion  does  not  depend  on  the  properties  of  the 
surrounding  medium. 

When  the  explosion  energy  propagates  into  the  surrounding  medium, 
surfaces  are  formed,  on  which  the  hydrodynamic  elements  of  the  fluid 
(pressure,  density,  temperature,  velocity  of  motion  of  the  particles) 
or  else  their  time  and  distance  derivatives  change  abruptly.  Such  sur¬ 
faces  will  henceforth  be  called  surfaces  of  strong  and  weak  discon¬ 
tinuity,  respectively. 

1.  the  pressure  and  normal  component  of  the  velocity  "octcr  of 
the  fluid  flow  change  abruptly  on  the  surface  of  strong  discontinuity, 
such  a  surface  is  called  a  ncnstationary  strong-discontinuity  surface 
or  a  shock  wave  front. 

If  the  pressui'e  and  normal  component  of  the  velocity  on  both  sides 
of  the  discontinuity  surface  are  the  same,  but  the  density  and  the  tem.- 
perature  change  abruptly,  one  speaks  of  a  stationary  strong-discon- 
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tinulty  suri’iice.  A  soationur-y  s'^^-on^-ulscoritinuity  surface  separating 
the  e^cplosion  products  from  the  suiTOunding  medi'um  is  frequently 
called  the  gas-bubble  surface. 

The  main  task  of  explosion  theory  is  to  study  the  unsteady  motion 
of  a  fluid  between  tv/o  boundary  surfaces  —  the  front  of  the  shock  wave 
and  the  surface  of  the  gas  bubble.  Tl.is  motion  of  the  fluid,  as  is 
well  known,  is  determined  by  a  system  of  partial  differential  equa¬ 
tions.  The  analysis  of  such  a  system  entails,  generally  speaking,  un- 
surmountable  mathematical  difficulties.  Consequently,  from  the  very 
outset,  on  the  basis  of  physical  notions  concerning  the  -character  of 
the  explosion  process,  it  is  concluded  that  this  system  must  be  slmpli 
fied  by  neglecting  the  volume  forces  and  the  viscosity  forces.  With 
such  simplification  explosion  theory  can  be  Included  as  a  specific  sec 
tion  of  nonstationary  gasdynamics. 

As  was  already  mentioned  earlier,  the  boundary  conditions  for  the 
Integration  of  the  fundamental  system  of  equations  of  gasdynamics  are 
the  conditions  on  the'  two  discontinuity  surfaces  —  the  front  of  the 
shock  wave  and  the  surface  of  the  gas  bubble. 

In  view  of  the  fact  that  the  conditions  on  the  surface  of  the  gas 
bubble  are  assumed  on  the  basis  of  the  data  of  detonation  theory, 
which  is  developed  in  sufficient  detail  in  many  fundamental  papers, 
this  problem  is  not  treated  here. 

As  regards  the  second  boundary  condition  of  the  problem,  it  will 
becom.e  obvious  that  for  a  correct  formulation  of  such  a  problem  it  is 
necessary  to  consider  carefully  first  the  general  laws  governing  the 
propagation  of  shock  waves,  to  which  we  now  proceed. 

Since  the  need  for  taking  account  of  the  compressibility  of  the 
medium  calls  for  a  thermodynamic  treatment  of  the  investigated  phenom¬ 
ena,  vie  shall  first  recall  some  of  the  thermodynamic  concepts  that  are 
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necessary  for  what  follows. 

§2.  BRIEF  INFORMATION  FROM  THERMODYNAMICS 

As  is  well  known^  there  is  a  unique  connection  between  the  main 
parameters  which  determine  the  state  of  a  substance^  namely  the  mass 
density  the  pressure  £,  and  the  absolute  temperature  T. 

An  equation  characterizing  this  relationship  is  called  an  equa¬ 
tion  of  state  of  the  given  substance 

F(p.  p.  T)  =0. 

In  place  of  the  mass  density  one  frequently  uses  the  weight  den¬ 
sity  7  =  gp  kg/m^  or  its  reciprocal,  V  m^/kg,  called  the  specific  vol¬ 
ume  . ' 

In  kinetic  theory  of  liquids  and  gases  it  is  proved  that  the 
structure  of  the  equation  of  state  of  any  substance  is  determined  by 
the  relation 

P  s=a -p-7  (  7" -p  O  ( F).  (l.l) 

Here  the  first  term  of  (1.1)  takes  into  account  the  motion  and 
the  second  the  interaction  of  the  particles. 

The  form  of  the  functions  f  and  $  is  not  established  by  the  theory. 

For  an  ideal  gas,  l.e.,  a  gas  w'ith  no  Interaction  forces  betv;een 
the  particles,  we  have  <i>(V)  =  0  and  f(v)  =  const.  The  constant  which 
replaces  the  function  f(V)  in  this  case  is  called  the  gas  constant  and 
is  designated  R  (m/deg). 

In  this  case  Eq.  (l.l)  reduces  to  the  relation  pV  =  RT,  known  as 
the  Mendeleyev-Clapeyron  equation. 

In  cases  of  practical  importance,  the  air  can  be  regarded  as  an 
ideal  gas.  Its  equation  of  state  is  then  the  Mendeleyev-Clapeyron  equa- 

The  equation  of  state  of  water  has  not  yet  been  derived  theoreti- 
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cally.  There! ore,  to  solve  practical  problems  one  uses  various  empiri¬ 
cal  and  semiempirical  equations  of  state  of  water.  We  present  two  of 
them: 

1)  the  Tait  equation 

^1  +  -;^-}],  (1.2) 

where  B  is  a  function  of  the  temperature  only,  usually  specified  in 
tabulated  form; 

2)  an  equation  that  approx  Bra tea  the  experimental  data  of  Bridg¬ 
man  for  high  pressures: 

■  />=(109-93,7l/)(r  — 3‘;S)-r5010l/-‘-“-4310,  (1.3) 

Where  £  is  the  pressure  in  atmospheres,  V  the  specific  volume  in  cm.^/g, 
and  T  the  absolute  temperature. 

In  thermodynamics  one  frequently  uses  the  concept  of  internal  en¬ 
ergy  of  a  substance.  This  is  defined  as  the  energy  of  motion  and  inter¬ 
action  of  its  structural  particles  (molecules  and  atoms). 

The  internal  energy  is  determined  completely  by  the  parameters  of 
state  and  consequently  can  be  represented  in  one  of  the  following  forms 

u  =  u(j>,  T).  I 

u^u{V,p),  (l.'^) 

«  =  «  (7',  W).  1 

Being  a  function  of  the  main  parameters,  the  value  of  the  internal 
energy  depends  only  on  the  initial  and  final  states  of  the  substance 
and  does  not  depend  on  the  character  of  the  dynamic  processes  that 
have  led  to  the  change  in  state. 

Mathematically  this  fact  is  characterized  by  the  equation 

The  parameters  of  state  are  related  in  basically  different  fashion 
with  the  heat  acquired  or  lost  by  the  substance.  The  character  of  the 
process  plays  in  this  case  an  important  role. 
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Accordingly,  the  value  of  the  specific  heat  c  =  dQ/dT  also  changes. 

We  shall  henceforth  deal  essentially  with  the  specific  heat  of  a 
process  occurring  at  a  constant  volume,  usually  denoted  c^,  and  the 
specific  heat  of  a  process  occurring  at  constant  pressure,  c^. 

The  study  of  thermodynamic  phenomena  is  based  on  two  main  laws. 

-The  first  law  of  thermodynamics  is  the  consequence  of  the  law  of  energy 
conservation. 

It  is  usually  written  in  the  form 

dQ^^^du  +  A-^dW  (1-6) 

and  expresses  the  simple  fact  that  the  heat  absorbed  by  a  substance  is 
consumed  in  changing  its  Internal  energy  and  performing  work  of  vary¬ 
ing  type.  Since  the  work  is  usually  expressed  in  mechanical  units,  the 
second  term  of  (1.6)  is  preceded  by  a  coefficient  called  the  thermal 
equivalent  of  work 

A  =  1/427  kcal/kg-m. 

In  thermodynamics  it  is,  for  the  most  part,  necessary  to  consider 
homogeneous  systems,*  in  which  the  only  form  of  work  is  work  of  expan¬ 
sion.  Equation  (1.6)  then  assumes  the  form 

dQ==du->r  ApdV.  (1.7) 

It  is  easy  to  see  that  in  the  case  of  an  isochoric  process,  i.e., 
a  process  .occurring  at  constant  volxmie,  all  the  heat  supplied  goes  to 
Increase  the  Internal  energy  of  the  substance. 

V..  shall  consider  the  Internal  energy  as  a  function  '^f  the  tem¬ 
perature  and  specific  volume,  and  write  for  it.  an  expression  for  the 
total  differential 


Substituting  (1.8)  into  (I.7),  we  obtain 
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(1.9) 


For  an  icochwi'i^  process  --  o  anJ  Fq. 
dQ  =  (du/dT)^dTj  hence 


<^0 


/rfO  N  /  Ou  \ 


(1.9)  assumes  the  form 


(1.10) 


It  can  he  shov/n  that  for  an  ideal  the  Internal  energy  is  a 

function  of  the  temperature  only,  and  the  value  of  the  specific  heat 
c^  is  constant.  Consequently, 

da  =  cJT, 

dQ  =  c^dT-{-ApdV-  (l-H) 

n^cj.  (1-12) 

Proceeding  to  consideration  of  an  isobaric  process,*  i.e.,  a  proc¬ 
ess  occurring  at  constant  pressure,  we  obtain  by  differentiating  the 
Mendeleyev-Clapeyron  equation  pV  =  RC  with  p  =  const 

pdV  :=  RdT.  (1.13) 

From  (1.11)  v;e  have 

dQ^=^c^dT-\-ARdT. 


Since 

(1.14) 

itr 

the  connection  between  the  specific  heat  at  constant  pressure  and  at 
constant  volimae  for  an  ideal  gas  is  obtained  in  the  form 

c^  =  c„-\-AR.  (1.15) 

V/idely  used  in  thermodynamics  is  the  entropy  function  S 
( cal/kg-deg) ,  defined  by  the  relation 

dS  =  dO/T.  (1.16) 

It  is  possible  to  separate  from  the  total  amount  of  heat  that 
part  which  is  the  result  of  the  work  of  friction  forces  (<^nutr^' 
is  obvious  that  this  part  of  the  heat  is  always  essentially  positive. 
The  remaining  part  of  the  heat  (%-neshn^  either  positive  or  neg¬ 

ative  (the  heat  can  be  either  delivered  to  or  removed  from  the  sub- 
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For  an  isolated  system  Expression  (l.l8)  assimes 

the  form  dS  >  0. 

Consequently,  the  entropy  of  an  Isolated  system  can  only  increase, 
and  only  for  an  ideal  system  can  it  remain  constant.  This  is  the  con¬ 
tent  of  the  second  law  of  thermodynamics. 

In  statistical  thermodynamics  it  is  proved  that  the  grov/th  of  en¬ 
tropy  of  an  isolated  system  is  connected  with  the  transition  of  the 
system  from  a  less  prohahle  state  into  a  more  probable  one. 

Let  us  find  an  expression  for  the  value  of  the  entropy  of  an  ideal 
gas  in  terms  of  the  parameters  of  state. 


We  previously  had 


Consequently, 


dQ=c^dT^-  ApdV. 


(1.11) 


Since  for  T  =  pV/R,  we  have 


It  is  obvious  that  an  isentropic  process  (S  —  Sq  =  0)  will  be 
characterized  by  the  satisfaction  of  one  of  the  following  relations: 

T'V*”'  =s  const, 

=  const,  (1.20) 

-4-  =  const. 

These  relations  are  known  as  the  Poisson  adiabatic  curves. 


Pig.  1.  Variation  of  the  adiabatic  expo¬ 
nent  as  a  function  of  the  pressure. 

The  value  of  the  adiabatic  exponent  k  depends  on  the  number  of 

atoms  in  the  gas  molecule.  For  diatomic  gases,  and  particularly  for 

air,  we  have  k  =  1.4. 

Using  the  equation  of  state  of  water  (1.3)  we  can,  after  going 
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through  derivations  that  are  in  principle  analogous  to  those  given 
above ^  establish  the  following  adiabatic  condition  for  water: 


/>  -f  c 


(1.21) 


where  C,  p*j  and  p*  are  constants  with  values 

C  =  5400  kg/cm^;  p*  =  2.53  g/cm^;  p*  =  912^000  kg/cm^. 

The  coefficient  k  depends  on  the  entropy  of  the  system  and  ranges 
from  5.55  to  4.60  in  the  range  of  variation  of  the  initial  values  1  < 

<  p  <  250- 10^  atm  and  T  <  2000°K. 

It  is  characteristic  that  this  coefficient  varies  slowly  at  the 
beginning  (Fig.  l). 

Thusj  K  =  5.55  for  p  =  1  atm  and  /c  =  5-45  for  p  =  30^000  atm^ 
i.e.,  the  variation  of  the  coefficient  /c  over  this  Interval  of  pres¬ 
sure  is  merely  2^. 

This  fact  indicates  that  in  underwater-explosion  conditions  the 
propagation  of  shock  waves  with  pressures  up  to  30,000  atm  on  the 
front  can  be  considered  in  the  assumption  that  the  process  is  Isentropic. 

The  isentropic  condition  for  p  <  30-10^  atm  can  be  obtained  from 


the  equation  of  state  in  Talt's  form,  and  has  the  form 

p  -h  ^  —  /^o  ^ 

p"  “  pS  ' 


(1.22) 


2 

where  B  and  n  are  constants  with  values  B  =  3045  kg/cm  and  n  =  7. 15- 
It  is  easy  to  note  that  Eqs.  (l.2l)  and  (1.22)  are  Identical  in 
form  id  are  quite  close  to  the  Isentropic  condition  of  an  ideal  gas. 

This  circumstance  makes  it  possible  in  many  cases  to  extend  the 
solutions  obtained  for  an  ideal  gas  to  Include  the  case  of  water. 

It  must  be  borne  in  mind,  however,  that  the  exponents  n  and  k 

actually  imiply  a  different  sense. 

§3.  STRONG  EXPLOSIONS  IN  GASDYNAMICS 

Upon  propagation  of  the  explosion  energy,  as  Indicated  above, 
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strong  discontinuity  surfaces  are  forired.  It  is  established  that  the 
general  relations  which  take  place  on  such  surfaces.  It  is  obvious 
that  for  this  purpose  we  cannot  use  differential  equations  that  assume 
continuous  variation  of  the  functions.  Consequently,  a  study  of  dis¬ 
continuity  surfaces  is  tost  starred  with  an  analysis  of  the  equations 
of  gasdynamics  in  integral  form. 

As  is  well  known,  the  equations  of  gasdynamics  are  based  on  three 
general  lau's  of  physics:  the  lav;  of  conservation  of  matter  the  lav;  of 
conservation  of  momentum,  and  the  law  of  conservation  of  energy. 

Let  us  consider  some  elementary  liquid  volume  t,  bounded  by  a  sur¬ 
face  S,  for  two  Instants  of  time  t^  and  t^  which  are  infinitesimally 
close  to  each  other.  On  the  basis  of  the  law  of  mass  conservation  we 
can  write 


(1.23) 


where  p  stands  for  the  mass  density  of  the  liquid. 

Equation  (1.23)  is  usually  called  the  continuity  equation. 
According  to  the  law  of  momentum  conservation,  the  increment  in 
the  momentum  is  equal  to  the  impulse  of  the  acting  forces,  and  there¬ 
fore  in  the  considered  case  of  motion  of  a  nonviscous  liquid  we  have 


■i  (y 


pndS\  di. 


(1.24) 


where  v  is  the  velocity  vector  of  liquid  motion,  ^  is  the  pressure, 
and  n  is  a  unit  upward-normal  vector. 

The  minus  sign  in  the  right  half  of  Eq.  (1.24)  is  the  consequence 
■of  the  well-known  property  of  an  ideal  fluid,  whereby  an  ideal  fluid 
can  experience  only  normal  stresses,  which  are  compressive  stresses. 

Equation  (1.24)  is  called  the  equation  of  motion. 

Finally,  the  law  of  energy  conservation,  according  to  which  the 
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change  In  the  kinetic  energy  of  an  isolated  liquid  volume,  added  to 
the  increment  of  its  Internal  energy,  is  equal  to  the  work  of  the  ex¬ 
ternal  forces  applied  to  this  volume,  can  he  written  in  the  form 


(1.25) 


Here  u  denotes  in  addition  the  internal  energy,  and  A  is  the 
thermal  equivalent  of  work,  A  =  1/427  kcal/kg-m. 

Relation  (I.25)  is  customarily  called  the  energy  equation. 

All  three  equations  (I.23),  (1.24),  and  (I.25)  can  he  written  in 
the  following  general  form 


(1.26) 


where  in  the  first  case 


rt  =»  p,  Cfl  0; 


(1.27) 


in  the  second 


and  in  the  third 


c„^—pn\ 


(1.28) 


+  c„>=—iv~n.  (1.29) 

Let  us  assume  that  there  exists  a  single  surface  Z  passing  through 
the  points  of  the  volume  t  and  moving  in  space,  passage  through  v/hich 
causes  the  functions  a  and  c^  to  experience  a  discontinuity.  Let  the 
equation  of  this  surface  he 

F{,x,  (1.30) 

The  surface  Z  divides  the  space  into  two  regions.  On  one  side  of 
the  surface  v;e  have  F(x,  y,  z,  t)  <  0,  and  on  the  other  F(x,  y,  z,  t)  > 


>  0. 
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V/e  shall  call  the  first  region  negative  and 
agree  to  denote  the  values  to  which  some  function 
b(Xj  Yj  2,  t)  tends  on  approaching  Z,  •remaining 
in  the  negative  region  by  b_;  the  second  region 
v/ill  be  called  positive^  and  the  values  of  b  cor¬ 
responding  to  it  will  be  called  b_j_. 

The  difference  b_^  —  b_  will  be  denoted  by  [b  ] 

b+-b.^[b] 

and  will  called  the  discontinuity  or  Jimp  of  the 
function  b  on  the  surface  Z.  The  surface  Z  itself 
will  then  be  called  the  discontinuity  surface  of 
the  function  b. 

We  introduce  the  concept  of  the  rate  of  displacement  of  the  sur¬ 
face  Z  at  a  given  point,  the  value  of  which  is  defined  by  the  relation 
(Fig.  2) 

(1.21) 

Let  us  calculate  the  rate  of  displacement  N.  Since  the  equation 

of  the  surface  Z  at  the  instant  of  time  t  +  At  is 

F{x-\-  Lx,  y  4-  Ly,  z  Lz,t-\-  Lt)  =  0, 

we  obtain,  by  expanding  this  function  in  a  Taylor  series 


N. 

\ 


Pig.  2.  Illus- 
tratjr^g  rn.:. 
definition  of 
the  rate  of 
displacement  of 
the  discontinu¬ 
ity  surface. 


but 


F{,x  +  Lx,y+  Ly,  z  +  Lz,t->r  Lt)  =  F  {x,  y,z,t)  +  -^Lx  + 

„  .  (1-32) 

dy 


+  +  4^  A2r+  +  6.  M.  B.  n 


).v 


Lx  >=>  Ln  cos  (//,  x)  t=  Ln - 


Oy 
OF 

Ly  =  Ln  cos  («.  y)  =  Ln  , 

OP 

Lz  —  Ln  cos  {n,  z)  —  Ln  — 


(1.33) 
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where 


Substituting  ( 1. 33)lnto ( 1. 32) ,  we  obtain 


0  «=i  0  +  A/i 


f  dry  fory  (dry 
4- A« 


+  -^U  +  6.  M.  B.  n., 


or 


dr  Arif,- 

=  M.  D.  n. 


Going  to  the  limit  as  At  — ►  0,  we  get 


Hm 


An 

"aT 


dt  t 


df 

1)T 


(1.34) 


The  quantity  N  is  called  the  rate  of  displacement  of  the  discon¬ 
tinuity  siATface.  This  rate  determines  the  motion  of  the  discontinuity 
sinrface  relative  to  a  stationary  observer. 

It  is  of  interest  to  consider  also  another  quantity,  the  rate  of 
displacement  of  the  discontinuity  surface  relative  to  a  liquid  moving 
ahead  or  behind  the  discontinuity  front.  It  is  called  the  rate  of 
propagation  of  the  discontinuity  surface  and  is  denoted  by  9,  where  it 
is  obvious  that 

o  =  (1.35) 

where  is  the  value  of  the  normal  component  of  the  particle  velocity. 

Since 


and 

we  have 


cos  (/?,  .V)  +  Vy  cos  {n,  y)  +  v,  cos  {n,  z), 


dx 
dt  ’ 


dt 


dl 
~di  ' 


dr  1 _ ^  JL  _  _L  ^ 

dt  i  "SF  dt  a  Cy  dt  8  FF  "dT  ~6 


dr 

_ dt _ 


(1.36) 
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UsiA8>  ths  conc0pt  oi  pate  of  ppopagation  of  the  discontinuity  sup  — 
facOj  let  us  establish  the  pelations  that  connect  (via  the  hydpody— 
namic  equation)  the  jumps  (discontinuity)  of  diffepent  hydrodynamic 
elements . 


Fig.  3-  Position  of 
the  discontinuity 
surfaces  at  the  in¬ 
stant  of  time  t^. 


Fig.  4.  Position  of 
discontinuity  sur¬ 
faces  at  the  instant 
of  time  t^. 


Let  us  consider  the  surface  2  at  tv;o  infinitesimally  close  in¬ 
stants  of  time  t^  and  tg. 

We  denote  by  2^^  the  position  of  the  discontinuity  surface  at  the 
Instant  t^  and  by  2^^  the  position  at  the  Instant  t^  of  those  points 
of  the  liquid^  which  are  at  the  instant  t2  on  the  discontinuity  sur¬ 
face  (Fig.  3). 

On  the  surface  2,  we  single  out  a  point  M  and  construct  a  small 

■'I 

cylinder  of  radius  r  with  axes  coinciding  with  the  normal  to  2,  .  The 

"^1 

height  of  the  small  cylinder  will  be  the  distance  between  the  surfaces 
^'^2*  assume  that  At/r  is  an  infinitesimally  small  quantity. 
The  volume  of  the  cylinder  is  taken  to  be  the  Integration  volume  t  up 
to  the  instant  t^. 

At  the  instant  owing  to  the  motion  of  the  liquid,  the  point  M 

moves  over  to  the  point  M'.  The  surface  2,  occupies,  after  displace- 

^1 

ment  and  deformation,  a  certain  position  2'  ;  finally,  the  points  of 

^1 

the  surface  2'^  go  over  into  the  points  of  the  discontinuity  surface 
2^^,  corresponding  to  the  instant  t2  (Fig.  4).  The  small  cylinder  be- 
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comes  deformed.,  and  whereas  at  the  Instant  t^  It  Is  entirely  in  the 
positive  region,  hy  the  Instant  tg  it  Is  located  in  the  negative  re¬ 
gion  corresponding  to  this  instant  of  time. 

Turning  first  to  the  left  half  of  (1.26),  let  us  estimate  the 

values  of  the  integration  volumes  and  (x),  ;  for  the  first  we 

^1  ^2 

-have* 


and  for  the  second 


+ 

In  both  cases  we  take  6  to  mean  here  the  values  of  the  rate  of 
propagation  of  the  discontinuity  surface  at  one  and  the  same  point  M 
and  at  one  and  the  same  instant  of  time  t^,  but  calculated  for  an  ap¬ 
proach  to  the  s'urface  2.  from  opposite  sides. 

^1 

Thus, 


rt+iTr-0+  —  /,)  4-  ~ 


rt-itr’O.  (^,  —  t,)  H-  t^r■  (/,  —  /j) 


and,  consequently. 


4-  —  ^“1)  =■  —-^r-  (Ji  —  r,)  {«0]  +  tjr’  (/■,  — 

Let  US  proceed  now  to  the  right  half  of  (1.26)  (Pig.  5)"  On  the 
basis  of  analogous  reasoning  we  obtain 

\f\c„dSY^’==\  c„dSM^  \  c„dS^t+\c„dSt^t■\- 
4-  j  dSM  =  0  ( 1 )  r  (A/)’  —  4  c„+T:r«A^  4-  ejnr-’Aj*."* 

J. 

Gathering  together  the  obtained  estimates,  we  get 

c.dS\  dtt 


•  {[fii)]  4  [c„]}i:r='A/4-0(l)rA/=4  e,r’AA 
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and  then  also 


Going  to  the  limit  and  letting  first  At  =  t^  — 
r  -+  0,  we  obtain  ultimately 

[aOl  +  lr„]=0  (1.37) 

or,  after  substituting  in  (1.37)  the  values  of  a  and  from  (1.27)- 
(1.29): 


ip0]=0. 

[p©6]  =  [0]^, 


(1.38) 


Inasmuch  as  the  product  p9  is  not  discontinuous,  it  can  be  taken 

outside  the  discontinuity  sign.’ 

As  a  result  we  obtain 

[p«l=0;_^  (1.39) 

p8[^]  =  [Al«:  (l.'^O) 

po[l^ +  =  (l.'^l) 

Relations  (1. 39) -( 1. 4l)  between  the  quan 
tities  0,  p,  V,  2^  ^nd  u  on  the  two  sides  of 
the  discontinuity  surface  are  called  the  con¬ 
ditions  of  dynamic  compatibility. 

As  follows  from  the  foregoing  exposition 
the  conditions  of  dynamic  compatibility  are  a  mathematical  formulation 
of  the  general  laws  of  conservation  of  mass,  momentum,  and  energy  on 
the  discontinuity  surfaces. 

If  0  =  0,  then  the  discontinuity  surface  is  stationary.*  On  such 
a  surface  [p]  =  0  and  [v^]  =  0,  but  to  the  contrary  [p]  has  an  ar¬ 
bitrary  value.  Examples  of  a  stationary  discontinuity  surface  can -be: 
the  wavy  surface  of  a  river,  the  surface  of  a  hot  or  cold  front  (in 
meteorology)  and,  as  already  mentioned,  the  siorface  of  the  gas  bubble 
in  an  underwater  explosion. 

If  0  0,  the  discontinuity  surface  is  called  nonstationary. 


Fig.  5.  Illustrating 
the  evaluation  of 
the  integral  over 
the  lateral  siorface 
of  the  elementary 
cylinder. 
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On  such  a  siarface  [p]  0;  [v^^]  ^0.* 

The  Jump  in  the  tangential  component  of  velocity  is  in  this  case, 
to  the  contrary,  equal  to  zero,  as  can  be  readily  verified  by  taking 
the  scalar  products  of  both  halves  of  (1.4o)  with  a  unit  vector  per¬ 
pendicular  to  n. 

As  was  already  mentioned  earlier,  an  example  of  a  nonstationary 
discontinuity  surface  may  be  the  front  of  a  shock  wave. 

We  have  considered  cases  when  the  hydrodynamic  elements  themselves 
are  discontinuous  on  the  surface. 

Such  surfaces  are  called  strong-discontinuity  surfaces.  If  a  func¬ 
tion  is  continuous  on  going  through  the  surface  but  its  derivative  of 
any  order  is  discontinuous,  such  a  surface  is  called  a  weak-discon- 
tinuity  surface. 

In  general  texts  on  gasdynamics  it  is  proved  that  the  weak- 
discontinuity  surface  always  propagates  with  the  local  velocity  of 
sound.  We  recall  that  the  local  velocity  of  sound  is  determined  by  the 
equation  a  =  v^dp/dp. 

§4.  THE  CONDITIONS  OF  DYNAMIC  COMPATIBILITY.  THE  DYNAMIC  ADIABATIC  CURVE 

The  conditions  of  dynamic  compatibility,  established  in  the  pre¬ 
ceding  section,  enable  us  to  draw  several  important  conclusions  con¬ 
cerning  the  propagation  of  shock  waves  in  a  liquid  and  to  obtain  some 
equations  that  are  convenient  for  computations. 

We  note  first  of  all  that  the  three  equations  ( 1 . 39 ) -( 1- con¬ 
tain  seven  variables:  N,  p_j_,  p__,  P_' **  Therefore  if  we 

know  the  hydrodynamic  parameters  of  the  unperturbed  medium  ( p_^,  v_^, 
p_^),  it  is  sufficient  to  specify  any  one  element  on  the  discontinuity 
surface  in  order  uniquely  to  determine  all  the  remaining  elements.  Let 
us  calculate  the  rate  of  propagation  9  of  the  surface  of  strong  dis¬ 
continuity. 
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We  take  the  scalar  products  or  both  halves  of  (1.40)  with  n.  We 

obtain  p0[v^]  =  [p],  but  since  0  =  N  -  v^,  we  have  [v^]  =  -[0]. 

Consequently,  -p0[0]  =  [p]  or,  what  is  the  same,  -p0[p0/p]  =  [p]. 

2  2 

Since  the  product  p0  is  not  discontinuous,  we  have  — p  0  (1/ p_^ 

-  l/p_)  =  [p],  or 

[p] 

f+p-  [pi  ■ 


Prom  the  last  relation  it  follows  that 


p+  [?!  . 

?-  TpI  ’ 

(1.42) 

p_  (d 
p+  (?]• 

.  (1.^3) 

Return  to  the  conditions  of  dynamic  compatibility  (1. 39) -( l-4l) , 
and  transform  the  last  of  these  equations: 


t/‘  V 


+ 


l«l 


We  first  elim.lnate  the  quantity  v  from  the  written  relation.  For 
this  purpose  v/e  use  the  second  of  the  dynamic-compatibility  conditions 

pOl^]  =  [p]^.  (1.^0) 

Taking  the  scalar  product  of  both  halves  of  (1.40)  with  (v_|_  +-  v_) 
we  obtain 

p9  ( —  V-)  (v+  +  vJ)  =■  \p]  ( ; 

pO  [x/2]  =  (/?]  +  v„_). 


Consequently, 

[p]  +  2  -4  [«]  -  2  {p+'^n+  -P-v.-)  =>  0; 

p+v„^  —p-v„^  +  -^P-v„_  —  2;j+'y„^  +: 

+  2;>_v„_  +  -4-[«]=0. 

— P+'yn+  +  P+^'«_  — P-'^n+  +  +  Rf  I"1 

P+  —  •^«+)  +  P-  ('^n-  -  ■^n+)  +  ■^1'  1"^  “ 
-(;>+-}- ;?_)  lT'„l  -P  -3i-  I«1  =0; 


but 
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Kl  — 1«1 - [f]--P«[T]- 

Thus 

?i_-«+=»4^/’+.+  ^-)[T]-  (1.44) 

Equation  (1.44)  establishes  the  connection  between  the  parameters 

-of  the  medium  on  the  surface  of  a  nonstationary  strong  discontinuity 

and  Is  called  the  equation  of  the  dynamic  or  shock  adiabatic  curve. 

In  the  case  when  the  Investigation  concerns  an  Ideal  gas,  the 

value  of  the  Internal  energy  Is  determined  by  the  product 

u  =  c^T, 
p'=pRT 

and 

We  then  obtain  In  lieu  of  (1.44) 

ip+  +  P-)  [7]  +  [f]  “  °- 

Writing  out  the  discontinuities  In  full,  we  obtain 


(J _ L)  . 

1  2  _ 

=.  -  P-  r 

f_L_ 

Vp-^  p-1 

+  A-l  p+ 

A-1  p_  P- 

W-i- 

p-/ 

P4.  {p_  (^  —  1)  —  p+  (A  —  1 )  +  2p+}  = 
<=  p-  {2p+  —  (A  —  1 )  p_  +  (A  —  1 )  p+}, 


or,  ultimately, 

P-  (1.45) 

(A+ 

This  Is  the  equation  of  the  dynamic  adiabatic  curve  of  an  Ideal 
gas,  frequently  also  called  the  Hugonlot  adiabatic  c\irve. 

Let  us  compare  the  dynamic  adiabatic  curve  with  the  Poisson  adia¬ 
batic  curve: 

7+” '“(7+’)’  (1*46) 

The  curves  Intersect  at  a  point  with  coordinates  (1;  l)  (Pig.  6). 
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Fig.  6o  Comparison  of  the  dy¬ 
namic  adiabatic  curve  (solid) 
and  Poisson  adiabatic  curve 
( dashed) . 


In  the  vicinity  of  this  point  we  can  put  p_  =  +  Ap. 

We  then  obtain  in  accordance  with  (l.^S) 


+ 


k{k-\)(k-i)  /  A? 


\?+/ 

For  the  shock  adiabatic  curve  we  have  at  this  point 


(1.47) 


/)_  (*  +  1)  (p+  +  Ap)  _  (*_  l)p+  _  2p+  +  (*  +  1)  A? 

p+  “  (*+  l)p+  — (/<— l)(p+  +  Ap)  “2?+— (*-l)A? 


1  +*-^  + 
P+ 


— 1) 
]-2 


/  Ap 
''  P+ 


(1.48) 


It  is  easy  to  note  that  the  foregoing  expansions  differ  from  each 
other  only  starting  with  the  terms  that  contain 

It  follows  therefore  that  the  dynamic  adiabatic  curve  and  the- 
Polsson  adiabatic  curve  are  not  only  tangent  at  the  point  p_/p^  = 
p_/p_^  =  1,  but  have  also  the  same  curvature  at  this  point. 

Unlike  the  Poisson  adiabatic  curve,  the  ratio  p_/p^  in  the  shock 
(1.45)  vanishes  not  for  p_/p^  =  0^  "but  for  p_/p^.  =  I/6. 
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adiabatic  curve 


00, 


When  k  =  1.4  and  p_/p^  =  6,  we  get  p_/p^  = 

Thus,  on  a  strong-discontinuity  surface  at  large  compression  pres 
sures,  the  density  increases  relatively  slowly,  corresponding  to  a 
rapid  growth  of  the  ratio  p/p,  which  determines  the  gas  temperature.  . 

Of  great  importance  is  also  the  fact  that  the  equation  of  dynamic 
-adiabatic  cixrve  (1.45)  cannot  be  written  in  the  form*  f(p_^,  p_^)  = 

=  f(P_.  P_)- 

Yet  for  the  Poisson  adiabatic  curve,  as  follows  from  (1.46),  we 

have 

p+)  =  F{p-,  p-). 

In  order  to  cover  all  the  Poisson-adiabatic  curves,  it  is  suffi¬ 
cient  to  run  through  a  one -dimensional  series  of  values  of  the  entropy 
S,  and  in  order  to  cover  all  the  dynamic -adiabatic  curves,  it  is  nec¬ 
essary  to  construct  an  "infinity  squared"  set  of  curves  corresponding 
to  all  possible  values  of  p_^  and  p_^.  In  other  words,  unlike  the  Pois¬ 
son  adiabatic  curve,  along  which  the  entropy  remains  constant,  each 
point  of  the  dynamic  adiabatic  curve  corresponds  to  one  definite  value 
of  the  entropy,  pertinent  to  this  point  only. 

Consequently,  if  a  region  of  variable  pressure  occurs  behind  the 
surface  of  a  nonstationary  strong  discontinuity,  then  a  region  of 
variable  entropy  is  simultaneously  produced  there. 

As  is  well  known,  for  an  ideal  gas  the  change  in  entropy  is  deter 
mined  by  the  equation 

(1.49) 

Let  p_  =  p^  +  Ap.  Then  after  substituting  the  expansions  (1.47) 
and  (1.48)lnto(l. 49)  we  obtain 

(1.50) 

From  this  expression  it  follows  that  for  small  values  of  Ap/p^ 
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the  increment  of  entropy  in  the  shock  wave  is  proportional  to  the  cube 
of  the  relative  increase  in  density. 


Fig.  7.  Graphic  comparison  of 
the  propagation  velocities  of 
shock  waves  and  the  local  veloc¬ 
ity  of  sound. 

In  weak  shock  waves  the  increment  of  entropy  is  so  small  that 
without  loss  in  general  accviracy  we  can  consider  the  propagation  of 


such  waves  as  an  isentroplc  process. 

On  the  basis  of  a  few  other  considerations  we  have  arrived  at  a 
similar  conclusion  previously,  considering  the  adiabatic  conditions 
for  water. 

With  the  aid  of  the  dynamic  adiabatic  curve  we  can  readily  estab¬ 


lish  the  relation  between  the  propagation  velocities  of  shock  waves 


and  the  local  velocity  of  sound.  To  this  end  we  plot  the  dynamic  adia¬ 
batic  curve  in  coordinates  pressure  (p)  versus  specific  volume  (t) 
(Fig.  7). 


We  reduce  the  propagation  velocity  9  to  the  same  parameters. 
We  previously  had 


?+  \p] . 
9-  1p1  ’ 

9-  I  Pi 
9+  IP]  ’ 


(1.42) 

(1.43) 


but 


9 


*=*  X 
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Consequently,  after  elementary  transformations  we  obtain 

0*  jE=r::£±.;  (1-51) 

-  1+— 1_  ' 

(1.52) 


e^. 


+*  —  T., 


Let  us  consider  first  Eq.  (1.52). 

2 

For  a  given  Initial  state  of  matter  and  the  factor  Is  a 
constant  quantity  and  the  propagation  velocities  of  the  shock  waves  6^, 
corresponding  to  different  degrees  of  compression,  depend  on  the  ratio 
(p  —  p, )/(x,  —  T  ),  l.e.,  on  the  slopes  of  the  corresponding  lines 
Joining  the  Initial  point  p_^,  with  the  points  p_,  x_. 

The  rate  of  propagation  of  the  perturbation  at  the  point  A  will 
be  determined  by  the  slope  of  the  tangent  AD: 


0*  ! 
+/A 


dp _  dp 


dx 


d? 


fi=3  (I* 


and  obviously  Is  equal  to  the  velocity  of  sound  a_^. 

Thus,  0^  >  a^. 

From  perfectly  analogous  considerations  (see  Fig.  7)  It  also  fol¬ 
lows  that  0_  <  a_. 

If  we  turn  to  stationary  motions,  for  which  N  =  0  and  9  =  — v^,  we 
obtain  from  the  foregoing  relations  an  Important  consequence:  a  strong 
discontinuity  surface  can  occur  only  when  the  particle  velocity  v^  on 
one  side  of  this  surface  exceeds  the  local  velocity  of  sound.  To  dis¬ 
tinguish  It  from  shock  waves,  a  strong-dlscontlnulty  surface  that  is 
stationary  In  space  Is  called  a  compression  shock. 

In  most  cases  of  practical  importance,  the  shock  wave  propagates 
In  an  unperturbed  medium.  Then  0_|_  =  N  and  v_^  =  0. 

Thus,  the  displacement  rate  N  of  a  shock  wave  always  exceeds  the 
velocity  of  sound  ahead  of  the  front,  but  the  difference  between  the 
displacement  rate  of  the  shock  wave  and  the  particle  velocity  Is  always 
smaller  than  the  velocity  of  sound  behind’  the  front,  N  <a_+v^_. 
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It  follows  therefore  that  weak  pertiirbations  which  propagate  In  a 
liquid  at  the  local  velocity  of  sounds  can  catch  up  with  the  front  of 
the  shock  wave  but  cannot  overtake  it. 

We  shall  henceforth  be  Interested  principally  in  one -dimensional 
unsteady  motion  of  liquids. 


On  the  basis  of  the  conditions  for  dynamic  compatibility  (I.39) 
and  (1.40),  we  have  in  this  case 


N- 


Pgit'q.  —  Pot'll 
pij>  —  Po 


+  io.; 


—  Pa  =  Po  (A/  —  t-o)  -  V,); 


(1.53) 

(1.54) 

(1.55) 


If  Vq  =  0,  then 


t'd, 


N 


Pil>  — Pa 
P* 


P^-Pa^fa^'^t, 

V,^V(P.~Pa)  Or--} 


(1.56) 

(1.57) 

(1.58) 


The  subscript  "f"  denotes  here  hydrodynamic  parameters  on  the  frpnt 
of  the  wave,  while  the  subscript  "0"  refers  to  the  unperturbed  liquid. 

In  this  form,  the  relations  between  the  hydrodynamic  elements  on 
the  front  of  the  shock  wave  are  frequently  used  for  practical  calcula¬ 
tions  . 

Prom  the  analysis  of  the  dynamic  adiabatic  curve  and  from  the  sec¬ 
ond  law  of  thermodynamics  there  follows  an  important  physical  conse¬ 
quence,  known  as  the  Zemplen  theorem. 

Zemplen ' s  theorem  states  that  the  only  strong  discontinuities  that 
are  possible  are  those  for  which  the  pressure  increases.  No  discontinu¬ 
ous  rarefaction  waves  (rarefaction  shocks)  can  exist. 

Example  1.  Establish  from  the  conditions  of  dynamic  compatibility 
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the  connection  between  the  value  of  the  local  velocity  of  sound,  a  and 
the  particle  velocity  v  on  the  surface  of  a  .nonstationary  strong  dis¬ 
continuity  in  an  ideal  gas.  Assume  that  in  the  unperturbed  medium  v_^  = 
=  0,  P^.  =  Pq^  P+  =  PQ  Kochln;,  I.  A.  Klbel',  N.V.  Roze  "Theoreti¬ 

cal  Hydrodynamics " ) . 

Solution.  We  choose  for  the  Initial  equations 


(pOJ  =  0; 
po  K)  =  [pl; 

P_  (*t')P_  —  (*  —  1)  P  + 


(1.39) 

(1.40) 
(1.45) 


Leaving  out  the  minus  subscripts  for  the  hydrodynamic  elements  on 
the  discontinuity  surface  and  taking  into  account  the  fact  that  v_^  =  0, 
we  rewrite  the  system  (1.39)^  (1.4o),  and  (1.45)  in  the  form 

=  p— PS. 

po.V  =  p  (A' —  u);  ■  . 

Po  _  (*+  l)Po  — — 1)P 
P  (*+  1)P  — (ft— l)Po  ■ 

Let  US  subtract  unity  from  each  half  of  the  last  equation.  We 
then  obtain 


Po-P  _  i£i  ^  (ft+  l)fpl  +  (ft-l)[pl  _  2ft  [pl 

P  P  (ft  + 1)P  — (ft  — l)Po  (ft  +  l)p-(ft  — l)Po‘ 


Consequently, 


M. _ _ 

Ipj  (ft+  i)p  — (ft  — !)po  ■ 


But  in  accordance  with  (1.42),  we  have 


(A  V)  -  p  j.  Dp 


(*+  i)f -(*-1) 

On 


Let  us  then  write  the  equation  of  the  dynamic  adiabatic  curve  in 
the  form 


(*+  i).h-(fc-i) 
_ Po _ . 

(ft  +  I)-(*-I)^  ’ 
Po 
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•’  —  Pa 
Pa 


\ 


Substituting  in  the  result  obtained  the  ratio  p/Pq  fuom  (1.39) 
and  the  difference  p  ~  Pq  from  the  equation  given  above,  we  obtain 


Pq.Vp 


-[N-v  I 


.V 


(A-r 

2  — ! — 

PaN  _  _ _ N  —V _ , 


<10 


or 


A/^— — <J3  =  0. 


- — „ — 3_„.  (1.59) 

Carrying  out  analogous  substitutions  and  transformations  with  re. 
spect  to  Eq.  (1.43),  we  get 

(1.60) 


A*  +  '^-,-,-4  Nv  — --rj—  —  a’  «=«  0. 


Subtracting  (I.60)  from  (1.59)  'we  obtain 


hence 


2  ^  tt—l  V 


(1.61) 


Substituting  the  results  obtained  in  (1.59),  we  get 

A  +  I 
2(A-1) 


— +  T=T+  (/i-Tp-pi-  4  2fp-nV‘’  “V  0  • 


or,  ultimately. 


v‘  +  2 


a’  +  ao 


4  {“^-‘>1? 
k  (A— 1)» 


0. 


(1.62) 


The  sought  equation  represents  in  the  (a,  v)  plane  a  fo\Arth-order 
curve  (called  hyposcissoid) ,  which  is  symmetrical  both  about  the  V  axis 
and  about  the  ^  axis,  with  asymptotes  (Pig.  8). 

By  virtue  of  Zemplen's  theorem,  we  use  in  practice  only  that  part 
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of  the  curve  for  which  a  >  a 


0* 

ff/9- 


Fig.  "8.  Dependence  of  the  lo¬ 
cal  velocity  of  soiind  on  the 
particle  velocity. 


Example  2.  Express  the  hydrodynamic  elements  p,  p,  and  v  in  an 
ideal  gas  on  the  surface  of  a  nonstationary  strong  discontinuity  in 
terms  of  the  displacement  velocity  N. 

Assume  that  the  discontinuity  surface  propagates  in  an  unper¬ 
turbed  medlxom  v_|_  =  0^  p  =  p  =  p^;  a  =  a^. 

Solution.  Let  us  use  the  equations  established  in  the  preceding 
problem: 

_p _ N  , 

po  ~  A'  —  v  ’ 

P—Po-  PoA'v. 

On  the  basis  of  the  first  of  the  relations  written  out  we  have 

^  _  2  A’’  —  (7^ 

.  ^  "■  k  +  i  N  • 


(1.59) 

( 1.40a) 
(1.57) 


As  a  result 


Po  N  —  v' 


N- 


k  +  I 


A  —  1 
k  +  1 


(1.63) 


A=  + 


k  +  1 


p— ro  =  PoAv=  p„(/V*  — ajj).  (1.64) 

§5.  DIFFERENTIAL  EQUATIONS  OF  GASDYNAHICS.  THE  BERNOULLI  EQUATION 

So  far  principal  attention  vras  paid  to  a  clarif icatioi:;  of  the  gen¬ 
eral  laws  governing  the  propagation  of  discontinuity  surfaces.  This^, 
however j  does  not  exhaust  the  description  of  the  complicated  character 
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of  the  unsteady  :rioL::.on  of  a  liquid  uurln^  an  explosion. 

The  discontinuity  of  the  hydrodynamic  elements  on  the  front  of  the 
shock  wave  is  follov/ed  already  by  a  continuous  variation  of  these  quan¬ 
tities,  which  is  usually  described  by  too  ...ystera  of  differential  equa¬ 
tions  of  gasdynamlcs. 

As  is  well  known,  these  equations  are:  the  Euler  equation  of  mo¬ 
tion;  the  continuity  equation;  the  energy  equation. 

The  Euler  equation  is  a  mathematical  form  of  x-j-riting  d:-v/n  the 
Eo'alembert  principle,  according  to  v/hich  there  exists  at  each  Instant 
an  equilibrium  betX'.’een  the  forces  acting  on  a  liquid  particle,  includ¬ 
ing  the  inertia  forces. 

It  has  the  form 

p-^  +  gr&dp  —  O.  (1-65) 

The  value  of  the  acceleration  dv/dt  can  be  represented  as  a  sum 
of  the  local  derivative  of  the  velocity  v;ith  respect  to  time  Sv/St  and 
the  so-called  convective  derivative,  characterizing  the  variation  of 
the  velocity  in  connection  with  the  tx-ansltion  of  the  liquid  particle 
from  one  point  of  space  to  another: 

^  =  -SF  +  w)-k  (1.66) 


where  V  is  the  del  operator,  also  called  the  Hamiltonian' operator, 

+  *  A’. 

^  Ox  uy  '  Ox 

We  thus  have 


~  +  (z^v)  V  +'y  grad  p  =  0. 


(1-67)  .. 


In  a  rectangular  coordinate  system,  Eq.  (1.67)  is  equivalent  to 
the  system 
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^-I^V  -^-4-V 

ot  Ox  dy  dz  ^ 

llVy  dVu  dVy  dVy 

~  +  ^x-^  +  ^y-^+'^z-^  =  - 

ilk.  4.  ®  i^k.  4.  V  i^  4-  «  ilk  —  . 

dt  Ox  +  Oy  ^  Oz  ~~ 


(.1.68) 


Let  us  use  the  transformation  known  from  vector  analysis:* 


(v^)v  =  rj-^ - vXrotv. 


(1.69)  ' 


¥e  then  obtain  the  equation  of  motion  in  the  Gromeko  form 


4^  +  V  ^—vXTOi  v  +  l-^p  =  0. 


(1.70) 


■We  Introduce  the  function 


vP=—\p. 


(1.71) 


In  the  case  of  unsteady  potential  motion^  in  view  of  the  vanish¬ 
ing  of  the  velocity-curl  vector,  curl  v  =  0,  we  have  v  =  grad  cp.  Conse 


quently. 


(1.72) 


Expression  (1.72)  is  knoxm  as  the  Lagrange -Cauchy  integral. 

In  the  case  of  stationary  flow  we  have  from  the  Gromeko  equation 


V  +  Pj  —v  Xrot  V. 


(1.73) 


Multiplying  both  halves  of  (1.47)  by  Hr  =  idx  +  jdy  +  kdz,  we  ob¬ 


tain 


dx  dy  dz, 

^{^  +  P)^  '^.r  '°y 


(1.74) 


where  Q  ,  Q  ,  and  Q  are  the  components  of  the  velocity-curl  vector 
rot  V. 


The  right  half  of  (1.74)  vanishes  in  one  of  the  following  cases: 
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a)  If  x-ie  consider  the  motion  alon.2;  a  stream  line 


■  !x  ,!■.> 


b)  if  we  consider  the  motion  alonj  a  vortex  line 


ffX  i!'/ 


c)  if  the  stream  lines  and  vortex  lines  coincide 


^  _  fv _ 

a,  Cy  ' 


d)  if  the  motion  is  potential 


0=0  =,£2  ^0- 


e)  if  the  licfaid  is  at  rest 


=  =  0. 


Then 


(1.75) 


(1.76) 


(1.77) 


P-r^-=const. 

Equation  (1.78)  is  knov/n  as  the  Bernoulli  Integral. 

In  view  of  the  great  variety  of  practically  important  applica¬ 
tions  of  the  Bernoulli  integral,  we  shall  recast  it  in  the  most  fre¬ 
quently  encountered  form.  * 

Recognizing  that  the  isentropic  motion  of  an  ideal  gas  corresponds 
to  the  condition  p/p^  =  const,  we  obtain  the  function  P  in  the  form 


P—  ^  p 
k—l  p  • 


(1.79) 


For  water,  in  accordance  with  Tait's  equation,  we  have  (p  +  B)/p^ 


const,  and  consequently. 


P=  P  +  B 

.  /I  —  1  p 


(1.80) 


Thus,  the  Bernoulli  Integral  can  be  represented  as  follows: 


for  an  ideal  gas 


*  p  ,  v’ 

XiT —  +  —  =  const, 


(1.81) 
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for  water 


n  p  +  B 
n  —  1  p 


v’  , 

—  =  consf.- 


(1.82) 


Alternately,  recognizing  that  the  velocity  of  sound  in  an  ideal 
gas  is  a  =  kp/ p,  we  have 


a’ 

k—\ 


+  const. 


(1.83) 


The  value  of  the  velocity  of  sound  at  a  point  where  the  particle 
velocity  is  equal  to  zero  is  usually  designated  ty  a*.  Frequently,  one 
uses  also  the  concept  of  the  critical  velocity,  which  is  the  gas  veloc¬ 
ity  equal  to  the  local  velocity  of  sound  ( 

With  the  aid  of  the  notation  employed,  we  can  write  the  Bernoulli 
integral  in  the  form 


a"  ,  V-  a*^ 

A  — 1  '2  A  —  1  ’ 

a’  ,  _  A  +  I  ajp 

A-1  2  ~  A— I  T'> 


(1.84) 

(1.85) 


with 


^Kp  - 


A  +  1 


(1.86) 


Relations  of  similar  character  hold  true  also  for  water,  except 
that  the  isentropic  exponent  k  must  he  replaced  by  the  coefficient  n: 

Let  us  return  to  the  fundamental  differential  equations  of  gasdy- 
namics . 

The  mathematical  form  for  writing  down  the  law  of  mass  conserva¬ 
tion  is  the  continuity  equation 

+  div  (p^-)  =  0,  (1.88) 

or,  if  we  write  out  the  divergence  in  full, 

,  chpvd  1  (1.89) 

Oi  ‘  dx  ‘  Oy  ‘  0.: 
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We  shall  htncerorth  have  to  con 
slonal  rnotlori  of  liquids. 


Icier  most  frequently  one-dimen- 


This  IS  defined  as  liquid  motion  that  depends  on  two  coordinates: 
the  space  coordinate  r  and  the  time  t.  Particular  cases  of  one-dimen¬ 
sional  motion  will  be  motions  with  plane,  cylindrical,  and  spherical 
symmetry. 

Obviously,  the  Euler  equation  for  one -dim.enslonal  motion  can  be 
written  in  the  form 


'dt 


+  V 


dv 

W 


(Jr 


(1-90) 


The  continuity  equation  for  such  a  motion  can  be  written  in  the 

form 


+  +  (1.91) 

where  v  =  1,  2,  or  3  for  motion  with  plane,  cylindrical,  and  spherical 
sjrmmetry,  respectively. 

Since  we  are  considering  the  motion  of  a  liquid  that  has  no  vis¬ 
cosity  or  neat  conduction,  the  entropy  of  any  particle  of  the  liquid 
remains  constant,  i.e., 

dS/dt  =  0 
or 


dS  , 


dS 

dr 


=  0. 


(1.92) 


Bearing  in  mind  that  p/p^  =  (p(S) 
=  for  water,  the  adiabatic 
be  written  in  the  form 


for  an  ideal  gas  and  (p  +  C)/p*  = 
condition  (1.92)  can  accordingly 


(1.93) 

(1.94) 

’(1.95) 
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Equations  (1.93;  1-9'^)  else  (1.95),  together  with  the  eq-u.ation 
of  motion  (I.90)  and  the  continuity  equation  (I.91)  form  a  closed  sys¬ 
tem. 

There  exist  no  general  methods  for  an  exact  solution  of  such  a 
system. 

For  an  approximate  analysis  of  such  systems  one  usually  employs 
the  method  of  characteristics,  the  gist  of  which  is  explained  in  the 
next  section. 

§6.  EQUATIONS  OF  THE  CHARACTERISTICS  OP  ONE-DIMENSIONAL  UNSTEADY  MOTION 
OF  A  LIQUID 

Let  us  consider  the  system  of  differential  equations  of  one- 
dimensional  motion  of  an  ideal  gas 


Yi  4-  ®  4- 1  iA  =  0- 

dt  ^  dr  ^  f  Or  ’ 

(1.90) 

iL+t,  -0; 

dt  ~  dr  ~  ^  dr  '  ■  r 

(1.91) 

4,n44-t,.^ln.^  =  0. 
ot  pA  '  or 

(1.93) 

Consequently, 

Hv  dv  kp  _1_  ^  _£2T£. 

dt  '  ^  Or  p  kp  dr  ^  k  dr 

=  _  £l  i-'li  4-  Hi  ^  -  . 

k  k  —  I  dr  ~  k  k—\  dr 
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Qt!  ua 


5  In  0 


“  A  —  1  t/r  A  —  1  Or  ‘ 

Thus,  in  the  new  variables  the  equation  of  motion  assumes  the  form 

3  In  9 


Ov  ,  dv  2ii  dll  _ _ 

UT  +  ®  '37  =  “  r=T  dr  k- I  • 


(1-97) 


Using  the  expression  for  In  p,  we  rewrite  the  continuity  equation 
in  the  form 

3  in  p  ,  3  In  p  ,  dv  ,  (v  —  1 ) 

-  +  'V  —■ - !-  --  -I - t. 


3  In  p 
dr 

dv 

hr 

+ 

(V  -  1 ) 
r 

da  \ 

1 

7- 

3  In  0*  , 

oF  j 

T 

—  i 

l 

dt 

dv  . 

il 

—  1 

If. 

=  0. 

"37 

r 

But  on  the  basis  of  the  adiabaticity  condition  (1.93).  the  second 
bracket  of  the  last  equation  vanishes,  and  consequently 

da  dd  ,  k  —  \  _  dv  .  k  —  1  (v  —  l)av  ^  f  q  ,  q8 ) 

■37  +  ^  37+"^-''  37  +  -2 - ?  ^ 

Finally,  the  adiabaticity  condition  can  be  written  in  the  form 

(1.99) 


4lnO  +  c.AlnO  =  0. 


Let  us  assume  nov;  that  a  curve  L  is  specified  on  the  r,  t  plane, 
r  =  r(t),  and  that  we  know  the  functions  v^,  a^,  9j^  on  this  curve  (Fig. 

9). 

The  problem  consists  of  determining  the  integrals  of  the  system 
of  equations  (1. 97) -( 1- 99) .  which  would  assuiae  specified  values  on  the 
curve  L.  In  other  words,  it  is  necessary  to  determine  an  integral  sur¬ 
face  satisfying  Eqs.  ( 1. 97) -( 1. 99)  and  passing  through  the  curve  L. 

The  problem  of  determining  the  solution  under  such  conditions  is 

usually  called  the  Cauchy  problem. 

V/e  assirrae  the  functions  v,  a,  and  9  to  be  analytic  in  r  and  t. 

On  the  curve  L,  the  following  relations  are  satisfied: 
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Fig.  9-  Illustrating  same  curve, 

the  Cauchy  problem. 

Let  us  ascertain  what  limitations  are 
imposed  on  the  fundamental  system  of  equations  by  the  fact  that  the 
solution  of  the  system  must  correspond  to  specified  values  of  the  hy¬ 
drodynamic  elements  on  the  curve  L.  To  this  end  we  obtain  from  (l.lOO) 
the  values  of  the  partial  derivatives  Svj^/St^  Saj^/5t,  and  (5  In 
and  substitute  them  in  Eqs.  ( 1. 97) -(1.  99)  • 

We  obtain 


(1.101) 

(1. 102) 

(1.103) 

(1. 104) 


The  system  of  equations  ( 1. 102) -( 1. 104)  enables  us^  generally 
speaking,  to  determine  the  partial  derivatives  dv/dr,  da/5r^  and 
(S  In  0)/dr. 

At  the  same  time 

dv  Ai  _  A;  _  0  In  0  _  A, 

dr  A  ’  dr  A  ’  dr  a”  ’ 


where  A  are  the  corresponding  determinants  of  the  system  ( 1. 102) -( 1. 104) . 

During  the  course  of  estimating  the  values  of  the  partial  deriva¬ 
tives  dv/dr,  Sa/dr^  and  (d  In  0)/3r,  the  following  principal  cases  are 
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possible  : 


1.  Aj-/^0;  A,=^0;  A3740 

2.  A  =  0:  AivAO;  A,./iO;  Aj./iO 

3.  A  =  0;  Aj  =  0;  A,  =  0;  A3  =  0 

In  the  first  case  we  obtain  perfectly  defined  values  of  the  de¬ 
rivatives  at  the  point  Mq  and  its  vicinity  along  the  curve  L.  The 
Cauchy  problem  has  a  unique  solution. 

In  the  second  case  the  values  of  the  derivatives  are  infinite. 

The  curve  L  in  the  vicinity  of  the  point  Mq  is  called  a  "discontinuity 
line."  In  the  third  case  there  exists  an  infinite  number  of  bodies  of 
the  derivatives  dv/Sr,  ^a/bv,  and  (b  In  9)/br,  corresponding  to  the 
given  problem.  In  other  xTOrds,  it  is  possible  to  draw  through  the  curve 
L  in  the  vicinity  of  the  point  Mq  an  infinite  set  of  Integral  surfaces. 
Then  the  Cauchy  problem  has  no  unique  solution.  The  direction  of  the 
tangent  to  the  curve  L  at  the  point  Mq  is  called  the  characteristic 
direction. 

The  curve  L,  at  each  point  of  which  the  direction  of  the  tangent 
corresponds  to  the  characteristic  equation,  is  called  the  characteris¬ 
tic.  In  the  general  theory  of  differential  equations  it  is  proved  that: 

1)  the  solution  of  the  equations  of  the  characteristics  is  equiva¬ 
lent  to  the  solution  of  the  corresponding  Initial  system  of  equations; 

2)  for  any  change  of  variables,  establishing  a  "unique  transition 
from  the  points  of  one  space  into  the  points  of  another  space,  the 
characteristics  of  the  given  equation  go  over  into  the  characteristics 
of  the  transformed  equations. 

As  follows  from  the  definition,  the  equations  of  the  characteris¬ 
tics  can  be  readily  written  out  by  equating  to  zero  the  determinants 
of  the  initial  system. 

We  then  obtain  ordinary  differential  equations,  the  analysis  of 
which  is  much  simpler  than  that  of  the  initial  system. 
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Let  us  carry  out  such  transformations  for  Eqs.  ( 1. 102 ) -( 1. 104) . 
As  a  result  we  obtain 


A  = 


V  —  r' 

2n 

0^ 

.  k—l 

k—  I 

k—  1 

2  " 

V  —  r' 

0 

(1. 

0 

0 

X 

1 

2fl 

1 

dt 


k—  1 


dt  2  r 


rf  In  0 


t. 


dt 


k—\ 

0 

V  —  f 


V  —  r” 
*— 1 

0 


dv. 


dt 


dt  k  —  \ 

k  —  I  (v  — l)gt> 


d  In  I 


dt 


0 

v-t' 


(1. 106) 


(1.107) 


^3  = 


V — r 
k  —  \ 


lit 


k—  1 
a  V  —  2 

.0 


dv 


L 


dt 


dt 

k  —  I  (v  —  1)  at> 


d  In  0 


/, 


dt 


(1.  108) 


In  accordance  with  (1.105) 

^  =  (v  —  r')  [(z/  —  /•')•  -  ((•]  =0.  ( 1 .  109  ) 

The  determinant  A  vanishes  in  one  of  the  following  three  cases: 

a)  V—  r'  =  0  or 


(1. 110) 


in  this  case  the  equation  of  the  characteristics  coincides  with 
the  differential  equation  of  the  trajectory  of  the  liquid  particles; 

b)  V—  r'  —  a  —  0: 

^=.v-a.  (1.111) 

c)  V  —  r'  +  a=  0; 

~^v+a.  (1.112) 

From  Eqs.  (l.lll)  and  (1.112'  it  follov/s  that  the  characteristic 
propagate  with  the  velocity  of  sound. 
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Let  US  consider  the  determinant  A^: 


dlad,  , 

A.= - + 


a)  When  v  —  r '  =0,  we  have  =  0. 
When  V  —  r '  =  +a 


or 


rfl 

ln0^ 

+ 

,  2a  , 

(•'- 

•  1)  a’w 

dt 

A—  1  " 

dt  ^ 

'  A  — 1  dt 

r 

r_  \ 

o 

1 

da  j 

a  dlnO^ 

(V- 

■\}av  ^ 

h; 

dt 

^  ife  — 1 

dt  "  ~ 

A  — 1  dt 

r 

0 

‘“'r.  _ 

a  d  In  8^ 

—  1)  aw 

dt 

A—  1 

dt 

A  —  1  dt 

r 

0, 


(1. 114) 

(1.115) 


Going  through  analogous  derivations,  we  can  easily  show  that  from 
the  vanishing  of  follows  that  Q  =  const  when  v  -  r*  =0. 

An  analysis  of  the  determinant  A^  does  not  impose  any  new  condi¬ 
tions  on  the  hydrodynamic  elements. 

We  shall  call  the  characteristic  of  the  first  family* 

■dr 


dt 


■■V  +  a. 


On  this  characteristic  we  have  the  condition 


dv  .  2  da  <7  rfl|iO  (■< — l)'aw 

dt  A  — 1  dt  “A—  1  "dt  r 


(1.116) 


(1.117) 


We  shall  assume  the  characteristic  of  the  second  family  to  he 

dr 


(1. 118) 

On  this  characteristic  the  relation  to  he  satisfied  is 

(1.119) 


dv  2  da  n  Jln0  .  (v — l)'flw 

dt  A  — 1  dt  ~  A— 1  dt  r  ‘ 


Finally,  the  characteristic  of  the  third  family  will  he  called 

dr/dt  =  V.  (1.120) 

On  this  characteristic 

«‘  =  7A-  =  const.  (1.121) 
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In  the  case  of  Isentroplc  motion  of  a  gas  it  is  obviously  suffi¬ 
cient  to  consider  only  the  characteristics  of  the  first  and  second 
families,  and  the  conditions  on  these  characteristics  also  simplify. 
Namely,  for  the  first  family  we  have 

dr  ,  1 

-,7r=^  +  "-  I 

rfv.  2  da  (v  — (l.l22y‘ 

"dF 't  ~di  7  •  j 


For  the  second 


dv 

dt 


dr 

lit 

2 

k  — 


=  t/  —  a, 

da  (v  —  \)av 
“l  dt  7 


(1.123) 


The  systems  of  equations  (1.122)  and  (1.123)  cannot  be  solved  in¬ 
dependently  of  each  other,  since  each  represents  two  equations  with 
four  unknowns. 

Nonetheless,  the  problem  of  integrating  these  equations  is  essen¬ 
tially  simpler  than  the  problem  of  integrating  the  initial  partial  dif 
ferential  equations. 

In  this  lies  the  main  advantage  of  the  method  of  characteristics. 

The  system  (1. 122)-(1. 123)  does  not  in  general  have  Integrable 
combinations.  However',  at  the  present  time  there  have  been  developed 
effective  graphoanalytic  methods  for  solving  the  ecnations  of  the  char 
acteristics,  with  specified  degree  of  accuracy.  In  the  particular  case 
of  isentroplc  motion  with  plane  symmetry,  the  equations  of  the  charac¬ 
teristics  have  first  Integrals.  In  this  case  it  becomes  possible  to  ob 
tain  exact  solutions,  a  brief  familiarization  with  which  constitutes 
the  scope  of  tiie  next  section. 

Example  1.  In  the  plane  r,  t  we  know  the  values  of  the  hydrody¬ 
namic  elements  of  the  liquid  on  a  segment  of  the  curve  r  =  f(t).  De¬ 
termine  the  nonsteady  motion  with  variable  entropy  in  the  region 
bounded  by  the  specified  segment  AB  and  two  segments  of  the  character¬ 
istics  of  different  families,  drawn  from  the  points  A  and  B  to  the 
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point  of  theli'  intersection  (N.Ye.  Kochln,  I.  A.  KiPel',  and  N.  V.  Roze 


'Theoretical  Hydromechanics"). 

Solution.  We  make  the  approximate  substitution 


dr  ^  V 
dt  —  if’ 

dv  ^  tv 
dt  ~  tf  ■ 


Fig.  10.  Graphic  il¬ 
lustration  of  the  me¬ 
thod  of  characterist¬ 
ics.  I)  First- family 
characteristics;  II ) 


On  the  initial  curve  AB  (Pig.  10)  we 
mark  a  dense  series  of  points  1^2, 

Since  we  know  the  values  of  the  hydrody¬ 
namic  elements  v  and  a  at  these  points,  the 
equations  of  the  characteristics,  written  out 
in  the  form  of  finite -difference  equations, 
constitute  a  system  which  when  solved  enables 


secondr family  chara¬ 
cteristics. 

us  to  determine  the  elements  of  motion  at  the  points  of  intersection 


of  the  characteristics  of  the  different  families  M'^,  M’g^  ^'3^  •  •  •  •’ 

M' 

Indeed,  on  the  basis  of  ( 1. II6) -( 1. 117)  the  equations  of  the  char 
acteristics  of  the  first  family  will  be 

\)  r  —  rt  =  {v  +  a),{t  —  i,y. 


The  equations  of  the  characteristics  of  the  second  family  will  in 
accordance  with  (I.II8)  be 


3)  — n+i  =  —  (t  —  ti); 

4)  v-v,+i-  ia  —  a,^{)  = 


°l+) 

k  —  l 


(v-1), 

2 


2 


n+t  j 


If  the  entropy  is  constant  [ln(  ^)  ==  0],  then  these  four 

equations  enable  us  to  determine  the  points  r,  t,  v,  and  a  at  the 
points  M^. 

In  the  case  when  we  are  studying  motion  with  variable  entropy, 
it  is  necessary  to  draw  from  the  points  the  third-family  character - 
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Fig.  11.  Illus¬ 
trating  the 
method  of  char¬ 
acteristics 
(conditions  of 
the  problem). 


Fig.  12.  Ulus 
trating  the 
method  of  char 
acteristics 
( solution) . 


istics : * 

5)  r  -  r'^  =  v(t  -  t' .); 

6)  0  =  0'^; 

7)  r- .  =  f(t '^). 

Again  the  number  of  equations  is  equal  to  the  number  of  unknowns 
(r,  t,  V,  a,  e,  t'^). 

Solving  for  each  point  an  algebraic  system  of  seven  equations 
we  obtain  the  elements  of  motion  at  all  points  of  the  line  A'B',  which 
now  can  be  regarded  as  the  initial  line  for  subsequent  calculations. 

The  interval  between  the  points  M  must  be  chosen  from  considera¬ 
tions  of  the  permissible  computation  error. 

Example  2.  The  values  of  v  and  a  are  given  at  two  adjacent 
points  and  1^2  of  the  plane  r^  t.  Find  the  values  of  v  and  a  at  the 
point  P  where  the  characteristics  of  different  families ,  drawn  from 
and  M2J  intersect^  for  the  case  of  isentropic  motion  with  plane  sym¬ 
metry  (Fig.  11). 

Solution.  Transform  to  the  plane  v,  a.  Knowing  the  values  of  v^  ^ 

1 

ajyj  and  obtain  the  points  and  lig  in  this  plane  and 

draw  the  corresponding  characteristics  of  different  families.  The  coor 
dinates  of  the  point  of  intersection  determine  the  sought-for  values 
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of  V  and  a  at  the  point  P  (Pig.  12). 

The  position  of  the  point  P  in  the  _t,  r  plane  is  obtained  approx¬ 
imately  by  replacing  the  characteristic  lines  by  segments  of  tangents 
drawn  through  and  M^. 

We  have 

r  —  Ti  =  (v  +  a)  Mi  (t  —  t^);  r  —  r~  =  (,v  —  a)  M-i  (t  —  4), 

from  which  we  obtain  the  values  of  r  and  t. 


§7.  SOfiE  EXACT  SOLUTIONS  FOR  A  ONE-DIMENSIONAL  UNSTEADY  ISENTROPIC 
MOTION  OP  A  LIQUID  WITH  PLANE  SYT4PETRY 

In  one-dimensional  motion  v;ith  plane  symmetry  (v  =  1),  the  equa¬ 
tions  of  the  characteristics  assume  the  following  form  in  accordance 
with  (1.122)  and  (I.123): 


dr 

dt 


=  v  +  a, 


~  const  =  25; 

dr 

o 


V  ■ 


k—l 


rt==  const  =  2y]. 


We  shall  regard  r  and  t  as  f-unctions  of 


(1.124) 

(1.125) 

the  characteristic  numbers 


4  and  T) 


r  =  r{i,r;),  1 


(1. 126) 


Since  i  is  constant  on  the  characteristic  of  the  first  family, 
the  values  of  r  and  t  on  this  characteristic  will  be  functions  of 
only 


It  follows  therefore  that  on  the  characteristic  of  the  first  fam¬ 
ily 

^  =  +  (1.127) 

We  obtain  quite  analogously  on  the  characteristic  of  the  second 
family 


-  46 


(1. 128) 


dr  ,  ~  Si 


but 


v  + 


k—\ 


a  =  2?; 


V  ■ 


•  rt  =  2n 


It  follows  therefore  that 


v  =  z  +  r,. 
T 


*  — 1  /t  \ 

a  =  — :r-  --  ’■-)• 


(1.129) 

Substituting  (1.129)  in  (1.127)  and  (1.128)  we  obtain  ultimately 

(1.130) 


Sr 

dr, 


I  ft  +  1  .  ,  3  —  A  1  Si 


Sr  r  3  —  ft  .  ,  ft  +  1  ■]  St 

The  system  (I.I30)  is  called  the  canonical  system  of  equations  of 
gasdynamics  for  motion  with  constant  entropy. 

Unlike  the  quasillnear  system  (1.97)  and  (I.98),  the  system  (I.I30) 
is  linear.  It  can  be  rewritten  in  an  even  simpler  form.  For  this  pur¬ 
pose  we  differentiate  the  first  equation  of  the  system  (I.I30)  with 
respect  to  %  and  the  second  with  respect  to  t]. 

As  a  result  we  obtain 

__  ^  r /  A  I  1  ^  c  1  I  f)/  ft  4*  1 

=  T  f(*  +  1 ^  +  (3  -  ^) 3^  3- -j- : 

^  [70  /,\  •  I  /A  I  1  \  1  I  ()t  k  \ 

^  [(3  _*),  +  (/;  +  1)  r,)  . 

Subtracting  (I.I32)  from  (I.131)  we  have 

IL 

dr. 


(1.131) 

(1. 132) 


[(/^  — 1)«— (A  — l)r,]  +  — =0, 


or 


d-t 


ft  + 


_ dt  \ 

(5  — 11)  I  dj  "57  /  ' 


(1.133) 


Sidr,  2  (ft  —  1)  (5  ■ 

If  [(k  4-  l)/(k  —  1)  ]/2  =  m,  where  m  is  an  integer,  Eq.  (1.133)  Is 
called  the  Darboux  equation  and  can  be  integrated  in  closed  form. 

In  particular,  for  k  =  1.4  vre  get 

SH _ _ iL') 

ojdr,  k  —  n  \  d;  dr,  /  ■  (1.134) 
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A  general  solution  of  (I.134)  will  be 

t  =  /.(S)--/»(4 

5-7)  •  (1.135) 

The  arbitrary  functions  f^CI)  and  f2('n)  are  obtained  from  the 
boundary  conditions  of  the  problem. 

If  the  adiabatic  exponent  k  exceeds  three,  the  ratio 
[(k  +  l)/(k  -  l)]/2  can  no  longer  be  an  integer.  The  question  arises 
v;hether  it  is  possible  to  construct  exact  solutions  of  a  system  of 
quasilinear  equations  of  one-dimensional  motion  with  plane  symmetry, 
if  one  assumes  a  different  form  for  the  dependence  of  the  density  on 
the  pressTjre,  which  has,  however,  a  sufficient  number  of  free  param¬ 
eters  v/hich  can  be  managed  at  one's  discretion.  In  other  words,  do 
there  exist  any  forms  of  an  approximate  representation  p  =  per¬ 

mitting  Integration  in  closed  form  of  the  system: 


l'"  4-  4-  ±  _  n. 

I  *'^0  .  dv  ^ 

Ti  +‘^or  +  Poi  =0. 


(1.136) 


Let  us  show  that  such  forms  of  approximate  representation  actu¬ 
ally  exist. 

Let  the  isentropic  condition  be  given  by  the  relation 

P  -  f(p),  (1.137) 

and  then  the  system  (I.I36)  can  be  rewritten  in  the  form 


Of  ,  Ov  I  /  V  O', 

~o7  +  +  y/  (?)  A7 


Oy 
<h 

A.  4.  V,  At ,  L'i  n 
(It  ^  Ox  ‘'?  dx 


(1.138) 


Assuming  on  the  characteristics 


'or 

Oi 


t/v  dv  ifx 

~iU  ~dx  ~tiT  * 

<)p  Ox 

iit  Ox  Ot  * 


(1.139) 


we  obtain  from  (1.139)  and  (I.138)  after  substituting  dv/St  and  Sp/dt 
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STV-  ~di ) 

ilX  r  “  ,11  j  ,jj(  ,/i  • 


(1.140) 


From  the  condition  that  the  main  determinant  of  the  system  (l.l40) 


vanish,  we  have 


J^^v±Vf  (p). 


(I.l4l) 


From  the  condition  of  the  vanishing  of  the  first  determinant  of 
the  system  (l.l4o)  we  get 

or,  after  substituting  (l.l4l)  and  integrating, 

p  _ 

|  —  K/'(p)rfp  =  const.  (I.l42) 


Thus,  the  equations  of  the  characteristics  of  the  first  family 


will  be 


dX’=(v  +  Vf{p))d(; 

p 

I -jVfW)  dp  =  2i‘, 


(1.143) 


and  those  of  the  second  family 


■  dx^{v  —  Vf{p))dt, 

v-ij-yr¥)dp=2v. 


(1.144) 


Bearing  in  mind  that  ^  is  constant  on  the  characteristics  of  the 
first  family  and  rj  is  constant  on  the  characteristics  of  the  second 


family,  we  obtain  by  differentiation 


with 


(1.145) 

(1. 146) 

(1.147) 
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(1.148) 


We  put 


and  then 


dx 

dr; 


[(5  +  r;)  -h  <?  (s  -  Vi)]  -If;  If  =  [(?  +  „)_«($_  ,5)]  ^ 


(1.149) 


Differentiating  again,  we  have 

d! 


'5'^  =  [1  +  <?'  (5  —Vi)]  -!-  1(5  -I- 1))  +  (p  ($  _ ,))]  . 

4^  •=  U  +  9'  (5  —  Vi)]  -J-  +  [(5  +  r.)  _  <p  (5  _  r,)] 

2 

Eliminating  8  x/8|8ti  from  the  last  two  equations,  we  obtain 

'  -g!L  g.  ±  Lth'  (1-,^.)  r A  - il'U 0  (1.150) 

Let  the  function  v(4  —  t))  be  such  that  the  equation 

lS7,  +  v(5-r,)[-^— |j  =  0  (1.151) 

can  be  integrated  in  closed  form. 

Then,  putting  for  simplicity 

5-vj  =  p,  (1.152) 

we  obtain  cp(l^)  without  difficulty  from  the  linear  equation 

(1.153) 

(1.154) 

Since,  on  the  one  hand,  (1.148), 


±i±Jp:M  =  v(u) 


(p(p)  =  C,e-’  —e  j  e  •’  d^. 


I Y  Vnp¥f-=p. 


and  on  the  other  (1.149),  —  f '  ( p )  =  9(ix),  the  connection  between  [i 
and  p  is  established  with  the  aid  of  the  equation 

(1.155) 

From  the  last  relation  we  can  determine  p(p)  and  consequently 
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also  cp[(j,(p)  ]. 

Recalling^  finally^  thatv/f'(p)  =  cp(i_i)  =  cpCiJ-Cp)]:, 

P  =/(p)=  I  |o  [u  (p)  j  j'ap  +  C,. 


we  get 

(1.156) 


Thus,,  if  we  choose  a  certain  function  v(|a),  then  the  connection 
between  the  pressure  and  the  density  is  determined  by  a  suitable  -func¬ 
tional  relationship  that  includes  tliree  arbitrary  constants^  without 
counting  those  possible  arbitrary  constants  which  can  enter  into  the 
function  v(p.). 

Thusj  we  have  established  a  rather  broad  class  of  functions  which 
permit  hitegration  of  the  main  system  of  quasilinear  equations  (I.136) 
in  cllosed  foim. 

Let  i;s  consider  some  particular  cases. 

Let  v(p,)  =  Oj  then 


hence 


Further 


L  I  +  9  (1*) _  r> 

•J  v  (|>.) 


?  Ud  —  C,  —  !S 
-  Ill  (C,  -  fi)  r=  111  C.p, 


(C,  —  (i)C.p=  1; 


+ 


consequently^ 


K/'  (p)  = 


1 

C-jP  • 


For  the  pressure  we  obtain 


(1.157) 

This  result^  v;hich  is  extensively  used  in  stationary  problems  of 


gasdynamics^  was  indicated  in  its  time  by  S.A.  Chaplygin. 
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The  main  system  of  equations  can  be  integrated  in  closed  form  by 
replacing  the  real  isentrope  p  =  f(p)  in  the  plane  (p^  “)  by  a  tangent 
drawn  to  it  through  some  point. 

The  general  Integral  of  (I.15O)  will  in  this  case  be 


with 


i  +  fl  —  v, 


We  now  put  v([x)  =  n/jj,. 

Then,  as  indicated  above,  Eq.  (I.I56)  assumes  the  form  of  the  so- 
called  Darboux  equation  and  is  integrated  in  closed  form  if  n  =  0,  1, 
2,  3,  ... 

We  have 


Integrating,  we  get 


JL  ^  0-^)  ■_ 

2  <f  M  |j. 


First  let 


0 ,  and  then  <p  (u)  ==  2n~-i 

(2/z  —  1)  In  =  In  Qp;  ^  =  (Qp)^""*; 

/  (P)  -  {  ?  li- (p)]  P  =  (2^!^) '  Q 


(1.158) 

(1.159) 


Integrating  the  last  equation,  we  obtain 


2/i-f-l 

2/a-I 


/(?)=-•  qp-‘-‘  +  C3. 

Putting  (2n  +  l)/(2n  —  1)  =  k,  we  arrive  for  this  particular  case 
likewise  at  a  known  result,  which  was  indicated  earlier:  the  system  of 
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equations  of  a  homogeneous  'unsteady  motion  of  a  liquid  with  plane  sym¬ 
metry  can  be  integrated  In  closed  form  for  an  Isentroplc  process  If 
the  dependence  p  =  f(p)  Is  expressed  by  the  polytrope  p  =  Ap^  +  the 
exponent  of  which  corresponds  to  the  equation  [(k  +  l)/(k—  1)  ]/2  =  n^ 
where  n  Is  an  Integer. 

Now  let  5<^  0. 

We  ha'^’^e 


9  ==  + 


=  hi  c. 


2P- 


2n—\' 


(1.159) 

(1.160) 


■  The  guadx’ature  in  the  left  half  of  (1  l60)  can  be  taken  for  the 
specified  integer  n. 

Since  the  solution  of  the  Darboux  equation  h3.s  the  simplest  form 
when  n  =  1,  x^re  give  the  necessary  derivations  for  this  case: 


n?)- 


c,(> 


(l-C.Ct?)’ 

Gif' 


1 


(i~c,c,p)‘’ 


P  =  ['tiC','  iU7W  3(C’.Cj)‘  ]  [1  -  C'iCjpJ’  5-  Q-  (  1  •  l6l  ) 

The  ■presence  of  three  parameters  makes  it  possible  to  approximate 
the  actual  Isentrope  by  means  of  Relation  (l.l6l)  with  accuracy  suffi¬ 
cient  for  practical  purposes. 

The  general  integral  (1.  lol)  for  v([x)  =  l/[x  is  determined  by  the 
relation 


(1. 162) 


Knoxving  t  and  using  the  general  methods  of  analysis ^  we  can  read¬ 
ily  obtain  also  an  expression  for  x.* 
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Let  us  stop  to  discuss  one  more  par'cicular  case  of  isentroplc  mo¬ 
tion  of  a  liquid  with  plane  symmetry,  for  whion  the  equations  of  gas- 
dynamics  can  be  Integrated  in  closed  form. 

Let  the  motion  be  such  that  the  particle  valocitles  v  and  the  ve¬ 
locity  of  sound  a  remain  constant  along  one  of  the  characteristics  of 
the  first  family  in  the  r,  _t  plane. 

We  previously  obtained 


~di 


.  =  v-\-n, 


V  + 


*—  1 


n  ==  2$; 


dt 


dt 


=  v  —  a. 


V- 


k—l 


a  —  2n. 


According  to  (1.124)  such  a  characteristic  will  be  a 
line,  since  dr/dt  =  const  on  it. 


(1.124) 

(1.125) 


straight 


Let  us  consider  now  the  characteristics  of  the  second  family  (Pig. 


13), 


L^.  Assuirie  that  they  cross  AB  at  the  points 


Fig.  13.  Character¬ 
istics  of  second 
fami3.y  in  a  straight 
wave  in  one  direc¬ 
tion. 


The  equations  of  these  characteristics 


can  be  written  in  the  form 

~  k  —  i  ^  2rj,: 


V 


k  -•  1 


But  at  the  points  Mg,  •  .  ,  in  accordance  with  the  condi¬ 

tions  of  the  problem,  the  values  of  v  and  a  are  constant.  Consequently, 
the  characteristic  numbers  will  also  be  constant. 

Thus,  the  relation 


v-^a  =  2r,,  (1.163)* 

will  be  satisfied  not  only  along  the  specified  characteristic,  but 
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also  in  the  entire  plane. 

It  is  appropriate  to  note  that  in  the  case  imder  consideration  it 
is  not  only  one  characteristic  of  the  first  family  that  is  a  straight 
line  in  the  r^  t  plane^  as  was  assumed  previously^  hut  in  general  all 
the  first-family  characteristics  are  straight  lines. 

-  Indeed,  along  each  such  characteristic  we  have  in  accord  with 
(1.124)  t-4- (each  characteristic  havii'ig  its  own  ,  hut^,  in  ad- 
d.ition^  Eq,  (I.I63)  is  satisfied  in  the  entire  region. 

Thusj  the  values  of  v  and  a  on  the  first-family  characteristics 
will  he  connected  by  two  algebraic  relations. 

Thus  the  correctness  of  the  statement  formulated  above  follows 
from  the  first  equation  of  (1.124). 

We  have  already  written  down  the  equation  of  motion  in  the  vari¬ 


ables  a  and  v. 


^  , Jr  ^  k  — I  dr 


Ot 


(1.164) 


Subtracting  from  (I.163)  the  quantity  — 1)t)o  and  sub¬ 


stituting  it  in  (1.164)  ^  we  obtain 

dv 


dv 

dt 


+  r„2_  -Ik- 

^  Or  ~  i/t  — I  2  A-  —  1  2 

+  [-f' 


1 

dr 


Ov 

Ot 


Ov 

dr 


0. 


(  1.  166) 


This  -linear  first-cx’der  differential  equation  is  equivalent  to 
the  system  of  ordinary  differential  equations 


til 

1 


(Ir 


k  +  1 


I/  — (A  —  !) 


dv 

_ 


(1.167) 


hence 


v  =  const C,: 

_  (ft  _  1 )  dt  -  dr  =  0, 


or 


_  z,  _  (ft  _  c,. 


-  55 


(1.168) 


Finally,  putting  =  9(0^)^  we  obtain  ultimately 

and.  In  addition, 

A^'’  =  2r:o.  (1.163) 

This  result  was  first  derived  In  i860  by  Rlemann. 

Solution  ( 1. 168) - ( 1. 163 )  Is  called  Rlemann  flow,  or  direct  wave 
of  one  direction. 

In  perfectly  analogous  fashion,  assuming  that  bhe  particle  veloc¬ 
ities  and  the  sound  velocity  remain  constant  on  the  characteristic  of 
the  second  family,  we  will  have 

=  (1.170) 

Solution  ( 1. 169) -( 1, 170)  is  called  the  inverse  wave  of  one  dir 
rection. 

As  is  well  known,  the  general  solutions  of  two  first-order  par¬ 
tial  differential  equations  should  depend  on  two  arbitrary  ftmctions. 
It  can  be  shown  that  the  solutions  obtained,  which  depend  on  only  one 
arbitrary  function,  are  net  a  particular  cese  of  a  genera],  sclution 
but  represent  singular  sci.utions,  describii'ig  certain  perfectly  defined 
physical  processes.  The  main  property  of  these  so.lutions  is  that  the 
motions  characterized  by  the  direct  and  inverse  waves  of  one  direction 
can  be  contiguous  with  the  region  of  rest,  or,  in  the  more  general 
case,  with  the  region  of  stationai’y  motion  of  the  medium. 

We  note  that  in  the  case  when  the  function  9(v)  or  92(''-")  vanishes 
identically,  the  motion  of  the  liquid  depends  only  on  the  ratio  r/t. 
Then  the  distribution  of  the  hydrodynamic  elements  at  different  in¬ 
stants  of  time  will  be  similar  to  one  another,  differing  only  in  the 
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scale  along  the  r  axis^  which  increases  in  proportion  to  the  time.  A 
natural  generalization  of' such  a  motion  is  the  case  when  the  hydrody¬ 
namic  elements  are  detei^mined  by  the  ratio  r“/t^.  Obviously,  upon  suit¬ 
able  change  of  the  scales  along  the  r  and  t  axes  (in  particular,  if 
logarithmic  scales  are  used),  it  Is  possible  to  represent  also  in  this 
•case  the  pattern  of  the  motion  as  if  it  remains  similar  to  itself  all 
the  time.  Motion  of  this  type  is  called  self-similar . 

In  self-similar  motions  it  is  always  possible  to  reduce  the  prob¬ 
lem  of  integrating  the  system  of  partial  differential  equations  of  gas- 
dynaraics  to  the  problem  of  integrating  a  system  of  ordinary  differen¬ 
tial  equations 


Pig.  l4.  Graphic  illustration  of  the 
sta’ce  of  the  gas  in  the  case  of  a  decel¬ 
erated  motion  of  a  piston. 

Example  x.  A  piston  moves  in  an  unbounded  cylinder  in  accordance 
with  a  specified  law  r  f(t).  At  the  initial  instant  of  time  the  ve¬ 
locity  of  <the  piston  is  equal  to  zero  and  the  gas  is  at  rest. 

Find  the  motion  of  the  medium  "to  the  rignt"  of  the  piston,  if 

=  (n>0). 

('Kochin,  Fd-bel',  Roze,  Theoretical  Hydromechanics,  Vol.  II). 

Solution  The  fact  that  the  medium  is  at  rest  at  the  initial  in¬ 
stant  of  time  denotes  that  v  =  0  and  the  velocity  of  sound  is  a^  =  const. 

Consequently,  in  the  (r,  t)  plane  the  characteristics  of  the  first 
family  will  be  straight  lines  (Fig.  l4a).  The  characteristic  that  sep- 
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arates  the  -unperturbed  medium  from  the  region  of  motion  is 

dx  __ 

In  the  (vj  a)  planSj  on  the  basis  of  (1.125)^  the  motion  will  be 
determined  by  the  straight  line  (Fig.  l4b) 

2  2 

The  case  under  consideration  corresponds  to  the  singular  solution 

^  =  +  (1,168) 

where 


Consequently^  Formula  (I.169)  can  be  written  in  the  form 

The  velocity  of  motion  of  the  gas  particles  on  the  piston  is  ob¬ 
viously  equal  to  the  velocity  of  the  piston: 

(.IfL 

But 


therefore 


—nt  «=  F 


nP 

2 


+ 


■  n!  • 


We  put 


The  time  t  is  determined  from  the  quadratic  equation 

kn 

=0; 

/=-(X) = _  ±  ("« ■*  ^  or+'^) . 
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and  consequent ly^ 


Let  us  return  to  the  previous  variables,  recognizin,g  that  on  the 
2  / 

piston  we  have  —nt  /2  =  r,  — nt  —  v.  We  obtain 

\  K  r—  V  -f  no'j  t, 

f(X)  a - ^  I  ao  +  j/  oj  +  2*n  [  r  —  v  +  Oo]  ''  j|. 

Solving  this  equation  with  respect  to  v,  we  obtain  ultimately 

-  -  4-{  +  <^0+  +  2nk(r  —  aJ)y 

The  velocity  of  so-und  at  the  point  with  coordinates  r,  t  is  deter 
mined  from  the  relation 


If  V  <  0  and  iv|  >  2aQ/'(k—  1),  then  ctm  velocity?-  of  sound  be¬ 
comes  negative  and  the  solution  loses  its  physical  meaning.  Vacuum  is 

produceo  as  the  walls  of  the  piston.  If  the  law  governing  the  motion 

2 

of  the  piston  is  assimied  to  be  r  =  --nt  /?.,  this  phenomenon  sets  in  at 
the  instant  of  time  t  >  2aQ/(iC“  l)n. 

Er;ample  2.  Determine  the  instant  of  occurrence  of  a  strong  dis¬ 
continuity  surface  in  accelerated  motion  of  a  piston  in  an  infinite 
cylinder. 

The  law  of  motion  of  the  piston  is  i  =  f(t).  At  the  Instant  t  =  0 
the  piston  velocity  is  zero,  and  the  medium  is  at  rest  ( Kochin,  Klbel', 
Roze,  Theoretical  Hydromechanics,  Vol.  II). 

Solution.  Since  the  motion  of  the  piston  occurs  in  an  unperturbed 
medium,  the  characteristics  of  the  first  family  will  be  straight  lines 
(Fig.  15). 

As  in.  the  first  problem,  the  equation  of  the  characteristic  that 
separates  the  unpert-unbad  medium  from  the  region  of  motion  will  be 

In  view  of  the  fact  that  f"(t)  is  positive  (the  motion  of  the  pis- 
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ton  is  accelerated),,  the  velocities  v  of  the 
particles  on  the  piston,  increase  with  Increasing 
time.  The  local  velocity  of  sound  a  on  the  pis¬ 
ton  also  increases. 


Fig.  15.  Graphic 
illustration  of 
the  formation  of 
a  strong-discon¬ 
tinuity  surface 
in  the  accel¬ 
erated  motion  of 
a  piston. 


The  straight -I3jae  characteristics  of  the 
first  family,  emerging  from  various  points  L, 
gradually  change  their  slope  and  begin  to  inter-- 
sect  sooner  or  later. 

A  strong  discontiriuity  sets  in  (for  more 
details  see  §7).  Let  us  find  the  limit  to  which  wilJ.  tend  the  point  of 
intersection  of  the  characteristic  drawn  from  the  point  A  and  the  char¬ 
acteristic  drawn  from  A^  when  A^  tends  to  A. 

For  the  first  of  these  characteristics  we  have 

X 

for  the  second  we  have 

X  —  A'o  —  Ax  =  [a  (a'o  +  Ax'o.  AC)  +  v  (Xo  +  Ax;  AC)]  (C  —  AC), 

where  AXq  is  the  difference  between  the  abscissas  of  A^  and  A,  and  At' 
is  the  difference  between  the  ordinates  of  these  points. 

From  this  we  obtain  for  the  point  of  intersection  of  these  lines 

^0^  —  Axq  “  [/7  4"  (C  —  A/), 

or 

i  =  +  +  v)  AC 


^0  ~ 


but 


Ax  =  /•■  (Xo)  it, 
■  2  2 


k—a  k  —  1 


hence 


*  —  1 

= — —  V  +  a^. 
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Consequently, 


,  k—\  ,  , 

a  +  V  —  flo  =  — 2 —  f''  +  °o+  V  —  flu  =■  — 2 — *'• 

Let  us  expand  the  function  v  in  a  Tajrlor  series  in  the  vicinity 
of  the  point 

V  (^0  +  At)  =  V  (Xo,  0)  +  A/  +  . , , 


hut 


V  (Xo,  0) 


a  +  v  —  Od 


k  4  1 
2 


A' 


The  expression  for  t  assumes  the  foimi. 

/  _  (a  -f  t> -/-(/))  A/  , 


*  +  !  dY 
2 


A/ 


ThuSj  going  to  the  limit,  we  obtain  the  following  expression  for 
the  instanu  of  occurrence  of  the  strong  discontinuity: 

lim/  =  r  =  — 

The  position  of  the  discontinuity  sui’face  relative  to  the  origin 


will  he 


^  ~  Jfo  +  aoL 


^;  +  1 


^0 


•  Xo. 


Example  3.  Approxijnate  the  isentropic  equation  of  water  in  Tait's 
form  hy  a  relation  of  the  type  (l.l6l). 

Solution.  We  previously  had 


p’ 


(C.C,)’  ^  3  J  [1  -  C,C:p]» 


+'C,. 


(I.l6l) 


According  to  Tait’s  equation 

/;  +  B  =  (j7o  +  5)  ,  (1.22) 

We  choose  for  the  approximation  conditions  the  equality  of  the 
pressures  and  the  sound  velocities  in  the  unperturbed  medium: 


-  6l  - 


(1.171) 


f 


3,t  ?  ”  Po  I 


P  ^  Po 
<7o 


From  a  comparison  of  (I.I61)  and  (1,22)  with  the  condition  (1.171) 
it  follows  immediately  that  the  coefficient  =  — B. 

ThuS;,  the  isentropic  exponent  n  in  Eq.  (1.22)  is  replaced.,  as  it 
were,  hy  two  coefficients  and  which  are  to  be  determined., 

To  evaluate  these  coefficients  we  have 

r  ,2 

-  ,  n  _  Ja _ Po  ,  ^ 

^0  -f  (C.C,)’  3  (C,Cs)> 

and  since 

a  =  Vf  (?)  =  (1  _  CjCjp)'^  ‘ 


Q 


[l-CiOoP 


(1„172) 


we  have 


_ _ 

(I  —  Cjdspo)’ 


(1.173) 


The  coefficient  can  be  readily  eliminated  from  fl  I6.I )  with 

C.  *  ■ 

the  aid  of  (1.173)*  We  are  then  left  with  only  the  product  C-jCg  —  x  as 
the  unknown  quantity 


B  = 


_L 

X  X  '-  3,v3 


«u('  -poh 


‘0 


or,  what  is  the  same. 


Pa  -p  B  _  r  _i_ 


1  '  ’/I  .S 

aTn.s-'.a 


Po«0  LPo-’^  ‘  3(Po^)^j 

But  in  accordance  with  (1.22)  we  have* 


Po^o  =  (.Po  +  5)  n. 


Thus,  to  determine  the  product  p^x  =  2  we  have  the  cubic  equation 


—  3i  +  1 
3i= 


(!-■?) 


(1,174) 


the  solution  of  which  3'‘lelds  z  =  0.642 

The  approximate  relation  is  obtained  in  the  form 

(1-^)*  (1.1T5) 

i-.*-h  ■■■ 
po 


P  +  B  ^ 
Po  -P-  B' 
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Figo.  l6.  Comparison  of  the  initial  (contanuous  line)  and 
anproxiraatlng  (dash)  isentropes  in  coordiVnates  p  and  p. 

or^  after  sutstituting  the  values  of  the  ooefficients 


_p_±_s  _  r 

Po  +  ^  L 


+  1,260 


0,1171 


(1.176) 


-Figtire 


l6  shows  a  comparison  of  the  isentropes  (1.176)  and  (1.22) 


Fig.  17  Comparison  of  the  initial  (con¬ 
tinuous  line)  and  approximating  (dash) 
Isentropes  in  the  coordinates  a  and  p. 


tlsf actor j?"  agreement  is  found  in  the  region  of  pressures  up  to 
2000  atm.  Assuming  the  deviation  of  the  velocity  of  sound  in  the  un¬ 
perturbed  medium  to  be  about  10^  and  putting  z  =  0.600,  we  can  obtain 


a  better  approximation  in  the  mean  over  a  wider  range  of  pressures. 


The  results  of  the  corresponding  caxculations  are  shown  in  Fig.  17. 
The  approximating  equation  has  the  form 

P+A  ==  [1.667  (-1-Y-  2.777  (f )  t  1.5«]  (  q  ,  177  ) 

Pa  +  ^  L  Wo/  vpfi/  ’  —  0,600 


§8.  PHYSICi^i  IDEAS  'CONCERNING  SHOOK  WAVES 

So  far  W3  have  examined  the  shock  wave  from  the  mathematical  point 

of  view,  defining  its  front  as  a  nonstationar v  strong-discontinuJ.W 
surface . 

Before  we  continue  the  exposition,  it  as  important  to  make  a  few 
remarks  concerning  the  physical  aspect  of  'bhe  phenomenon. 

Me  note  that  shock  waves  can  occur  not  only  as  a  result  of  explo¬ 
sions,  hut  also  in  other  physical  processes 

h 


Fig.  iS.  Scheme  of  foriuation  of  the 
discontinuity  s'sxcface  and  its  col¬ 
lapse  . 


Indeed,  if  for  example  a  piston  moves  with  acceleration  in  an  xn- 
finitely  long  tube,  then  the  liquid  directly  in  contact  with  its  sur¬ 
face  will  all  the  time  he  compressed  there  to  a  greater  degree  than 
away  from  the  piston,  as  a  result  of  its  inertial  properties.  The  per- 
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fc'ur'batl.ons  caused  "by  the  motion  of  the  piston  will  thus  propagate  over 
a  region  that  is  characterised  by  a  variable  \ralue  of  sound  velocity. 
The  local  sound  velocity  will  then  roonotonically  decrease  with  in¬ 
creasing  distance  from  the  piston. 

Consequently,  the  resultant  perturbations  will  tend  to  catch  up 
•with  the  per tuirbat ions  that  are  located  ahead  of  them.  This  process 
will  continue  until  a  discontinuous  front  is  produced^  which  we  are 
accustomed  to  call  the  shock  wave  front  (Fig.  l8a).  If  the  piston 
stops  suddei.ily.  then  the  region  of  compressed  mediuin  will  continue  to 
move  to  the  right  along  the  o^c  axis 

According  to  Zemplen's  theorem,  sudden  stoppage  of  the  piston 
cannot  produce  a  negative  pressure  jump.  Therefore  a  rarefaction  wave 
is  produced,  which  is  an  aggi’egate  of  elementary  waves  of  pressure  re¬ 
duction,  propagating  with  local  velocity  of  sound.  Some  of  these  waves, 
which  have  a  propagation  velocity  close  to  the  local  velocity  of  sound 
behind  the  front,  wall  catch  up  at  some  definite  instant  of  time  with 
the  front  and  reduce  its  amplitudes  (a  +  v  >  N).  i^nother  part,  to  the 
contrary,  with  a  propagation  velocity  less  than  or  equal  to  a^,  will 
lag  the  front.  The  press'ore  pattern  will  srart  to  stretch  out  (Fig. 
I8b). 

Let  us  return  now  to  the  shock  waves  produced  by  an  explosion. 

Regardless  of  the  medium  and  the  type  of  explosion,  there  is  al¬ 
ways  in  a  shock  w&cve  a  x-’egion  of  strongly  compressed  gas  or  liquid, 
moving  in  space  with  supersonic  velocity. 

When  the  shock  wave  approaches  some  point  of  space,  the  pressure, 
density,  and  other  hydrodynamic  elements  at  this  point  increase  ab¬ 
ruptly.  This  is  folll.owed  by  a  gradual  change  of  these  quantities,  and 
after  some  time  interval  the  pressure  and  density  at  the  given  point 
of  space  will  become  smaller  than  the  same  parameters  in  the  Tunper- 
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Fig.  19  Variation  of*  pressure  behind 
the  front  of  a  shock  wave,  l)  Rarefac¬ 
tion  zone j  2)  compression  zone;  3) 
shock-wave  front. 

turbed  medium. 

The  velocity  of  motion  of  the  particles  decreases  gradually 
changing  its  direction  subsequently. 

The  qualitative  character  of  the  time  and  space  variation  of  pres¬ 
sure  in  a  shock  wave  can  be  represented  by  the  patterns  shown  in  Fig. 

19. 

As  already  mentioned  earlier,  the  forward  boundary  of  the  shock 
wave  is  called  the  front , 

The  shock-wave  pattern  ::’jacludes  regions  of  positive  and  negative 
excess  pressures  (compression  zone  and  rarefactn.on  zo.ne).  The  spatial 
extent  of  the  compression  zone  is  customarily  called  the  D.ength  of  the 
shock  wave,.  A.,.  It  is  considerably  shorter  than  the  rarefact.lon  zone. 

The  time  of  action  of  the  positive  excess  pressure  is  frequently 
denoted  by  t  or  t_j_  and  is  called  the  period  of  the  wave. 

The  area  bounded  by  the  pressure  pattern  and  by  the  abscissa  axis 
in  the  compression  zone  is  called  the  total  Impulse  of  the  pressures 
at  the  given  point. 

In  a  more  general  forniulati.on,  the  impulse  of  the  shock  wave  refers 

to  the  Integral  with  a  variable  upper  limit. 
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(1.178) 


0  ■ 

In  many  probleras  it  is  also  of  Interest  to  estimate  the  energy 
fliX/i  density  in  the  shock  wave,  which  along  with  the  pressure  on  the 
front  and  with  the  Impulse  can  serve  as  one  criterion  for  its  destructive 
■action.  This  is  defined  as  the  energy  carried  tlirough  a  unit  area  in  a 
specified  interval  of  shock-wave  action  time. 

'Ihe  energy  flux  density  is  defin.ed  by  the  expression 

+  +  (1.179) 

there  pfu/^,  +  v  /2)  is  the  totaH  amocmt  of  energy  per  unit  volume  of 
the  liquid.  Th.e  expression  pv  characte.'rlzes  the  work  performed  by  the 
pressure  forces  the  wave  ii.'i,  a  unit  time.  The  symbol  A  indicates 
that  we  are  considering  the  energy  increment  compared  with  the  initial 
state  of  the  liquid. 

Approximate  relations  for  the  enei’gy  flux  density  will  be  given 
later  on- 

Returning  to  the  description  of  the  qualitative  pict'ure  of  shock- 
wave  propagation.,  we  note  that  as  the  distance  from  the  center  of  the 
explosion  increases,  the  pressure  on  the  wave  front  gradually  decreases 
and  the  length  of  the  wave  increases  somewhat. 

At  the  limit,  with  extreme  distances,  the  shock  wave  goes  over 
into  a  sound  wave. 

It  has  been  calculated  that  the  thickness  of  the  shock-wave  front 
is  a  quantity  on  the  order  of  the  mean  free  path  of  the  molecule  ( 10“^ 
to  lO"^  cm),-^  Because  of  this,  the  concept. of  the  shock-wave  front  as  a 
mathematical  discontinuity  surface  is  fully  justified. 

•'in  spite  of  such  a  very  small  thickness  of  the  shock-wave  front, 
it  j.s  precisely  in  this  layer  that  the  main  dissipative  processes  con- 
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nected  with  the  change  In  the  entrepy  of  the  system  occur. 

Let  us  consider  first  the  case  of  an  e:xplosion  In  an  unbounded 
Ideal  incompressible  medium.  The  velocity  cf  propagation  of  the  per¬ 
turbations  in  such  a  medium  is  infinitely  large  The  shock  wave  goes 
instantaneously  to  infinity.  The  gas  bubble  begins,  to  e.^Lpand.  At  a 
fixed  instant  j  the  pres  since  in  the  bubble  becomes  equal  to  the  pressure 
in  the  surroinidlng  medium.  Owing  to  tVie  inertia  of  the  medium,  the  ex¬ 
pansion  of  the  gas  bubble  xatiII  continue,  finally,  an  instant  sets  in 
when  under  the  Influence  of  the  hydrostatic  pres  since  forces  the  liquid 
begins  to  move  in  the  opposite  direction  and  the  gas  bubble  begins  to 
compress.  These  periodic  pulsations,  of  perfectly  identical  Intensity, 
will  be  executed  an  infinite  number  cf  times. 

In  a  compressible  -unbounded  medium,  one  observes  pulsations  of 
the  gas  bubble,  the  only  difference  being  that  the  energy  of  each  sue-- 
ceedlng  pulsatio'n  vrill  differ  from  the  preceding  one  by  the  amount  of 
the  dissipated  energy,  corresponding  to  the  chenge  of  entropy.  One  can 
present  the  folloxying  data  vhich  characterize  the  dissipation  of  en¬ 
ergy  d'loring  the  proces.s  of  gas -bubble  pulsaficn  in  -.-he  case  of  an  un-_ 
derwater  e^cplosion  (Table  3). 


TABLE  1 


^..ipriKTepHue  momcjitu,  abiiskciiiih 
rr.J03or.>  uyaupa  ’  ,  . 

c:  •  encpriin. 

'  B  iipnneiiTax 
'  OT  iia>ia.H;!iQll 

.5,n()Tepii  Biispnii: 

■  a  iiyabcamiiOi  '•’/p 

Ha^sno  l-fl  nyflLcami.'i 

.  liy 

59 

.  2-n 

4> 

.  .  3.(1  ,  .  ■ 

7 

.  .  4-B,.  .  ■ 

M 

l)  Characteristic  instants  of  motion  of 
the  gas  bubble;  2)  enei-^gy  as  percentage  of 
the  Initial  energy;  3)  energy  losses  after 
the  pulsation,  4)  start  of  first  pu?sa- 
tion 

These  quantities  characterize  the  energy  of  the  shock  wave  formed 
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at  the  abart  of  each  pulsation. 

It  iiiuyt  be  borne  5-n  mind,  however,  that  the  damaging  action  of 
the  shock  wave  is  determined  only  indirectly  from  the  foregoing  data. 

The  point  is  that  wnen  the  wave  acts  on  some  structure  or  another, 
we  deal  as  a  rale  with  an  irreversible  process,  as  a  result  of  which 
-  the  decisive  factor  is  net  the  total  cycle  )f  liqxxid  motion,  but  only 
a  definite  part  of  the  compression  zone. 

'Da  con'.’i'!ision  it  must  be  noted  that  both  from  the  mathematical 
and  the  physical  po.ii'its  of  view  the  shock  wavs  is  a  concept  of  very 
gene  r al  chai'-a  c  zer 

Thex'ofore  the  main  laws  governing  the  propagation  of  shock  waves 
and  tfm  ipteractlor.  of  the  waves  v/ith  the  f'ouj:..darq''  surface  can  be  In- 
vestigaoed  regardless  of  the  physical  process  that  gave  rise  to  these 
waves 

§9.  CkLCULATIOh  OF  HYDRODYNAMIC  ELE:iyiENTF  ON  THE  FRONT  OF  AN  AERIAL 
SHOCK  W/vVE 

The  conditions  of  dynamic  compatibilit/,  e:stablished  on  the  basis 
of  the  general  laxv's  of  physics,  enable  us  to  define  uniquely  all 
the  hydrodynamic  elements  on  uhe  front  of  a  shock  wave,  provided  we 
k-n.cw  one  of  them. 

Earlier’,  in  the  ass'ixmptlon  of  propagation  of  strong-discontinuity 
surfaces  in  an  unperturbed  medium,  we  have  derived  the  following  rela¬ 
tions  for  an  ideal  gas; 


P4»  —  po  V  ; 

(1.56) 

..  .  /'i|>  ■"/’»  . 

[ 1.56a ) 

Po  P(J>“po  ’ 

(1.58) 

Pi,  —  do  = 

(1-57) 

P<p  (*+  bp*  — (*— bPo 

(1.45) 

Po  (*  +  1)  Po  — (*— upo' 
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The  temperafare  on  hhe  front  can  be  readily  calculated  from  the 


if  ii 

l>>  P<!> 


equation  of  state  of  an  ideal  gas. 

Since  T^  =  p^/gpR  and  Tq  =  Pq/sPqR,  we  have 

( j . 180) 

Using  Relations  (1.45)^  (1.56),  (1,  58),  and  fl.57')^  let  us  calcu¬ 
late  the  pressures.,  densities^  temperatures,  and  velocities  on  the 
shock-v;ave  front  as  f-unc'  ions  of  P^/Pq  and  p^./pq. 

In  the  first  case  we  obtain  after  simple  transformations 


*  +  1  P4,  • 


Pit)  _ 

k—l 

po 

Po 

ft-r  I 

■  '  k  -  i 

h 

-  ft+  I 

h 

7-0  • 

A  — 1 

?0 

To- 

“t-  1  ' 

P0 

'  ft-1. 

•v  Po 

For  the  velocity  of  sound  we  previously  had  a  r=.- 
Consequently, 

•  ■  <'41  -  ' 

"Sy 


N  =»  tta 


yi7’ 

'  2 

P0 

k— 

'  Po 

k  +  1 

fcjl 

k—  1 


fo 

"ZEJir 

M  +  1  P»  '  j 

f  po 


In  the  second  case 


Po 


T, 


i 


k  + 1  Pit) 

ft  —  1  Po  _ 

k-t-l  Pit)  ' 

ft-I  P, 

ft  +  1  ^  Pj) 

Po  P* 


k—  1 


^  +  1  /^‘1>  ^  Po 

*~i'  To" 


JV. 


p^)  ,  ft — 1 . 


‘‘o 


To 


■■V 


*  +  1  ^0  ,  ft  —  1 


(1. 181) 

( 1 . 182 ) 


p  or  a  =v/kgRT 

(1.183) 

(1.,  184) 

(1. 135) 


(1.186) 

(1. 187) 

(1. 188) 

(1.189) 


Ik  p,  ■  2a 

Prom  Formulas  ( 1. I86) -( 1. I89)  it  follows,  in  particular,  that  if 
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ar)y  of  the  hsdr'^dynatn.ic  elements  on  the  front  of  the  shock  wave  tends 
to  Its  value  In  "che  'onperturhed  liquid,  then  all  the  remaining  ele¬ 
ments  xv’lll  also  tend  to  their*  vaJ.ues  in  the  \inperturhed  medium.* 

Xn  manj’"  problems  it  is  necessary  to  know  he-sides  the  cited  param 
eters  Of  the  wave  front,  also  the  value  of  the  velocity  head  pv  /2.  On 
•the  basis  of  (1.186)  and  (I.I89)  we  obtain  for  it,  after  elementary 
tr ans  forma  t ions 


'■^.5  (/>»  -  Po? 

pi,  +^Po 


(1.192) 


For  the  para.neters  chara cte'O'l^ing  ti^e  unperturbed  medium  one  usu- 
al3,y  assumes  the  v'laes  for  the  in'ce-r-national  standard  atmosphere: 

Pq  ^  1.0332  kg/ cm/"  ''  T6o  miTi  tig)  j 

Pq  =  C.I25  kg-secVm'^^ 

a~  =  j40  m/sec. 

Alter  s'ubstirutlng  these  values,  the  formulas  characterizing  the 
propagation  of  an  aerlaa,  shock  wave  at  the  earth's  surface  can  be  writ¬ 


ten  in  the  form 


//  ==  340 K 1  -t  0,83  m/se G  , 


P,j=^'0,h5 
=  288 


y  1  +  0,83^4, 
GA/74,  + 


+  7,2 

(1  +  V4,)  +  7,2) 


m/  se  0 , 
kg  -sec^/m'^; 


4-  7,2 

a4,  =  20,lK7^  m/sec. 


K: 


(1.193) 

(1.194) 

(1.195) 

(1.196) 

(1.197) 


In  Table  2  are  grven  the  values  of  the  hydrodynamic  elements  on 
the  front  of  the  v'i'a’'''e  as  functions  of  the  pressure,  calculated  from 
Formulas  (1. I86) -( 1, 192) . **  The  plots  of  N,  v,  p,  T,  a^,  and  hp^^  as 
functions  of  the  pressure  are  shown  in  Figs.  20  and  21. 

They  characterize  the  air  shock  wave  with  high  accuracy  in  the 
range  of  front  pressures  to  50  atm. 


What  is  striking  is  the  fact  that  starting  with  pressures  Ap  on 
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TABLE  2 


=  P  —  PQ, 

K2lCJU^ 

^JujCCK 

17, 

julccti 

*3, 

MfCCK 

kzJcm' 

1 

l].Kajilcrpad 

0,00 

340 

0 

0,1250  . 

235 

340 

0 

0,01  ' 

341 

2,34 

0,1258 

2S9 

34! 

3,31-10-* 

•  _ 

0,10 

354 

22,5 

0,1335 

296 

345 

3,42 -lO-* 

0,628-10-* 

0,20 

367 

43,6 

0,142 

30?  . 

349 

1,34. 10-» 

0,320-10-* 

0,30 

3S0 

63,2 

0,150 

310 

353 

2,99- 10-» 

0,106- 1C-- 

0,-10 

392 

82,0 

0,158 

316 

-356 

5,16.  lC-» 

0,180- 10-» 

0,50 

404 

99,2 

0,165 

.323 

300’ 

7.58 -lO-*  - 

0,255- 10-» 

0,00 

416 

115 

0,173 

329 

364 

0,109 

0,340-10-' 

0,80 

439 

146 

0,188 

341 

371 

0  196 

0,523-10-= 

1,00 

460 

174 

0,201 

353 

377 

0,299 

0,740- 10-* 

1,20 

-  480 

200 

0,214 

364 

3S3 

0,417 

1,00-10-* 

1,10 

500 

224 

0,227 

375 

389 

0,558 

1.40- 10-» 

1,00 

519 

247 

0,239 

385 

39-1 

0,703 

2.36-10-= 

1,S0 

537 

268 

0,250 

395 

400 

0.886 

4,07-10-* 

2,00 

555 

237  ■. 

0.261 

405 

404 

1,06 

6,08- 10-* 

2,25 

576 

313 

0,274 

418 

411 

1.3: 

6,20h0-* 

2,50 

596 

o3o 

0,286 

431 

417 

1,59 

9.00-10--’' 

2,75 

616 

358 

0,299 

4-12 

423 

1.86  . 

3,00 

635 

378 

0,309 

455 

428 

■  2.19 

0,0162 

3,50 

672 

417 

0.329 

480 

439 

2,85 

0,0180 

4,00 

707 

453 

0,319 

503 

450 

3.59 

0.0246 

4,50 

740 

486 

0,366 

527 

461 

4,27 

5.00 

772 

518 

0,381 

552 

471 

5,07 

0,0320 

5,50 

802 

548 

0,395 

575 

181 

5.93 

0.0370 

6,00 

832 

576 

0,408 

600 

491 

6,73 

0,0431 

700 

888 

630 

0,432 

649 

511 

8,58 

0.0510 

8,00 

940 

680 

0,4.53 

697 

530 

10,5 

0,0602 

9,00 

990 

727 

0,472 

742 

546 

12.5 

,  0,0680 

10,0 

1  040 

772 

0,489 

787 

•  502 

14.6 

0,0769 

20,0 

1  430 

■  1  120 

0,585 

1  230 

7IC 

36,6 

0,149 

30,0 

1  730 

1  380 

0,629 

1  720 

Co.c 

60.4 

0,192 

40,0 

1  990 

1  610 

0,655 

2  180 

936 

24.6 

0,230 

50,0 

2  220 

1  800 

0,672 

2  6,50 

!  030 

109,5 

0,263 

70.0 

2  620 

2  180 

0,731 

3  310 

— 

_ 

0.310 

100,0 

3  110 

2  580 

0,806 

4  H  )0 

_ 

_ 

0,370  J 

150,0 

3810 

3  230 

0.937 

5  0CO 

— 

— 

0.435 

200,0 

4  420 

3  7  H) 

1,088 

5 1>'0 

— 

— 

0.500 

,  250,0 

4  900 

4  280 

1.230 

6230 

— 

— 

0,570 

300,0 

5  3S0 

4  700 

J,?15 

6  710 

— 

— 

0,630 

350.0 

5  840 

5  100 

1,360 

7  230 

— 

— 

0,700 

400,0 

6  ISO 

5  570 

1,375 

7  750 

— 

— 

0,755 

500,0 

6  940 

0330 

— 

8  700 

-  - 

_ 

0,885 

(XX),0 

7  580 

0  940 

— 

9  650 

— 

1,000 

8CO,0 

8  740 

7  900 

— 

1 1  2.50 

— 

1,200 

1000,0 

9  "SO 

8  8-10 

— 

13603 

— 

— 

1,400 

1200,0 

10  600 

9000 

— 

15  800 

— 

— 

1,570 

1400,0 

11  400 

10350 

— 

18  200 

— 

— 

1,700 

ICCO.O 

12  200 

1095G 

21  CCO 

~ 

1,845 

2  2  ^ 

1)  kg/cm  j  2)  m/seoi  3)  kg-sec  /ra  ;  4)  cal/g-~deg. 


the  front  exceeding  4  atm,  the  velocity  of  the  air  particles  hecomes 
larger  than  the  local  velocity  cf  sound. 

The  propagation  of  a  stx’ong  aerial  shock  wave  causes  the  forma¬ 
tion  of  a  supersonic  stream.  The  3jncrease  in  the  pressure  on  the  front 
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\  ej  U  iS 

Fig.  C-fO.  Hydrodynamic  elemeucs  or  the 
front  of  an  aerial  shock  wave  as  firac- 

tions  of  the  pressure  (Ap.,..  <  2.0  kg/cm  ). 


B/  ■‘iS  1'/!S  tILi 


.  -Por^^/"  ■ 

Fig,  21,  Hjdro dynamic  elements  oa  the 
front  of  an  aerial  shock  wave  as  func- 

2 

tions  of  the  pressiore  (Ap„  <  50  kg/cm  ). 


is  accompanied  "oy  a  rather  appreciahle  increase  in  the  temperature. 
Thus,  for  np  —  40  atm  the  tempera t\rre  reaches  about  2000°C. 

In  the  region  ol  vei'y  high  pressures ,  the  thermodynamic  propei'- 
ties  of  air  already  differ  greatly  from  the  properties  of  an  ideal 


Such  a  dif±'’ei-’enGe  is  detexMilnea  principally  b/  the  dissociation  and 
ionization  of  the  med.iU!’.j  processes  that  occur  c^uite  intensely  at  high 
pressures  and  taxiperatui  es . 

A  theoretical  scheme  for  taking  into  account  the  ionization  and 
dissociation  in  the  pr^-pagation  of  shock  waves  in  air  is  given  in  the 
book  "Physics  of  E^^plosions"  of  F.A.  Bai-'m.  K.  Stanyukovich^  and  B.I. 
Shekhter . 

The  same  book  presents  an  analysis  of  the  corresponding  calcula¬ 
tions  made  by  Burkhardt.  It  is  shown,  in  particular,  that  the  rate  of 
displacement  of  the  shock  wave  differs  insignificantly  from  the  calcu¬ 
lated  values  obtained  using  the  ideal-gas  scheme.  Appreciable  differ¬ 
ences  are  observed,,  to  the  contrary,  in  the  estimates  of  the  densities 
and  temperatures.  Per  eca.mple,  when  p^/pq  =  3000  the  density  calculated 
by  the  classical  method  :i.s  2  or  3  times  higher  than  the  results  of 
Exuakhiardt '  s  calculations. 

To  allow  an  approximate  estimate  of  the  hydrodynamic  elements  on 
the  front  of  the  wave  in  the  near  zon=“  of  the  explosion.  Table  2  has 
been  supplemented  by  Burkhardt 's  com-puta  tional  data  (Ap  >  50  atm). 

.Example  1.  ‘.axculate  the  velocity  o:^'  front  propagation  of  an 
aerial  shock  wave,  if  it  is  Inown  t.han  the  excess  press-ure  on  the  front 
amounts  to  Ap^  =  1  20  atm. 

SoJutlon.  The  propagation  -^.-elecity  of  the  shock  wave  6  is  defined 
as  the  velocity  with  which  the  snock  wave  mov'es  relative  to  the  moving 
gas  particles"  e  =  N  —  v^.. 

Consequently,  in  order  to  calculate  the  propagation  velocity -0, 
it  is  necessary  to  know  the  velocity  of  the  shcck  wave  and  the  veloc¬ 
ity  v^  of  the  particles  behind  the  front.  In  accordance  witn  (1.193) 
we  have  N  =  340 =  340  +  0.b3-r.~2”  =  340-1.41  =  480  m/sec 

On  the  basis  of  (1.193)  and  (1.194)  \re  have 


8.iO*.A/j^  8.104.1,2 

JJ  ~  “~3Bn  “  S  S  C  . 


Consequently^,  cJ  =  480  —  200  =  28o  m/sec. 

Example  2c  Calculate  the  pressure  the  air  density  the 

particle  displacement  velocity  the  velocity  of  so-und  a^,  and  the 
temperature  on  the  front  of  the  wave,  if  it  is  established  that  the 
shock-wave  displacement  velocity  at  a  certain  point  amounts  to  N  =  555 


m/ sec . 


Solution .  We  first  determine  from  Formula  (1.193)  the  value  of 


the  excess  pressure  or  the  front  of  the  shock  wave: 

w  =  340  K*"  ToFav^ ; 

.555’ =  3*10’ (1 +0,83:/;,,,), 

=  w  [(i'y) '  -  0  == - 


(1.193) 


Further  calculations  are  based  on  Formulas  ( 1. 194) -( 1. 197) : 

Vsec; 


XoWf  “  o^ikg-sec^/m^; 


,  „  0  )  (V,^  +  7.2)  „„„  (1  ,1-  2,00)  (2,0)  +  7,2)  . . . 

— inF7r7^2 - — M7rri7i — 


=  20.1  VT(t,  =  20,I  F405  ^  «104  m/seC  . 


§.10.  cai/;ijlat,ton  op  tue  hydrodynamic  elements  on  the  front  of  an  under¬ 
water  SHOCK  wave 

In  pe,‘rfect  analogy  with  the  procedure  rised  fcr  the  ideal  gas,  us¬ 
ing  the  equations  of  dynamic  compatibility  and  the  equation  of  state 
of  wqter;,  v;e  can  estaW.ish.  a  unique  connection  between  the  hydrodynamic 
elements  on  the  front  of  an  underwater  shock  wave. 

A  simple  equation  of  state  of  water  is  available  at  present  for 
only  part  of  the  possible  range  of  parameters.^  The  equation  is  writ¬ 
ten  differ entl;^'  for  the  region  of  isentroplc  flow  and  for  motion  with 
variable  entropjr.  Nature. lly^  the  conditions  of  dynamic  compatibility 
that  result  fi’cm  the  equation  of  state  are  also  different^  depending 
on  the  range  of  variation  of  temperatures  and  pressures  to  be  investi- 
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gated. 


Leaving  out  the  rather  cumbersome  derivations,  we  present  only 


the  final  results. 

For  the  region  of  high  pressures  and  tempo- ratures  (p  >  23-10^ 
atm)*  we  have 


P<t — /»o  ==  ^  (pj,  —  p“)  [  leg/ cm^  ] ; 

I  hJ 

■  V'  =  -SJ±^1^  i2.\ 

V  .  p*/' 


.Po 


Pet- 


where  d  =••  42o0j  k  =  6.29. 


For  isentroplc  motion  p  <  25- 10’^  x-;e  ixave 


(1=198) 

(1.199) 

(1.200) 


Piti  +  ^  Po  +  B  ^ 

yi.,3  _  /'■t> 

(1-201^ 

(1.202) 

11 

1 

(1.203) 

'’(P  “B) 

(J*  GSU  •  — — ^  —V  ^ 

(1.204) 

Figure  22  shows  the  dynamic  adiabatic  curves  co.t-rssponding  to  Eqs. 
(1.198)  and  (1.201). 

The  point  of  contiguity  h'^.s  coordii  ates  v;  =  27„5B0  kg/''cm^  and  n  = 
=  1.384  g/cm*^. 


Passing  through  the ■ same  point  is  a  Poisson  adiabatic  curve 
[(P  +  C)/p*]  =  (p/p*)'^  witli  exponent  -  5o5. 

In  the  study  of  the  propagation  of  a  shock  wave  with  a  pressure 


on  the  front  not  exceeding  I!  000  atm,  rhe  conditions  of  dynamic  com¬ 
patibility  can  be  linearized. 

Neglecting  the  value  of  Pq  compared  with  B,  the  Isentroplc  condi¬ 
tion  can  be  written  in  the  form 


p^B 


?he  velocity  of  sound  in  the  -unperturbed  liquid  will  therefore  be 


^  -i/ 

K  IT- 


Ip  f  pm/cn  * 


1,0  ■  ■mao 
osm 

om 
■■  im 
■  w 
if  t-  3m 


I  ,  .j. 


V 


KO  t  «!/ 


a  ' (3  '  tr^  t)  "  v />*/#' 

FJ^.  22.  Oompariscn  of  dynamic  adiabatic 
cv-rves  for  water  as  given  by  different 
formula  s .  Symbols : 


r^n  -p.  +  g. 

•  t"  t" 

^  fo 

p"  V  p*  / 
e  p  —  37  r.KO 

f  =  l.Jti'i  ilCAV* 


tWtCltrt  p^~  p,  a  It  (p^--  I 


1)  Dynamic  adiaoatlc  curve. 

The  velocity  of  sound  on  the  wave  fiont  can  obviously  be  calcu¬ 
lated  with  the  aid  of  the  relation 


[ir)  ,  ”  (ir  +•  0  I  -  . 
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Thus 


Neglecting  Pq  compared  with  p,  we  can  rera ite  (1.55a)  and  (1.57) 
in  the  form 


pijf 


Pa 


o-t)’ 


fo  / 

/’<t.=  PoA/^4,. 


hence 


Since 


and 


^2  A  _  it) 
«  H  ?t,r 


ii 

p 


(l  T-  -2-} 


^2  cs*  - 

^  •  .  fo 


g/;  Pj, 

c,  Bn  {Bn  +  p^) 


C  Bn, 


we  have 


= 


/’o 


o5t? 


or 


p/f 


Carrying  out  similar  derivations  for  the  q^uantity  N,  w'e  obtain 


1 

Bn) 

L  /J__ 

Ail 

Bn  'In  \  n 

‘)  B'^ 

or 


=  «o  +  ‘iBn  ■ 

N=aQ  (l  + 

Thus,  the  linearized  conditions  of  dynamic  compatibility  for  pres- 
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(1.205) 

(1.206) 
(1.207) 


sures  <  1000  a  cm  can  be  x-ri'’itten  In  the  form 

N—  ttf)  ; 

<*iji  •—  <^0  ( ^  +  ■  /’ll!  j  ! 

^’TjTi'  j 

In  parallel  with  the  theoretical  investigations,  many  researchers 
have  made  attempts  to  obtain  the  conditions  of  dynamic  compatibility 
of  water  by  experlm-enc.. 

The  most  complete  and  conclusive  results  were  obtained  by  R. 
Schall-  With  c.ha  aid  oi’  high-speed  pbotog'-’aphy  he  was  able  to  estab¬ 
lish  the  displacement  velocity  of  rhe  shock  wave  at  different  instants 
of  time.  Pulsed  .;,-raj/  photography  has  made  it  possible  to  determine 
the  density  on  the  front  of  the  sho-'k  wave  from  the  absorption  coeffi  ¬ 
cients  of  the  rays. 

Since. 

Po-V  (N  — 

and 

P(j)  =■  4 

it  is  easy  to  obtain,  by  establishing  experimentally  the  connection  be- 
tw^een  E  and  p,  empirical  relations  replacing  the  dynamic  adiabatic 
curve  for  water 

Figure  23  shews  the  .dependence  N/a^  =  f(v^/aQ)  as  given  by  the 
experimental  data  of  R  Schall. 

It  must  be  noted  that  with  sufficiently  good  approximation,  the 
experimental  .and  the  calcculated  data  fall  on  a  line  passing  through 
the  or’igin  for  pressures  up  to  approximately  20*10^  atm,  corresponding 
to  v/aQ  —  0, 6. 
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1  +  .’^—. 
-^0 


'1.208) 


The  equation  of  this  Jin?  is 


where  m  —  2 . 0 . 

Equation  (1.208)  can  te  regarded  as  a  tihird  dynamic-compatibility 
condition,  established  by  experiment.  We  previously  had 


(M-  ^4,).  (1.56) 

(1.57) 

By  elementary  transformations  ws  can  readily  obtain  from  (1.5^)) 
(1.57),  and  (1.208)* 


Pi 


Po 


(1.209) 

(1.210) 


(1.211) 


If  it  is  necessary  to  represent  the  hydrodynamic  quantities  as 
functions  of  the  displacement  velocity  of  the  shock  wave  N,  a  simul¬ 
taneous  solution  of  Eqs.  (1.208)  (1,56),  and  (lc57)  yields  the  rela-' 

tions 

TT  ~  ‘^0):  (1.212) 

(1.213) 

Pi  =  -~  'A'  -  «o)-.  (1.214) 

By  comparison  of  Fig,s.  22  and  23  we  can  readily  verify  that  For¬ 
mulas  ( 1. 209) -( 1. 21'4)  are  equivalent  to  the  conditions  of  d^/Tiamio  com¬ 
patibility  ( 1. 201) -( 1. 203 ) . 

The  use  of  formulas  of  one  type  or  another  depends  on  the  con¬ 
venience  in  the  solution  of  one  problem  or  another. 
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F.lg.  23..  Dependence  N/a^  =  f(v/aQ)  as 

given  Toy  expex^lmental  and  theoretical 
da  Da . 

Notation- 

'^'3  S  c  ha  1 1 '  s  e  xpe  r  iment ; 

+  )  calcixlation  by  Zel'dovich  and  Ley- 
puns  kiy; 

x)  calculations  after  R.  Koul; 

— )  from  the  adiabatic  c'lirve  (p  +  B)/p‘ 
=  ^Pq  iD)/ Pf)-’ 


0' 


- )  from  the  adiabatic  cor-ve  p^  —  p^ 

j  ^  Ic  k‘\ 

—  d  (  Pq  )  3 

o)  N/a^  =  2,2,4;  v/a^  =  O.586; 

p  27,58c;  kg/cra^. 


For  the  sake  of  clarity  the  calculation  of  the  hydrodynamic  ele¬ 
ments  on  tne  front  of  an  underwater  shock  wave  is  summarized  in  Table 
3  and  graphically  represented  on  Pigs.  24  and  25. 

Unlike  air,  nc  supersonic  motion  of  the  liquid  occurs  even  at 
very  high  pressures  on  the  wave  fronts  and  the  temperature  rise  is 
relatively  slow 
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TABLE  3 


■p* 

j2-uA<-A: 

jujceK 

MlCCK 

A,  r-c 

)  * 

4  KaAjapaC 

0 

1  m 

0 

1- 

1,000 

1  460 

0 

V~ 

0 

500 

l  49C 

13 

1,0  111 

1  500 

2,0 

0,348-10-* 

•iOO 

1  5!0 

26 

1,021 

1  5 10 

2.4 

0,199.10--' 

•6C0 

!  5-10 

40 

1,032 

1  580 

2,6 

0,498-10-* 

S.70 

!  560 

58 

1,040 

102C 

3,0 

0.933.10-' 

,  1  000  ■ 

'  1  590 

67 

1,611 

1  660 

■  3,4 

0,154.10-* 

1200 

1  Ci5 

80 

1,053 

1  700 

3,8 

0,229. 10-* 

1  400 

1  640 

93 

1,038 

1  740 

4,0 

0,293.10-* 

1  600 

',670 

106 

1,065 

1  7b0 

4.4 

0.416.10-5 

1  800 

1  685 

120 

1,070 

1  820 

4,8 

0,522.10-* 

'  2  000 

1  720 

133 

1,075 

1860 

5,8 

0,648  - 10- -» 

2  200 

1  745 

146 

1,080 

i  900 

6,0 

0.730.10-* 

2  400'- 

!  775 

160 

1,085 

1  940 

7,0 

9,948.10-* 

2  600 

1  800 

173 

‘1 ,0'.l0 

1980 

8,0 

0,00113 

2  800 

1  825 

185 

1,09,'. 

2  020 

8,4 

0,00134 

3  000 

1  550 

200 

1,100 

2  060 

8,8 

0,00157 

4  000 

1  0-10 

240 

1,120 

2  160 

1-1,0 

.  0,00276 

5  000 

2  040 

280 

1,M0 

2  210 

18,0 

0,00-15 

6  000 

2  100 

320 

1,160 

2  360 

22,0 

0,0070 

7000 

2  190 

300 

1,175 

2420 

2-1,0 

0,0100 

8  000 

2  240 

400 

1,200 

2  500 

30,0 

00125 

9  000 

2  300 

420 

1.210 

2  600 

32,0 

0,0160 

10  000 

2  lOO 

450 

1,220 

2  660 

35,5 

0,0190 

15  000 

2  060 

580 

1,275 

2  960 

51,0 

0,0380  , 

20  000 

2  840 

680 

1,325 

3  200 

68,0 

0,0600 

25  000 

S060 

800 

1,360 

3  470 

85,0 

0,0800 

30  000 

3260 

930 

1,400 

3720 

105,0 

0,102 

40  000 

3  600 

1  IOC 

1,450 

4  010 

136 

0,152 

50  000 

3  900 

1280 

1,500  ■ 

4  415 

18-1 

0.206 

60  000 

4  140 

1430 

1,545 

4  710 

211 

0,208 

70  000 

4  400 

1  540 

1,580 

4 IMC  , 

260 

0,320 

80  000 

4  600 

1080 

1,615 

5  162 

300 

0,378 

90  000 

4  800 

1  800 

i,6:o 

5  400 

3-10 

0.-125 

100  000 

5  000 

1940 

1,66.5 

5C0C 

.  400 

0,488 

2>X»000 

6  460 

3  000  ■ 

1,8.50 

7.100 

870 

C,94-’- 

300  000 

7  800 

_ 1 

3  8C0 

1,970 

8  160 

1396 

1,288 

. 1 

2 

1)  kg/cm  ;  2)  m/secj  3)  g/om-^;  cal/g-Teg. 

Example  1.  Find  bhe  wave-dispilacement  velocity  N.  the  local  veloc¬ 
ity  of  sound  a^,  the  velocity  of  the  particles  behind  the  front  v^^ 
and  the  density  if  the  pressure  on  the  front  of  an  underwater  shock 
wave  amounts  to  1000  kg/cra^. 

Solution.  For  the  specified  value  of  the  pressure,  the  calculation 
can  be  carried  out  using  the  linearized  dynamic -compatibility  condi¬ 
tions  (1.205) -(1.207). 

We  have : 
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0  (’  +  iJot-  =  '•■®°  m/sec; 

=■■  '‘5«°  (‘  =  =  '°°°  m/sec; 

‘'0  “  «o II-  =  '-iGO =  67,0  m/sec ;■ 

■  /’l‘<t<y  P<t>  +  fi  1000  +  3045  , 

w  “7;rrF  =  — 3030 —  = 


=  1,328; 


,  =  1,04  g/ cm3 . 


Fig.  24,  Hydrodynamic  elements  on  the  front 
of  an  underwater  shock  wave  as  a  function  of 

o 

the  press-ure  (p^  <  3OOO  kg/cm  ) . 


Eocample  2.  Calcxilsite  the  velocity  of  sound  a^  "behind  the  front  of 
an  underwater  shock  wave,  if  the  pressure  on  the  front  amounts  to  237 
thousand  atm  (the  coefficient  k  is  in  this  case  equal  to  4.63). 

Solution.  Prom  the  dynamic-compatibility  condition  (I.I98)  we  cal¬ 


culate  the  value  of  the  density  on  the  wave  front: 


Pijj  -  </  (  p3>  —  Po) ' 
237  000  =  4250  (p'^^—l); 


„H.S9  _  0. 

?«  “  So, 3; 

=  1,90  g/cm-3 . 


Following  the  jump  increase  in  the  pressiu?e  and  density  as  a  re¬ 
sult  of  the  passage  of  the  wave  through  the  given  point,  the  water  be- 
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Pig.  25,  Hydrodynamic  elements  on  the  front  of 
an  underwater  shock  wave  as  a  function  of  the 

pressure  (p^  <  300*10“  kg/cm^). 


gins  to  expand  adiabatically. 

The  adiahatlclty  condition  is  detennined  by  the  relation  (1.21) 

(f  )■• 

Differentiating  this  equation,,  we  obtain 

Expressing  the  pressure  in  dynes  per  square  centimeter  (1  kg  = 

5  2 

=  9.81*10  g-cm/sec  ),  we  obtain 

®  •*  (237 000  +  5 -100)  9.81  •  10»  =761  200  =i  7612  m/seC.  [  SlC  ] 

§11.  NORMAL  REPLECTION  OP  A  PIANE  SHOCK  WAVE  PROM  AN  ABSOLUTELY  RIGID 
WALL 

Ass-ume  that  a  plane  shock  wave  is  normally  incident  on  an  infin¬ 
ite  absolutely  rigid  wall  (Pig.  26).  The  shock-wave  displacement  veloc 
ity  N  will  be  assumed  directed  normal  to  the  xvall.  The  parameters  of 
the  unperturbed  medium  are  denoted  Pq,  Pq,  Tq.,  and  v^  =  0/  while  the 
parameters  of  the  medium  behind  the  front  of  the  direct  wave  are  de- 
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noted  by  p,pj  and  v^. 

At  the  instant  when  the  shock  wave  en- 
countei-’s  the  wall;,  a  reflected  wave  is  pro¬ 
duced;,  propagating  te  the  opposite  direc¬ 
tion  with  velocity  Its  parameters  are 

denoted  by  and  v^^^. 

The  normal  component  of  the  particle 
velocity  on  the  wall  is  equal  to  zero  in  accordance  with  the  condi¬ 
tions  of  the  problem. 

Accord,lng  to  Formula  (1.55),  we  have  for  the  direct  wave 

In  accordance  with  the  came  general  relationship  we  have 

V  ■  (1.215) 


P,-!, 


^■Pt 


Pern" 


fttr'p 


Fig.  26.  Reflection  of 
a  plane  shock  wave 
-from  an  unbounded  ab¬ 
solutely  rigid  wall. 


Recogni.^ing  that  on  the  wall  =  0, 

(1.55)  and  (1.215):* 


we  obtain  on  the  basis  of 


y  f^0Tp~A*)  -  V  i')-  ^ 

~  Fo)  —  (Aotp  -  P^)  (™  -  p-~)  * 


hence 
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Equation  (1.216) 


can  be  rewritten  in  the  form 
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( 1.216) 


(1.217) 


Let  the  medi'um  in  which  the  reflection  is  being  considered  be  an 
ideal  gas.  Then,  according  to  the  equation  of  the  shock  adiabatic  curve 
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( 1 . 186 ) ,  we  have 


l±4fi  +i 

Po  ^  . 

■h  ”* 

k  +  l  P<t>  ' 

A-l  pt 

PoTp 

A  +  1  PoTp  ,  , 

f* 

A  4*  1  .  Potp 

(1„186) 


(lo2l8) 


Thus,  we  have  obtained  two  additional  equations,  with  the  aid  of 
which  we  can  eliminate  and  from  (1.217)^  Carrying  out  the  cor¬ 

responding  transformations,  we  obtain 


Potp 

~p« 


3k  +  1  P* 

*-!  '  /’o 


A  +  1  /’4.  ' 

A~  +  77 


(1.219) 


Pig.  27.  Plot  of  the  function 
(P'otr  -  Patm)/<Pf  “  ^atm)  “  f(Pf)  for 
normal  reflection  of  an  aerial  shock 
wave  from  a  partition. 


Formula  (1.219)  is  called  the  Izmaylov -Crus sard  formula.  It  can 
be  reduced  to  the  form 


/  A  + 1  , 

PoTp— -  fe  — !  ^^<t> 

Po  T  —  p^)  +  p. 


(1.220) 


or,  what  is  the  same. 


=  2i^p^  +  . 


ip<t)  +  Tpi  ■ 

A  plot  Of  the  function  (Pq^p  —  Po)/(Pf 

-  86  - 


-  Pq) 


(1.221) 

f(p^)  is  shown  in 


Fig.  27.  It  fellows  from  Formula  (1.221)  that  for  a  shock  wave  of  low 
amplitude  (p^  we  have 

PoTp  ”  /’O  2 

F^—Pa 

Thus.,  the  excess  pressure  on  the  .partition  douhles  compared  with 
the  excess  press-iore  "behind  the  front  of  the  shock  wave.,  in  agreement 
with  the  well-known  result  for  the  reflection  of  acoustic  waves. 

In  the  other  limiting  case,  when  p^  —  Pq  00,  we  have  for  k  =  1.4 


Potf , —  Po 
P<t‘  —  Po 


fe. 


Using  the  conditions  of  dynamic  compatlhility,  it  is  easy  to  de¬ 
termine  all  the  remaining  hydrodynam.ic  elements  of  the  wave  at  the 
xvall.  As  a  result  of  simple  calculations  we  obtain 
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(1.222) 

(1^223) 

(1.224) 


Comparison  of  the  results  of  the  calculation  for  an  ideal  gas  us¬ 
ing  the  fcrmo-las  obtained  with  the  results  of  more  complicated  calcula¬ 
tions  for  air,  vrlth  account  of  the  dependence  of  its  specific  heat  on 
the  temperature,  shows  that  the  relationships  presented  can  be  used 
with  accuracy  sufficient  for  practical  purposes  w'hen  P^/Pq  < 

In  perfectly  analogous  fashion  we  can  calculate  the  pressure  on 
an  absolutely  rigid  partition  for  reflection  of  an  underwater  shock 
wave. 


Here,  obviously,  the  relation 

PoTP  j 

.PpTp  - Po  ^  Po 

P^ - Po  PoTp  _  j 

P<P 


(1.217) 
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established  Irom  the  general  ccndicj.ons  of  d;ynaralc  compatibility,  will 
hold  true  also  for  water. 

For  a  unique  estimate  cf  the  latlo  p  /p«  it  is  necessary  to 

O  uX*  X 

have  one  more  equation  relat.ljt..^  the  pressure  with,  the  density. 

Such  an  equation,  genarairiy  speakjng,  should  be  the  equation  of 
the  dynamic  adiabatic  curve. 

However,  as  was  already  mentioned  above,  for  the  range  of  pres- 
Slices  up  -f-o  25*10“’  atm,  it  can  be  replaced  successfully  by  the  Poisson 
adiabatic  curve  equation,  since  the  change  in  entropy  is  negligibly 
small. 

In  this  case 

p<t>  +  ^  .  .  . 

— n-  =  A  (1.201) 

from  which  it  follows  that 
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Eqs. 

< 1.21T^ 

(1.225) 

( 1. 226) 


ables  us  to  determine  the  param,et.ers  of  the  reflecteit  underwater  shook 
wave  as  a  .function  of  tho  pressure  on.  the  front  of  the  dlj.;-ect  wave. 

It  can  be  shown  tha^;,  as  in  the  case  of  aerial  shock  v/ave;3,  the 
ratio  (p^.{.p  —  Pq)/*P^-.  Pq)  always  iax^ger  than  tvso,  and  only  for 
weak  waves  does  it  t-end  tc  this  value. 


If  ,lt  is  nece8.3ary  vo  calcx’late  the  re.fleotlcn  pressmo  for  a 
wider  range,  it  is  necessary  tc  assume  in  lieu  of  Eq.  (1.201)  a  dy^- 
namic -compatibility  ctnoltlor,  cn  the  form  (I.19S)  and  to  carry  out 
variations  of  slmils.r  nature. 

Such  calculations  were  carried  out  by  severaj.  authors  and  yielded- 


close  results.  Some  of  the  calculation  results  are  given  in  Table  4. 
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For  some  values  of  the  pressm-es  on  the  front  of  che  direct  wave  we 
give  here  the  ratios  of  the  pressures  in  the  reflected  wave  to  the 
pressures  in  the  direct  wave,  ^otr'^^f 


TAB'LE  4 


1 

no  flallllMM 

2  Be.niiMiiiiM  aari.iciiiKi  iia  (IipoiiTC  npnMoO 

500 

ICOO 

5000 

iOOOO 

25  000 

50  000 

ii  ryiira 

2,088 

2,170 

2,  GO 

2,92 

3,  <11 

3,93 

Cyi!;:ona  n  noipaiucca 

2,0-iC 

2,15 

2,55 

2,88 

3,35 

3,74 

fio  ■iccKOfl  a;«ia- 

Onre  (1,198) 

2,055 

2,H 

2, 20 

is. GO 

3,05 

3,50 

1}  Data  by;  2)  values  of  the  press'ore  on 

the  front  of  the  direct  wave,  kg/cm~;  3) 

Finney  and  Das  Gupta;  4)  Siuitsov  and  Patra- 
srev;  3)  acccrding  to  the  dynamic  adia- 
batic  CTU?ve  (I.I38). 

In  conclusion  it  must  'be  emphasized  that  for  an  underwater  explo- 
sl03.;i,  the  nonlinear  problem  of  direct  j.r.ioidence  of  the  shock  wave  on 
an  absolutely  rigid  partition  is  essentially  of  theoretical  Interest, 
since  the  coefficient  of  reflection  deviates  appreciably  from  two  at 
icressui’es  for  which  even  such  materials  as  steel  must  be  regarded  as 
elastic,  and  consequently  the  assuiaptlon  that  the  wall  is  absolutely 
rigid  becomes  an  ujarealistic  one. 


Such  calculations  are  of  practical  significance  only  in  the  study 
of  the  interaction  between  shock  waves  of  equal  Intensity. 

B..rample  1.  Determine  the  reflection  pressure  and  the  temperature 
on  the  front  of  the  reflected  aerial  wave  for  a  normally  incident  di- 
rect  wave  with  excess  pressure  Ap^  =  5-0  kg/cm  on  a  rigid  wall. 

Solution.  From  Formula  (l,l87)  we  obtain  the  temperature  on  the 
front  of  the  direct  waves 
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k—  1 

6  +  5,82 
6  +  0,172 
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552  ’K. 
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With  the  aid  oi  (1.220)  we  calculate  the  retlecti'^n  pressure: 


PoTp  PQ 

PiJj  Po 


^  2,-f 


'  I  Po) 

~  rri 

‘Pa)  +  /^o 


Potp  -  ‘■fin  ;.fc,o  , 

JQ  •'-••  +  J-Q  77T7)33- 

Potp  ■*  5.0  4, f  ’  ,03;  r  23.0  kg/om^ . 


We  determine  the  ratio  P(,,.|-j,/ »  On  the  hasls  of  (1.222)  we  have 
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1.4.5,8i 
0,4 -5,82  -;■  1 


=  2,45. 


Finally  we  obtain 


P<p  PoTf. 


3.p 


552 


6,033  ■  :>,45 
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Example  2 .  Determine  the  ref'leoticn  pressure  on  the  front  of  an 
underwater  shock  wave  for  a  direct  wave  with  pressure  on  the  front 
p^  =  600  kg/cm  normally  incident  on  an  absoluteiil.y  rigid  wall. 

Solution.  The  problem  reduces  to  solving  the  system  (1.217), 
(1.225),  (1.226) 
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(3. .225) 


Porp  forp 
?4> 


(1.226) 


The  c cere spending  calcr latlons  are  summarized  in  Table  5  ahd  are 
presented  in  Fig.  28.  On  the  basis  of  the  obvious  graphic  constructions 
we  arrived  at  the  conclusion  that  the  rei“‘lection  pressure  in  this  case 
amounts  to  1275  kg/cm  . 

The  coefficient  (P-.^p  —  Pq)/(P£.  -  Fq)  =  2,130  is  merely' 6.5^  dif¬ 
ferent  from  the  acoustic  coeff ici.ent . 
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Fig.  28.  Illusr^-’atlng  Fxample 
1  of  §11„ 
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'  ^  7,15 
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10 

11 

12 

13 

0,00633 

0,009277 

1,047 

1,022 

2, 1363 

0,00n79 

0,07115 

1,023 

2,1304 

0,001704 

0,07628 

0,010608 

1,024 

2, 1250 

0,001634 

0,08117 

0,011304 

1,053 

1,025 

2,1200 

0,001570 

§12.  REFLECTION  OF  ACOUSTIC  WA7ES 

In  tha  precsd;j.ig  sections  of  the  hook  we  have  emphasized  several 
times  that  the  laws  governliig  the  propagation  of  weak  shock  waves  can 
he  investigated  by  assuming  that  the  entropy  of  the  medium  does  not 
change . 
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In  this  connection,  gieat  interest  is  attached  to  the  limiting 
case  of  incidence  of  a  wave  of  infinitesimally  small  s'.nplitrd  j  on  a 
wall.  In  such  a  formulation,  the  wave  reflection  problem  i?  usually 
called  the  acoustic  approximation  problem. 

We  shall  dwell  later  on  in  sufficient  detail  on  the  main  premises 
of  acoustics.  For  the  time  being  we  note  tnat  one  such  premise  is  the 
assumption  that  the  propagation  velocity  of  the  pei'turbations  is  con¬ 
stant. 

Assume  that  at  some  ax^stant  of  time  a  plane  acoustic  wav'='  is  in-- 
cident  on  an  absolutely  rigid  urface  at  tb.e  point  0  (Fxg.  29),  the 
front  of  the  wave  mak-^lr-g  an  anglv-  a  with  tne  boundary. 

The  wave  imparts  to  the  gas  a  velocitv  whose  normal  component  is 
V  cos  a.  By  virtue  of  the  absolute  rigidity  of  the  boundary  AOB,  the 
normal  component  of  the  velocity  on  the  boundary  should  be  equal  to 
zero. 

This  is  attained  only  in  the  case  when  one  superimposes  on  the 
existing  velocity  distribution  a  second  wave  front,  which  ha®  at  the 
point  0  such  an  intensity  and  s’ach  direction,  that  its  passage 
through  the  liquid  following  the  fiont  causes  the  formation  of  a  nor¬ 
mal  velocity  equal  in  .magnitude  and  opposite  in  direction  to  the  v'-'loc- 
ity  produced  by  the  direct  vrave  along  the  line  aO. 

In  other  words,  the  following  relation  should  be  satisfied: 

S' cos  a  —  VtO2a'=i0  (1.227) 

In  the  case  of  sma/ 1  pertixbatice.s,  both  the  direco  and  the  re¬ 
flected  waves  propagate  witn  a  /elcci^iy  equal  to  the  velocity  of  sound 
Uq.  Then  the  velocitr  of  displacement  of  the  point  0  should  ob'‘’’iously 
be  equal  to  aQ/(sin  c)  on  one  side  and  a^/(sin  a')  on  the  other.  Con¬ 
sequently, 

Cq  _  gp 

sin  a  rln  o'  ■ 


(1.228) 


This  equation  leads  to  the  well-known 

law  of  acoustic  reflection,  according  to 

which  a  =  a’.  But  then  also  v’  =  v.  Since 

the  pressure  on  the  front  of  the  shock  wave 

Fig.  29.  Scheme  of  re-  is  determined  by  the  formula  p  =  p^a^v,  by 
flection  of  acoustic  ^  ^  ■ 

-waves-  virtue  of  the  equality  of  v  and  v’  the  pres- 

BVice  on  the  rigid  wall  is  always  equal  to  2p,  regardless  of  the  direc¬ 
tion  of  the  direct  shock  wave. 

Only  "hen  a  =  90°  is  there  no  reflection  of  the  wave.  The  wave 
then  glides  along  the  wall  and  the  pressure  on  the  wall  is  equal  to  p. 

■  The  above -fcnnula ted  conseqx’ences  of  the  law  of  reflection  of 
waves  with  infinitesimally  small  amplitude  is  known  under  the  name 
acoustic  paradox.* 

Of  great  interest  is  the  case  when  the  acoustic  wave  is  reflected 
not  from  an  absolvtely  rigid  wall,  but  from  the  boundary  separating 
two  compressible  media.  Here  it  is  necessary  to  consider  in  addition 
to  the  direct  and  reflected  waves  also  the  so-called  refracted  wave, 
which  propagates  in  the  medium  from  the  boundary  of  which  the  reflec¬ 
tion  takes  place. 

Just  as  in  the  preceding  case,  we  can  state  that  the  velocity  of 
displacement  of  the  point  0  over  the  separation  surface  will  charac¬ 
terize  to  an  equal  degree  the  motions  of  the  direct,  reflected,  and 
refracted  waves,  i.e.. 


sin  a  sin  a'  sin  a' 


(1.229) 


As  in  the  fir’s t  case,  the  reflection  law  a  =  a’  holds  here,  too. 
In  addition,  we  get  from  (1.229)  the  so-called  Snell’s  law  for 
the  determination  of  the  direction  of  the  refracted  wave: 

•  (1.230) 
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The  continuity  of  motion  aijd  of  the  velocity  of  motion  of  the  par-- 
tides  on  the  separation  surface  calls  for-  satisfactic.i  of  the  equation 


Obvious ly^,  also. 


V  cos  a  —  -r/  cos  a'  ==  v"  COS  a", 
/)  4-/ 


(1.231} 


P  Po^o'^l  j 

(1.232) 


The  product  PqSq,  which  Is  the  coefficient  of  proportionality  be¬ 
tween  the  pressure  and  particle  velocity.  Is  frequently  called  the 
acoustic  Impedance  of  the  medium. 

» 

Prom  Eqs.  (I.231)  *s,nd  (I.232)  It  fe  llows  that 

Po  __  p'  p"  ?  JS  g* 

Po'^o  h^o  9"^"  cos  a 

or 


^  r  "a"  C02c: 


(1.233) 


Recognising  tliat  p"  p  +  p>,  we  obtain 


£1, 


cos  a 


a  cos  a  ■  S  pj.75  cos  O'  ■ 


p^ _ (‘"a”  cos  a  —  piifl,  cos  o'* 

p  j;'’a"cosa  +  pufl,  c.so" 


(1.234) 
(1.235 > 


Using  ,‘=!nell’''  "aw,  Formvilas  (1.234;  a: id  ,,  1.235)  are  readily  rc 
duced  to  the  form 
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Spm*  CC2  r;  _  _ 


pi*  COS  a  +  }/  I  ~(  —  V  SllO  . 

'  \  / 

^  _Es£?_ _ L _ h'L® '  _ 

t"£'  cos ■]/ 1  .  /-£.  )\i»> 0 
Pu-^o  *  \  / 


(1.236^ 

(1.237} 


The  convenience  of  the  last  relations  lies  in  the  fact  that  they 
contain  in  addition  to  the  acoustic  impedance!  of  •’■■he  media  'inly  the 
angle  of  incidence  of  the  direct  wave. 

If  a"  <  aQ,  then  reflected  and  refracted  vraves  are  produced  for 
all  angles  of  incidence  of  the  direct  wave. 
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me  situation  is  different  If  a"  >  a^.  In  this  case  the  reflec- 
lon  coefficients  are  real  only  in  a  definite  range  of  angles  of  In- 
idence 


I  0<a<a,  =  arcsin-^.  (I.238) 

% 

The  angle  =  arc  sin  ^Q/a"  is  called  the  angle  of  total  internal 
reflection. 

For  angles  of  incidence  exceeding  the  reflection  coefficient 
p’/p  becomes  complex  with  a  modulus  equal  to  unity.  This  means  that 
the  energy  flux  through  the  boundary  separating  two  media  is  zero.  No 
refracted  wave  is  formed.  The  wave  perturbations  occurring  at  the  sep¬ 
aration  boundary  rapidly  attenuate  in  amplitude  with  increasing  depth 
of  penetration  into  the  second  medium.* 

It  follows  from  Formula  (1.235)  that  no  reflected  wave  is  formed 
only  when  the  acoustic  properties  of  the  media  are  identically  equal. 

Indeed,  equating  the  numerator  of (1.235)  to  zero,  we  find  that 
when  the  angle  of  incidence  is 


a  =  arc  cos 


(1.239) 


we  have 

P'/p  =  0. 

Such  a  case  is  possible  if  a^  >  a"  and  p"  >  Pq,  or  a^  <  a"  and 
P  Pn* 

In  the  case  of  direct  incidence  of  a  wave  along  a  normal  to  the 
sTXcface  a  =  a'  =0  and  Formulas  ( 1. 236) -( 1. 237)  assume  a  particularly 
simple  form 


iL. 
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(1.240) 

(1.241) 


t"a'  +  p(,4o' 

_  f’a"  — 
fa"  +  poOo- 

Relations  ( 1. 236) -( 1. 24l)  enable  us  to  draw  several  important  con- 


-  95 


elusions  of  physical  nature:* 


4  ^ 


1.  Upon  reflection  of  a  shock  wave  propagating  in  water  from  a 
medium  xvith  acoustic  impedance  that  is  lower  than  the  acoustic  Imped¬ 
ance  Ox  Wcoer_,  a  rarefaction  wslvq  Is  produced  (p’/p  "C  0).  The  pressure 
on  the  front  of  the  refracted  v/ave  is  in  this  case  lower  than  the, pres 
sure  on  the  front  of  the  direct  wave.  Consequently,  the  resultant  pres 
sure  on  the  separation  boundary  is  also  lower  than  the  pressure  on  the 
front  of  the  direct  wave. 

2.  Upon  reflection  of  the  same  snocxc  wave  from  a  medium  whose 
acoustic  impedance  is  larger  than  the  acoustic  impedance  of  water,  the 
reflected  wave  is  a  compression  wave  and  the  pressure  on  the  front  of 
the  refracted  wave  will  be  larger  than  the  pressure  on  the  front  of 
the  direct  wave. 

Of  great  practical  importance  is  the  particular  case  of  reflec¬ 
tion  of  an  underwater  shock  wave  from  a  free  s'urface  bordering  on  the 
atmosphere.  Since  the  density  of  water  is  775  times  larger  than  the 
density  of  air,  and  the  sound  propagation  velocity  in  water  exceeds 
the  sound  propagation  velocity  in  air  by  4.4  times,  the  ratio  of  the 
acoustic  impedances  of  water  and  air  amounts  to  about  3400.  Conse¬ 
quently,  upon  reflection  of  an  underwater  shock  wave  from  a  free  sur¬ 
face,  a  rarefaction  wave  should  arise,  capable  not  only  of  completely 
suppressing  the  pressure  in  the  direct  wave,  but  also  of  causing  ten¬ 
sile  stresses  in  the  liquid.  The  pressures  on  the  front  of  the  re¬ 
fracted  aerial  shock  wave  will  then  be  negligibly  small  compared  with 
the  pressures  on  the  front  of  a  direct  wave. 

To  the  contrary,  when  an  aerial  shock  wave  strikes  a  free  liquid 
surface,  an  underwater  shock  wave  will  arise,  with  an  amplitude  which 
is  at  least  twice  as  large  as  the  amplitude  of  the  direct  wave.  Reflec¬ 
tion  of  the  shock  wave  of  an  underwater  explosion  from  the  free  sur- 
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face  will  be  considered  in  detail  subsequently. 

Example .  Calculate  the  resultant  pressure  on  the  wall  of  a  wooden 

berth  when  an  underwater  shock  wave  with  pressure  on  the  front  p^^  =  80 

atm  is  normally  incident.  The  density  of  wood  is  assumed  to  be  p"  =  5,Q 
2  2 

kg-sec  /m  j  and  the  velocity  of  sound  in  wood  is  a"  =  l600  m/sec. 

Solution.  The  resultant  pressure  on  the  wall  is  equal  to  the  pres¬ 
sure  in  the  refracted  wave. 

We  carry  out  the  calculation  in  accordance  with  Formula  (1.240): 


p2_  _ _ ^  2-r.o-icoo _ 

p  ~  f"a"  +  po(7o  ~  50- tow  +  102  •  HOO 


0.C98 


kg/cm^ 


We  obtain 

p'’  =  0,098.80  =  55,8  atm. 

§13-  LINEAR  (REGULAR)  REFLECTION  OF  SHOCK  WAVES  FROM  A  PLANE  SEPARATION 
BOUNDARY  BETWEEN  TWO  MEDIA 

Let  us  consider  nov;  the  reflection  of  a  plane  shock  wave  from  an 
infinite  wall.  We  first  study  a  case  when  the  wall  is  absolutely  rigid. 
Let  the  angle  of  incidence  of  the  direct  v;ave  be  a  (Fig.  30).  The  van¬ 
ishing  of  the  normal  component  of  the  particle  velocity  on  the  wall 
leads  to  the  need  for  satisfying  the  relation 

•:',pC0sa  — ■y„,,,cosa'  =  0.  (1.242) 

The  velocity  of  displacement  of  the  point  0  can  be  calculated 
with  the  aid  of  the  dependence 

ri-fe.  (1.243) 


The  only  difference  from  the  previously  considered  case  is  that 


now  we  have  N  ^otr  shock-wave  displacement  velocities  differ 

from  the  velocity  of  sound  Uq  in  the  unperturbed  medium. 

The  tv.'o  0  qua  Lions  (1.242)  and  (1,243)  con  to.  In  s.lx  vori-ables:  v^^, 
a,  "'^otr-’  ^otr'  however,  in  this  case^  by  virtue  of  the  dynam.ic 

compatibility  conditions the  parameters  and  snd  also  v^ 
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if  xve  icnow  the  par'dmetei’s  of  the 


Pig.  30.  Scheme  of 
x’egular  reflection  of 
shock  waves. 


equations  for  the  de termination  of  the  two 
variables  for  N^^p)  and  a'. 

Numerical  solution  of  these  equations  for  a  specified  intensity 
of  the  direcu  wave  and  angle  of  incidence  a  yields  tv;o  val\.,  ..3  of  the 
angle  a’^  and  consequently  two  values  of  the  corresponding  quar-tities 

otr  otr 

These  last  paramieters  determine  two  values  of  p  ,  . 

o  cr 

Observations  show  that  usually  one  realiz.vs  reflection  with  a 
smaller  angle  a',  and  in  the  general  case  a  a'.  Only  in  the  liraithig 
case  of  infinitesimally  weak  wav^s  ai’e  the  angles  of  reflection  and 
incidence  equal  This  case  was  considered  in  detail  in  the  preceaing 

section. 

Figure  31  shows  plots  of  the  calcu¬ 
lated  reflection  ?-.ngles  for  an  idea.,  gas, 
v;here  the  parameter  is  •'.•h's:.-'.!  to  be  the 
ratio  i  ■—  p^/p^,. 

Prom  this  f  'guee  ^  t  foll  'v'/s  3hat  the 
larger  the  angle  ^f  inci/ience^  the  closer, 
f or  a  spe c if ie d  c or  s  t a nt -pr e s s uv  e  curve, 
are  the  points  that  o’ ara^^terize  two  val¬ 
ues  of  the  aiTgle  of  reflection  a'. 

At  a  certain  angle  a  these 


Pig.  31*  Dependence  of 
the  angle  of  reflectiort 
on  the  angle  of  inci¬ 
dence  for  different 
pressures  on  the  front 
of  an  aerial  shock  wave. 
1)  Limiting. 


c.  linear 

pred-" 


points  coalesce,  hnen  a  b 
reflection,  a  characteristic  feature  of  which  is  the  existence  of  one 
common  point  for  the  direct  and  reflected  v;aves  lining  on  the  boundary 
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Fig.  32.  Dependence  of  the  angle 
of  reflection  on  the  angle  of  In¬ 
cidence  for  different  pressures  on 
the  front  of  an  underx^rater  shock 
wave.  1)  Limiting  values  of  the 
angle  a. 

surface^  hecoraes  impossihle. 

The  phenomenon  of  linear  reflection  was  investigated  in  great  de¬ 
tail  by  Neumann;,  Polyachek^  Sieger,  and  A.N.  Patrashev. 

At  small  Incidence  angles,  when  the  inequality  a  <  a*  obtains, 
where  for  an  ideal  gas  a- = -^al•ccos'^^c:^  40°,  the  reflection  angle  is 
smaller  than  the  angle  of  incidence  (a’  <  a)  and  the  ratio  PQ-{^p/pp  is 
smaller  than  for  normal  reflection,  i.e.,  smaller  than  calculated  by 
the  Izmaylov  formula » 

Vvl,.^n  a  >  a*,  the  angle  of  reflection  is  greater  than  the  angle  of 
incidence  (a’  >  a)  and  Pgtr^^f  larger  than  for  normal  incidence. 

However,  linear  reflection  is  possible  for  a  >  a*  only  if  a-'  < 


<  a. 


'pred' 


Calculations 


milar  natxire  xirere  carx'ied  or’d 


-SO  for  watei 


Their  results  are  pr-esented  on  Figs.  32  and  33-  Figure  32,  plotted 
from  the  solution  of  A.N.  Patrashev,  gives  the  dependence  of  a'  on  a 
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for  conooanr  vctnieij  of  Lix-j  <jja  the  ihont. 

Uiililce  aix'j  in  v/atei'  the  '-’f  reflection  is  alv/ays  larger 

than  the  angle  of  Incidence  a,  ana  consequently  oblique  reflection  of 
a  shock  wave  in  v/ater  alv/ays  yields  a  greatex’  pressure  than  normal  re¬ 
flection^  for  identical  prc^ssures  .nt  tne  direct  waves. 

The  coefficient  which  characterizes  the  pressure  ratio  in  the 
reflected  and  direct  v;aves,  ^  =  (Potr  ^)/(pf  +  B) is  shown  in  Fig. 
33  as  a  function  of  the  arg'le  of  incidence  for  different  assures  on 
the  front  of  the  direct  v/ave. 

It  is  easy  to  note  that  at  pressixre  amplitudes  in  the  direct  v^ave 
below  600  atm  the  coefficient  i  differs  little  from  unity^  so  that  the 
pressure  on  a  rigid  wall  practically  doubles  at  incidence  angles 
smaller  than 

It  is  also  of  interest  to  investigate  the  more  general  case  of 
reflection  of  shock  vraves  from  the  separation  boundary  between  two 
media,  without  assiimlng  absolute  rigidity  of  the  wall. 

Such  a  problem  was  considered  icr  both  normal  and  inclined  inci¬ 
dence  by  A.  I.  Gubanov.* 

In  the  case  of  normal  incidence,  using  the  notation  of  §12,  the 
boundary  conditions  on  the  vrall  can  be  writte'i  the  fcrm 

V  —  v'  =  v" ;  (1.244) 

p  +  p '  =  p" ,  (1. 245) 

The  only  difference  from  the  acoustic  approxlmatior.',  lies  in  the 
fact  that  the  connection -between  the  pressu'C’es  and  velccitle=;  of  the 
particles  is  expressed  not  by  the  linear  relations  (1.2.;'i2),  but  in 
terms  of  the  dynamic -compatibility  conditions. 

If,  for  example,  VJe  assume  both  the  firs-  and  the  second  medirm 
to  be  an  ideal  gas,  then  we  obtain  on  the  basis  of  (1,189) 
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Fig.  3^-  Scheme  of 
regular  reflection  of 
a  shock  wave  from  a 
surface  separating 
two  media . 
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(1.247) 

(1.248) 


Consequently;,  assujiiing  the  parameters  on  the  front  of  the  direct 
wave  knom;,  we  can  always  calculate  the  parameters  of  both  the  re¬ 
flected  and  the  refracted  vraves. 

In  the  case  of  inclined  incidence,  the  formulation  of  the  boundary 
conditions  become  somewhat  more  complicated,  for  unlike  the  acoustic 
approximation,  it  is  necessai’y  here  to  take  into  account  the  angle 
that  characterizes  the  deformation  of  the  T-.’all  under  the  influence  of 
the  shock  wave  (Fig.  34). 

The  condition  for  a  common  point  of  the  direct,  reflected,  and 
refracted  waves  on  the  surface  separating  the  media  will  as  before  be 


.V  A’or,  ,V" 

sin  a  sin  a'  sTirch  • 


(1.249) 


The  equation  for  the  pressures  on  the  contact  surface  is  written 
in  the  form 
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P’tP'^P".  (1-250) 

The  eqixation  for  the  normal  components  of  the  particle  velocities 
will  be 

V  cos  (a  —  S)  —  v'  cos  (a'  -f  (J)  —  v”  COS  (a"  —  fj).  ( 1.  251 ) 

Pinallyj  obviously^  the  point  0  is  common  not  only  for  the  wave 
front Sj  but  also  for  the  branch  of  the  contact  siurface 

The  displacement  velocity  of  the  latter  is  equal  to 

v'  cos  (a  4-  3). 

Its  velocity  of  motion  along  the  y  axis  will  be 

v'  cat  (a  +■  3) 
dn  ? 

The  last  ratio  is  equal  to  any  of  the  ratios  (1.249), 

We  thus  liave  five  equations  for  the  determination  of  the  nine  un¬ 
knowns:  cl',  V' ,  -p' ,  N";,  a",  y"  ,  p" ,  p  (the  values  of  a,  p, 

and  V  on  the  front  of  the  drlrect  wave  are  assigned  specified) . 

In  addition j  from  the  dsmamic  compatibility  conditions  we  can  re¬ 
gard  the  following  as  knovm: 

/^otp  =  N  (/>'). 

v'  ~v  (p'}, 

v"  •-=.  V  ip"). 

ThuSj  v/e  again  arrive  at  a  closed  system  of  equations,  which  when 
solved  enables  us  to  calculate  all  the  parameters  of  the  reflected  and 
refracted  waves. 

Such  calculations  for  the  particular  cases  of  strong  and  weak 
shock  waves,  and  also  for  media  that  differ  from  each  other  greatly 
and  little  have  been  carried  through  by  A. I.  Gubanov  to  the  stage  of 
final  approximate  relations. 

As  was  already  noted  above,  when  the  angle  of  incidence  pf  the 
direct  waves  are  larger  than  the  limiting  angle,  linear  reflection  be- 
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comes  impossible,  'fhere  occurs  the  so-called  nonlinear  or  Irregular 
reflection,,  which  will  be  analyzed  in  the  next  section. 

§l4.  NONLIMEiffi  (iRREGULim)  REFLECTION  OF  SHOCK  WAVES  FROM  A  RIGID  WALL 
At  angles  of  incidence  larger  than  as  v/as  already  men¬ 

tioned  earlier j  linear  reflection  becomes  impossible.  The  reflected 
■■wave j  propagating  through  the  perturbed  medirmi;,  overtakes  the  direct 
wave  and;,  merging  vj'lth  the  latter forms  a  third  wave  frequently  called 
the  frontal  shock  wave  or  the  Mach  vxave.  A  three-wave  configuration 
results j  a  characteristic  feature  of  Vvhich  is  the  existence  of  a  com¬ 
mon  point  of  intersection  of  the  waves  (the  so-called  triple  point). 


Fig.  33-  Stationary^  direct;,  and 
inverted  nonlinear  reflections. 


Starting  from  the  conditions  of  dynamic  compatibility,  we  can 
show  that  the  intersection  of  three  strong  discontinuity  fronts  is  pos¬ 
sible  only  if  an  additional  condition  is  satisfied,  consisting  in  the 
fact  that  another  surface  of  stationary  strong  discontinuity  must  pass 
through  the  point  0  (Fig.  35)-  14  is  usually  called  the  contact  sur¬ 
face  . 

.  spending  on  the  location  of  the  contact  surface,  a  ch'stinction 
is  made  between  three  types  of  nonlinear  reflections  (Fig.  35):  sta¬ 
tionary,  direct,  and  inverted. 

In  stationary  nonl3-near  reflection,  the  contact  surface  OD  is 
parallel  to  the  wall.  In  the  case  of  direct  nonlinear  reflection,  the 
contact  surface  is  directed  away  from  the  v/all;  in  the  case  of  in¬ 
verted  reflection  it  is  directed  tovrard  the  wall. 
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xnveri;ed  nonlinear  reflection  is  un¬ 


stable  ^  collapses,  and  can  be  disregarded. 

■Direct  nonlinear  reflection  is  realized 
most  frequently  and  is  of  greatest  practical 
interest. 

Figure  36  shows  the  curve  for  an  ideal 

gas,  representing  the  dependence  of  a  ^  on 

pred 

the  ratio  of  the  pressure  in  the  unperturbed 
medium  Pq  to  the  pressure  in  the  direct  wave 

Pf . 

This  curve  divides  the  region  of  all  possible  values  of  the  angle 
a  and  the  ratio  Pq/p^  into  two  parts:  a  region  where  linear  reflection 
is  possible,  and  a  region  of  existence  of  nonlinear  reflection.  Start-' 

ing  with  Pq/p^  —  0.5  and  up  to  Pq/p^  =  0  the  limiting  angle  amounts  to 
about  40*^. 

Problems  in  the  theory  of  irregular  reflection,  following  Mach, 
engaged  many  researchers.  However,  the  complexitv  of  the  boundary  con¬ 
ditions  of  the  problem  have  made  it  necessar-'i^  to  Introduce  definite 
simplifying  assumptions,  and  consequently  at  the  present  time  the  re¬ 
sults  of  the  theo.ry  are  still  far  from  complete  and  in  many  cases 
yield  serious  discrepancies  from  the  experimental  daca.  P.  practical 
estimate  of  the  parameters  of  the  frontal  wave  is  therefore  carried 
out  with  the  aid  of  empirical  relationships. 

A  more  detailed  exposition  of  irregular  reflec*'lon  of  an  aerial 
shock  wave  from  the  surface  of  the  earth  (or  water)  will  be  given -later 
on.  As  to  irregular  reflection  of  shock  waves  in  t.he  case  of  an  under¬ 
water  explosion,  by  virtue  of  the  considerations  presented  in  §11, 
such  a  reflection  is  rarely  realized  and  therefore  this  problem  is  not 
considered  in  the  book. 


O' 


Fig.  36.  Regions  of 
regular  and  irregu¬ 
lar  re, .Meet  ion.  l) 
Region  of  ir-regular 
reflection;  2)  re¬ 
gion  of  regular  re¬ 
flection. 
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[Footnotes ] 


By  homogeneous  system  we  shall  henceforth  mean  an  aggregate 
of  elementary  particles  vjhich  are  identical  in  their  chem¬ 
ical  and  physical  properties. 


'h ,TXi.,Y ,-p ,  —  infinitesimals  of  higher  order. 


Here  and  elsewhere  in  this  section  we  denote  by  a  quan¬ 
tity  of  first  order  of  smallness. 


The  minus  sign  in  the  term  containing 

of  the  fact  that  the  direction  of  the 
surface  does  not  coincide  with  the 

the  discontinuity  surface. 


c  is  the  consequence 

outward  normal  to  the 
direction  of  motion  of 


In  the  literature  such  a  surface  is  frequently  called  a  con¬ 
tact  surface j  or  a  surface  of  tangential  discontinuities. 

If  [p ]  =  Oj  then  from  (1.40)  [v]  =  0^  and  consequent ly^ 

[0]  =  0  and  [p]  =  0;,  i.e.^,  there  is  no  strong  discontinuity 
whatever. 


The  variables  9  and  u  are  not  independent^  since  by  defini¬ 
tion  0  =  N  —  v^,  and  the  value  of  the  internal  energy  is  ex¬ 
pressed  in  terms  of  £  and  p  with  the  aid  of  the  equation  of 
state . 

For  further  details  see  Ya.B.  Zel'dovich  "Shock-Wave  Theory 
and  Introduction  to  Gasdynaralcs^  "  Acad.  Sci.  USSR  Press, 

1946. 

Formula  (I.69)  follows  from  the  general  expression 
grnd  {^a,  b)  —  (6v)  c  +  (av)  *  -r  i’Xrot  a  +  aXrol  3, 

if  we  put  a  ==  b  —  V  (see,  for  example.  N.Ye.  Kochin,  Vector 
Analysis  and  Iiatroduction  to  Tensor  Analysis,  GONTI,  1938). 

Having  defined  the  characteristics  in  this  manner,  we  shall 
leave  out  henceforth  the  index  L. 

Unlike  the  previous  coordinates  r^  and  t^,  here  r'^  and  t'^ 

characterize  the  streamline  (the  trajectory  of  motion  of  a 
liquid  particle). 

See.  for  o"''"’"'"  e ,  i'oshlya/cov.  Fundamental  Dlf  ferontial  Equa¬ 
tions  of  Mathematical  Physics,  GTTI,  1933- 
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[Footnotes  (Continued)] 


Relationship  (I.163)  can  be  derived,  by  considering  directly 
the  v^' ;ruci.tions  of  one -dimensional  usenuroplc  a.otlon  of  a  liq¬ 
uid  v.'lvia  tolano  syrmietry. 

Indeed,  putting  In  d  =  const  and  v  =  1  In  Formulas  (1.97) 
and  (1.98),  we  obtain 


dv  dv  la 

■^  +  ‘'-5r  +  T=rr 


(1.164) 


+  V 


da  \ 

if] 


(1.165) 


Subtracting  and  adding  these  equations,  we  can  write  them 
In  the  form 


d/  r-*-  A-l  "] 

1  +(t'  +  «)-^(t'  + 

^(v  a\ 

Iff  /?  1  -  1  tt  —  . 

d/  V  k—i  j 

+  It'  ^ 

Obviously,  a  possible  solution  of  the  first  equation  will 
be  V  +  2a/(k  —  1)  =  const,  that  of  the  second  Is  v  — 

—  2a/(k—  1)  =  const.  In  agreement  wlth  the  result  (I.163). 


whence 


o 


2  tip 
0  Jp 


=3  /I  (p*  -}-  3} 


-L 


See,  for  example,  L.D.  Landau  and  Ye.M.  Llf shits.  Mechanics 
of  Continuous  Media,  GITL,  1953. 

At  low  pressures  on  the  wave  front.  Formulas  ( 1. I8I) -( 1. I89) 
can  be  linearized.  In  particular.  If  Ap^/pq  <  1  we  have  with 

error  not  larger  than  5^ 

As  the  Initial  data. for  the  calculation  we  have  assumed  the 
parameters  of  the  International  atmosphere:  aQ  =  340  m/sec, 
Pq  =  1.033  kg/cm^,  Pq  =  0.125  kg-secVm'^,  Tq  ""  ^5°C,  and 
k  =  1.40. 

See,  for  example,  R.  Koul,  Underwater  Explosions,  IIL,  1950. 
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[Footnotes  (Continued)] 


Obviously^  knowing  the  values  of  the  pressures  and  densities 
on  the  front  of  the  wave,  it  is  also  easy  to  calculate  the 
temperature  from  the  equations  of  state.  Howeverj  such  a 
formula  is  cumbersome and  is  therefore  not  presented  here. 
For  the  same  reason  we  have  also  left  out  the  expression  for 
the  velocity  of  so-und,  which  can  be  obtained  from  the  adia- 
baticlty  conditions  of  water. 

Equations  ( 1.  208) -( 1.  211)  x^ere  derived  by  N.N.  Suntsov.  The 
coefficient  m  was  assxmed  by  him  to  be  equal  to  2.1. 

If  the  direct  wave  is  stationary^  then  the  reflected  wave 
will  also  be  stationary,  and  the  particle  velocities  will  be 
equal  to  zero  not  only  on  the  wall  but  everywhere  behind  the 
front  of  the  reflected  wave. 

Actually,  for  waves  of  finite  amplitude,  at  a  certain  angle 
of  incidence  a  <  90°,  as  will  be  discussed  in  detail  later 
on,  this  type  of  reflection  becomes  impossible  and  is  re¬ 
placed  by  the  so-called  nonlinear  (irregular)  reflection. 

A  detailed  analysis  of  the  case  of  total  internal  reflection 
of  acoustic  waves  with  an  estimate  of  the  depth  of  penetra¬ 
tion  of  the  wave  perturbations  as  a  function  of  the  length 
and  frequency  of  the  direct  wave  is  given  in  the  papers  of 
L.M.  Brekliovskikh.  See,  for  example,  L.M.  Brekhovskikh,  Waves 
in  Layered  Media,  Acad.  Sci.  USSR  Press,  1957. 

Strictly  speaking,  the  first  derivation  is  valid  only  for 
angles  of  incidence  smaller  than  the  angle  of  total  internal 
reflection.  Usually,  however,  if  p"a"  <  PqSq,  then  also 

a"  <  aQ. 

A. I.  Gubanov,  Reflection  and  Refraction  of  Shock  Waves  on  a 
Boundary  Between  Two  Media.  ZhTF,  Vol.  28,  1958  and  29,  1959- 
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71 
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wave 

98 
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Chapter  2 

EXPLOSION  IN  AN  UNBOUNDED  MEDIUM 
§1.  FORMULATION  OF  EXPLOSION  PROBLEM 

As  indicated  above,  in  the  general  case  the  distribution  of  pres¬ 
sures  and  temperatures  on  the  boundary  separating  the  explosion  prod¬ 
ucts  and  the  surrounding  medixun  at  the  initial  instant  of  time  is  ar¬ 
bitrary,  since  the  character  of  a  reaction  such  as  an  explosion  does 
not  oepend  on  the  properties  of  the  surrounding  medium.  Using  the  pre¬ 
viously  adopted  terminology,  this  surface  would  have  to  be  regarded  as 
a  nonstationary  strong-discontinuity  surface.  However,  the  dynamic  com¬ 
patibility  conditions,  VJhich  should  be  satisfied  on  a  nonstationary 
strong -discontinuity  surface,  are  not  satisfied  in  this  case,  owing  to 
the  arbitrariness  of  the  parameters  of  the  explosion  products.  Conse¬ 
quently,  it  is  impossible  likewise  for  a  single  discontinuity  surface 
to  exist. 

N.Ye.  Kochin  has  proved  that  for  all  possible  cases  the  initial 
surface  breaks  up  into  three  surfaces.  One  of  these  surfaces,  propa¬ 
gating  in  a  medium  surrounding  the  charge,  is  the  nonstationary  strong 
discontinuity  surface  (shock-wave  front);  the  second,  separating  the 
explosion  products  from  the  medium,  is  a  stationary  strong-discontinu¬ 
ity  surface  (the  gas -bubble  surface);  finally,  the  third,  propagating 
with  the  explosion  products,  is  a  weak-dis continuity  or  characteristic 
surface . 

The  main  problem  of  the  theory  of  explosion  in  an  unbounded  liq¬ 
uid  is  the  study  of  unsteady  motion  of  a  liquid  between  boundary  sur- 
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faces,  namely  the  front  of  the  shock  wave  and  the  gas-bubble  surface. 
Such  unsteady  motion  is  determined  by  the  following  system  of  equa¬ 
tions  : 

(2.1) 

.|P_4  cliv(p^)-0.  (2.2) 

This  system  contains  three  variables:  pressure,  density,  and  ve¬ 
locity,  so  that  it  is  not  a  closed  system. 

In  order  to  close  this  system,  it  is  assumed  in  many  investiga¬ 
tions  that  the  solution  of  the  problem  can  be  obtained  by  assuming  the 
'liquid  to  be  Incompressible:  p  =  const.  Tf  the  motion  is  in  this  case 
potential  over  the  entire  region  of  flow,  then  the  matter  reduces  to 
an  analysis  of  the  well-studied  Laplace  equation  Acp  =  0.  This  is  in¬ 
deed  the  procedure  used  in  his  time  by  Lamb,  to  whom  belongs  the  first 
theoretical  solution  of  the  problem  of  underwater  explosions. 

However,  the  assiimption  that  the  medium  in  which  the  shock  wave 
propagates  is  incompressible  does  not  in  fact  correspond  to  reality. 

The  point  is  that  explosions  are  accompanied  by  considerable  pressures, 
in  which  the  water  is  appreciably  conpressed  (for  example,  more  than 
20^  at  pressures  of  10  thousand  atm) . 

In  addition,  and  this  is  the  major  point,  the  use  of  the  hypo¬ 
thesis  that  liquid  is  incompressible  does  not  make  it  possible  to  take 
into  account  the  energy  dissipation,  which  is  rather  great  in 
the  case  of  explosions. 

For  example,  in  an  underwater  explosion  approximately  6o^  of  the 
Initial  energy  is  dissipated  during  the  first  pulsation,  while  in  an 
aerial  explosion  the  fraction  is  even  larger,  something  which  obvi¬ 
ously  cannot  be  disregarded. 

Finally,  the  Incompressibility  hypothesis  excludes  from  consldera- 
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tlon  shock  \i/aves  anci  the  local  explosion  phenomena  as  well  as  the 

finite  perturbation  propagation  velocities  which  are  connected  with 
their  existence. 

In  view  of  this,  the  incompressible  liquid  hypothesis  cannot  be 
used  to  study  the  explosion  process.  This  indeed  raises  the  need  for 
setting  up  additional  supplementary  equations  to  close  the  system. 

Such  equations  are  the  equation  of  state  and  the  energy  equation, 
which  contain,  in  addition  to  the  foregoing,  two  other  variables, 
namely  the  absolute  temperature  T  and  the  heat  influx  e.  But  in  most 
cases  the  high  speeds  of  the  explosion  processes  practically  exclude 
the  possibility  of  heat  exchange  with  the  surrounding  medium,  so  that 
the  heat  flux  is  assumed  equal  to  zero  (e  =  0)  and  the  system  of  equa¬ 
tions  is  closed. 

However,  solution  of  such  a  system  of  equations  for  the  general 
case  entails  great  mathematical  difficulties.  In  view  of  this,  only  a 
series  of  investigations  for  motion  v/lth  plane,  axial,  and  spherical 
symmetry  have  been  carried  out.  At  the  same  time  it  must  be  noted  that 
it  is  precisely  the  analysis  of  one-dimensional  motion  which  is  of 
primary  Interest. 

Exact  solution  of  the  explosion  problems  has  been  obtained  only 
for  motions  with  plane  symmetry.  In  all  other  remaining  cases  only  ap¬ 
proximate  methods  have  been  developed.  We  present  here  only  some  of 
these  methods,  paying  principal  attention  not  to  the  derivations  and 
transformations,  but  to  the  research  methods. 

In  calculations  based  on  any  of  the  existing  schemes,  it  Is  nec¬ 
essary  to  know  the  hydrodynamic  elements  at  the  initial  Instant  of 
time . 

We  now  proceed  to  such  an  estimate. 

Assxime  that  at  some  Instant  of  time,  which  we  shall  regard  as  In- 
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itial  (t  =  0),  the  values  of  the  hydrodynamic  elements  p,  and  £ 

are  specified  on  both  sides  of  the  plane  x  =  0.  We  assume  that  for 
r  <  0  we  have  at  that  instant  everywhere 


=  const  =  />==  const  =/?,;  p  =  const  — (>i 

and  for  r  >  0 

const  =  t'ji  p  =  const  =/72;  .  p  =const  =  Pj. 


t-9 


Fig.  37.  Breakup  of  initial  explosion 
surface,  l)  Weak-dis continuity  surface; 

2)  stationary  strong-discontinuity 
surface;  3)  nonstationary  strong- 
discontinuity  surface. 

These  six  quantities  are  in  general  perfectly  arbitrary.  On  the 
plane  r  =  0  the  dynamic  compatibility  conditions  are  not  satisfied,  so 
that  the  initial  discontinuity  surface  breaks  up  into  three  surfaces 
(Fig.  37).  In  the  mediiim  with  parameters  P2,  and  Pg  there  will 

propagate  a  nonstationary  strong-discontinuity  surface  (shock  wave) 
with  some -velocity  N  to  be  determined  (line  OA) .  Moving  in  the  same 
direction  will  be  a  stationary  strong-discontinuity  surface,  which 
separates  one  medium  from  the  other  ( line  OB) .  The  velocity  of  its 
displacement,  v,  is  also  to  be  determined.  Finally,  to  the  left  of  the 
initial  surface  there  will  propagate  a  weak-discontinuity  surface  (or 
characteristic)  with  velocity  equal  to  the  velocity  of  sound  in  the 
medium  p^,  (line  OC) , 

We  shall  assTJime  the  quantities  v^,  v^,  p^^  P2^  Pl^  P2 


^2  =  P2  P2  =  PQ’ 
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Therij  to  estimate  the  hydrodynamic  elements  v'2^  P'2^  P'2^ 
N  we  shall  have  the  following  system  of  equations: 

1)  on  the  nonstationary  strong-discontinuity  surface 


[pOi=o.  (2.3) 

(2.4) 

po  [-y +«]  =  (2.5) 

2)  on  the  stationary  strong -discontinuity  surface 

(z/)=0  or  v\  =  z‘’^  =  v'-,  . 

[/5)  =  0  or  p\  =  p\  =  p',  (2.7) 

Since  the  entropy  does  not  change  on  going  through  the  weak- 
discontinuity  surface^  we  have 


(2.8) 


■''ot.-'  f*-!-:-'''— — ''-;P  —  — v,o  i^ne  PC  is  ■£  •shas’scteristic  cf  the  sse  — 
ond  family  (rarefaction  wave).  On  this  characteristic  the  values  of  v 
and  a  are  constant,  in  accordance  with  the  conditions  of  the  problem, 
and  consequently  the  following  relation  will  be  satisfied  in  the  en¬ 
tire  region 


V  + 


a,  -f  V,. 


(2.9) 


The  system  of  equations  (2.3)-(2.9)  enables  us  to  determine  un¬ 
iquely  the  seven  unknown  quantities. 

For  an  ideal  gas  Eq.  (2.5)  is  conveniently  replaced  by  the  Hugo- 
niot  adiabatic  curve 

li.  =  (*+  1)  -(/■=  —  1)P2  ,  s 

Pi  (*+!)?;-(*- Dp,  ’ 


and  for  water  it  is  replaced  by  the  dynamic  adiabatic  curve  [see  - 

(1.198)]: 

F  —  Po  ==  ^  l(p])*‘ —  pM  .  '  (2.11) 

Let  us  now  carry  out  the  necessary  analysis  for  estimating  the 
hydrodynamic  elements  on  the  front  of  an  underwater  shock  wave  at  the 
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initial  Instant  of  time. 


but 


hence 

(2.13) 

On  the  basis  of  (2.12)  and  (2.13)  we  have 

p;  =  p.K(p^'-pS0]'^/’."'^.  (2.14) 

Finally^  from  (2.9) 


or 

+  {2-15) 

‘.Substituting  the  values  of  P'^  and  p'  in  (2.15)  and  recognizing 
that* 

(2.16) 

we  obtain  finally 


.■  (2.17) 

Equation  (2.17)  contains  only  one  unknown  quantity,  p'2-  Solving 
this  equation  v/e  can  calculate  the  density  on  the  front  of  the  shock 
wave  at  the  initial  instant  of  time.  Then,  using  the  dynamic  compati¬ 
bility  conditions,  we  can  readily  obtain  all  the  remaining  hydrody¬ 
namic  elements. 

Perfectly  analogous  arguments  enable  us  to  obtain  a  corresponding 
dependence  for  the  case  of  an  ideal  gas.  Such  a  dependence  has  uhw  form 
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K 


Po 


{*+  1)-(A— 1) 


h  \  fo 
Po 


1  \ 
Psy 


')  + 


(2, 18) 

The  unknown  quantity  is  again  the  density  on  the  front  of  the 
shock  wave ,  p ' 2* 

In  carrying  out  calculations  by  Formula  (2.l8),  it  must  be  borne 
in  mind  that  usually  the  ratio  p'2/Po  problems  of  this  type  is 
close  to  the  value  of  (k  +  l)/(k  —  l) .  We  can  therefore  put 


P2 

po 


k  +  1 


(a  4-  aS), 


where  a  is  a  small  quantity  of  first  order. 
Here 


A  4-  1  P2 

^  -  1  Po 


4A 


k  +  ! 


jk-iy- 


1 


«(=.  + 1) 


k+  1 


Pj 


1  (a  4.  1) 


Po 


Calculation  of  the  foregoing  expression  no  longer  entails  an  es¬ 
timate  of  a  difference  between  nearly  equaD.  quantities,  and  is  conse¬ 
quently  more  convenient  for  practical  purposes. 

In  Table  6  are  given  the  values  of  the  hydrodynamj.c  elements  on 
the  front  of  a  shock  wave  at  the  initial  instant  of  an  underwater  and 
aerial  explosion  for  four  types  of  explosives.  The  data  characterizing 
the  detonation  of  the  explosive  are  those  of  L.D.  Landau  and  K. P.  Stan- 
yukovich.* 

The  results  of  calculations  for  an  underwater  explosion  give  an 
order  of  magnitude  close  to  those  obtained  by  experiment.  Thus,  in  a 
study  of  explosions  produced  in  water  by  a  charge  of  PETN,  Dering 
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TABLE  6 

Hydrodynamic  Elements  at  the  Initial  In¬ 
stant  of  Explosion 


11 

12 

14 

15 

16 

17 

■18 

20 

15 

16 

17 

21 


1 

2 

^apbiaqaxoc  neiuecxno  | 

'I’opMy;iji  iwni  o6o3iia'iC!iiie 

3 

To;i 

4 

niiupniio 

n;iH 

KlIC/IUTa 

5 

T3II 

6 

TeTpiu 

7napaMeTpbi  ;jeToiiaunoiiiioll  soaiiu 

flaiiaciMie  iia  (jjpoiiTC  AeToiiaunoii- 
Jlcill  lio.'llil.r,  KC/CM-  (/>,) 

190  000 

210000 

275  000 

230  000 

noK«i3aTc;i!>  nAuaCaTbi  npoAyi<TOB 
»3j)i.[nn  (x) 

3,2 

3,1 

3,2 

3,1 

naoTiiocTi.  nn,  kicck'/m*  (p,) 

1G3 

173 

173 

163 

CKopocTb  MacTim  npo.iyKTon  Bspijaa, 

M/ceK  (tfi) 

1680 

1  730 

2  000 

1  850 

CKopocTb  ;teTonauriii,  m/cck 

7000 

7100 

8400 

7000 

13  HapaMCTpu  noAnoniioll  y;tapiio!l 

D  0  .1  It  bl 

riaoTiiocTii  Do.ibi  iia  (jjpoiixe, 

k:  cck'/m*  (pj) 

177 

179 

178 

182 

jflanaciMic  iia  (})poiiTe,  kzIcm"^ 

133  .GOO 

143  500 

140  000 

100  000 

CKopocTii  ncpoMCUieiriifl  yAapiioll 
rio/iiiu,  Mlceti  (A') 

5  550 

5  730 

5  700 

0  000 

ClvOpOCTb  HaCTim  aa  ([ipOIITOM, 
M/CCK  (v.^ 

2370 

2475 

2450 

2050 

ToMiiopniypn  iia  ([ipoiiTC,  “C 

590 

040 

010 

725 

19  n  a  p  a  M  c  T  p  bi  D  0  3  A  y  III  II  0  11  y  A  a  p  II  0  11 

D  0  I!  u 

riaoTiiocTb  noPAyxa  iia  ilipoiixc, 

K!  CeK'^/.U^  (pj) 

0,7ii28 

0,7437 

0,7401 

0(7445 

Aaii.'iomio  iia  ([ipoiixe,  kz/cm' 

C22 

750 

970 

838 

CKopucri.  ncpe.Mememin  yAapiicIl 
110.1  II  bi,  MjceK  (A') 

7720 

8530 

.  9050 

8900 

Ci<opocii.  iiacxmi  aa  <j)poiixo.M, 
ji/ce/{  (i/^) 

5940 

0590 

7440 

0920 

TeMncpaxypa  iia  (lipoiixc,  "K 

28  900 

32  800 

44  200 

38  100 

ll  Formula  or  symbol;  2)  explosive;  3)  TNT; 
4)  picric  acid;  5)  PETN;  6)  tetryD.;  7; 
parameters  of  detonation  wave;  8)  pressure 
on  the  front  of  the  detonation  wave, 

O 

kg/cm  (p^);  9)  adiabatic  exponent  of  ex¬ 
plosion  products  (k:);  10)  density  of  ex- 
plosive,  kg-sec  /m  (Pq_);  H)  velocity  of 

the  explosion-product  particles,  m/sec 
(v^);  12)  velocity  of  detonation,  m/sec; 

13)  parameters  of  underwater  shock  wave; 

2 

14)  density  of  water  on  the  front,  kg-sec 

4  /  N  > 

per  m  (p'o)^  15)  pressure  on  the  front, 

P  ^ 

kg/cm“;  l6)  displacement  velocity  of  the 


TABLE  6  ( Continued ) 

shock  wave,,  m/sec  (N);  17)  velocity  of  par¬ 
ticles  behind  the  fronts  m/sec  (v'2)i  18) 

temperature  on  the  fronts  °C;  19)  param¬ 
eters  of  aerial  shock  wave;  20)  density  of 

air  on  the  front,  kg-sec  /m  (p’2^^  21)  °K. 

obtained  for  the  displacement  velocity  of  the  shock  wave  about  68OO 
m/sec  and  for  the  press-ure  l40,000  atm.  B.  I.  Shekhter  obtained  for  TNT 
N  =  6100  m/sec  and  p  =  136,000  atm.  The  density  jump  registered  upon 
the  explosion  of  a  charge  of  PETN  In  water  was  p^/pQ  =  1.75.* 

It  can  be  assumed  that  a  somewhat  greater  discrepancy  between 
theory  and  experiment  will  be  obtained  for  an  aerial  explosion.  In 
view  of  the  considerable  deviation  of  the  equation  of  state  of  real 
gases  at  high  pressxares  and  temperatures  from  the  Mendeleyev-Clapeyron 
equation  of  state. 

If  we  assume  k  =  1.25,  then  we  obtain  for  a  TNT  explosion; 

p  ,  2i 

air  density  on  the  front  =  1.117  kg-sec  /m  , 
pressiore  on  the  wave  front  p^  =  1370  kg/cm  ; 
displacement  velocity  N  =  11,900  m/sec. 

§2.  LAWS  OF  SLyULARZCY  IN  THE  THEORY  OP  EXPLOSIONS 

The  study  of  the  complicated  processes  that  accompany  an  explo¬ 
sion,  both  with  theoretical  methods  and  particularly  with  experimental 
methods.  Is  impossible  without  extensive  use  of  the  general  laws  of 
similarity  of  physical  phenomena.  The  theory  of  similarity  and  dimen¬ 
sionality  makes  it  possible  to  point  to  the  most  rational  analysis 
scheme  and  permits  us  to  choose  in  most  convenient  form  the  minim'um 
number  of  parameters  reflecting  the  many  aspects  of  the  investigated 
process,  and  helps  generalize  the  obtained  experimental  data. 

The  theory  of  physical  similarity  is  based  on  three  principal 
theorems . 
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First  theorem.  If  a  group  of  phenomena  defined  by  corresponding 


systems  of  equations  and  uniqueness  conditions^  is  similar^  then  the 
quantities  contained  in  the  indicated  systems  should  form  complexes 
which  retain  one  and  the  same  numerical  value  for  a  specified  group  of 
phenomena.  These  complexes  are  called  the  similarity  Invariants. 

In  other  words^  the  first  theorem  of  similarity  theory  indicates 
that  a  physical  phenomenon  does  nc5t  depend  on  the  measurement  scale 
and  can  be  characterized  fully  by  some  dimensionless  combinations  of 
defining  parameters. 

The  second  theorem  of  similarity  theory,  sometimes  called  the  tt 
theorem,  states  that  in  any  phenomenon  it  is  possible  to  find  connec¬ 
tions  not  only  between  the  real  named  quantities,  but  also  their  dimen 
slonless  combinations. 

In  this  case,  if  there  exist  n  dimensional  quantities,  character¬ 
izing  the  phenomenon,  and  the  problem  is  considered  in  k  fundamental 
units,  then  the  number  of  defining  similarity  criteria  is  equal  to 
n  —  k,  where  one  criterion  arbitrarily  chosen  among  them  can  be  re¬ 
garded  as  a  function  of  the  remaining  criteria. 

Third  theorem..  The  set  of  phenomena  defined  by  specified  differen 
tial  equ.atlons  and  uniqueness  conditions  constitutes  a  similar  system, 
if  the  quantities  contained  in  the  uniqueness  conditions  also  consti¬ 
tute  a  similar  system,  and  the  invariants  of  this  system,  defined  by 
the  specified  equations  and  setup  of  the  indicated  quantities,  have 
one  and  the  same  numerical  value. 

In  other  words,  the  thii-’d  theorem  of  similarity  theory  stipulates 
'  in  its  most  general  formulation  the  fulfillment  of  similarity  in  the 
boundary  conditions  of  the  problem. 

In  particular,  it  follows  from  the  third  theorem  that  systems 
that  are  similar  prior  to  the  start  of  some  physical  process,  v:ill  re- 
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main  similar  also  after  the  termination  of  this  process^  if  the  proc¬ 
ess  itself  corresponds  to  the  similarity  conditions. 

In  mechanics  one  makes  a  distinction  between  geometrically,  kine¬ 
matically,  and  dynamically  similar  systems. 

Two  systems  are  called  geometrically  similar  if  the  ratio  of 
their  comparable  linear  dimensions  is  the  same.  The  ratio  of  the  lin¬ 
ear  dimensions  of  one  system  to  the  comparable  dimensions  the 

other  system  is  called  the  modulus  or  scale  of  geometrical  similarity 
k  —  ~L  .|  ^  2 . 

Geo.metrically  similar  systems  can  execute  geometrically  similar 
displacements.  If  the  ratio  of  the  time  intervals  during  which  the 
corresponding  points  of  the  systems  describe  comparable  sections  of 
trajectories  is  the  same  for  all  points  of  the  system  and  is  main¬ 
tained  constant  during  the  entire  time  of  motion,  such  systems  are 
called  kinematically  similar. 

Thus,  kinematic  similarity  is  defined  by  means  of  two  scales  the 
linear  scale  k  and  the  time  scale  t  =  t^/tp. 

Two  systems  are  called  dynamically  similar  if  in  addition  to  hav¬ 
ing  kinematic  similarity  they  are  also  similar  in  their  mass  distribu- 
t ions . 

Thus,  in  the  case  of  dynamic  similarity;  there  is  added  another 
scale,  the  ratio  of  the  masses  at  the  comparable  points: 

M  —  m^/mp- 

On  the  basis  of  all  the  foregoing  we  can  present  the  following 
definition  of  similarity. 

Similar  systems  are  ones  in  which  all  the  quantities  characterizing 
the  state  and  motion  of  one  system  can  be  obtained  by  simple  multipli¬ 
cation  of  the  corresponding  quantities  of  a  different  system  by  con¬ 
stant  factors. 
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From  an  analysis  of  the  Navier -Stokes  equations  it  follows  that 
the  motions  of  a  compressible  viscous  liquid.;,  subject  to  the  action  of 
mass  forceSj  are  dynamically  similar  if  the  following  four  dimension¬ 
less  criteria  are  identically  equal  to  one  another  at  comparable  points 
of  the  flow: 

the  homochrony  or  Struchal  number 

H  =  vt/l ;  (2.19) 

the  Froude  number 

F=vVg^;  (2.20) 

the  Euler  number 

E  =  p/pv^;  (2.21) 

the  Reynolds  number 

Re  =  vl/v;  (2.22) 

where  v  is  the  particle  velocity,  t  the  time,  _g  the  acceleration  due 
to  gravity,  I  the  characteristic  linear  dimension  of  the  body,  £  the 
pressure,  p  the  density,  and  v  the  kinematic  viscosity  coefficient. 

In  most  cases  the  similarity  conditions  can  be  satisfied  only  in 
part.  It  becomes  necessary  then  to  estimate  the  errors  arising  when 
the  results  of  model  investigations  are  recalculated  for  the  natural 
phenomena  (the  so-called  scale  effect). 

Inasmuch  as  in  gasdynamlcs  one  studies  the  motion  of  an  ideal 
fluid  which  is  not  subject  to  the  action  of  external  forces,  only  two 
out  of  the  four  similarity  criteria  of  hydrodynamics  need  to  be  taken 
into  account,  the  Struchal  number  and  the  Euler  number. 

Lack  of  similarity  after  Froude  and  Reynolds  in  such  problems  can 
obviously  not  give  rise  to  a  scale  effect. 

Let  us  assume  that  the  natural  and  model  explosions  are  carried 
out  in  one  and  the  same  medium;  we  then  have  p^^  =  Pq^^- 

From  the  conditions  of  dynamic  compatibility  it  follows  that  in- 
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dependently  of  the  causes  leading  to  the  forraation  of  the  shock  wave, 
there  exists  between  the  hydrodynamic  elements  on  the  front  a  one-to- 
one  relationship.  Consequently,  if  it  is  ascertained  that  at v definite 
distances  from  the  explosion  centers  of  two  charges  the  pressures  on 
the  front  are  identical,  then  the  Euler  numbers  are  likewise  identi¬ 
cally  equal 

.  ' ■  /’ll  p» 

The  simplest  case  from  the  point  of  view  of  similarity  is  when 
the  hydrodynamic  fields  are  investigated  under  explosions  of  charges 
made  of  the  same  explosive.  Since  the  detonation  waves  arrive  in  this 
case  at  the  charge  surfaces  with  identical  parameters,  then  complete 
similarity  of  the  fields  will  obtain  even  in  the  immediate  vicinity  of 
the  explosion  center. 

From  the  Struchal  conditions,  assuming  that  the  particle  veloci¬ 
ties  are  equal  to  each  other  at  the  comparable  points,  it  follows  that 


This  means  that  in  the  simulation  of  liquid  motion  due  to  an  ex¬ 
plosion,  the  scale  of  the  linear  dimensions  should  be  the  same  as  the 
time  scale. 

The  characteristic  linear  dimensions  that  determine  the  scale  of 
the  phenomena  in  explosions  are  the  dimensions  of  the  charge.  This 
leads  to  the  following  law  of  similarity  in  explosions  of  identical 
explosives:  the  parameters  of  the  medium  do  not  change  in  the  motion 
caused  by  the  explosion  if  the  scales  of  length  and  time  with  which 
these  parameters  are  meas-ured  are  increased  or  decreased  by  the  same 
factor  as  the  dimensions  of  the  charge. 

For  example,  the  pressure  in  the  shock  wave,  measured  at  a  dis¬ 
tance  n  from  a  TNT  charge  of  spherical  form  with  radius  Rq^  should  be 
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equal  to  the  pressure  in  the  shock  wave  at  a  distance  An  from  a  charge 
of  radius 

The  pressure  patterns  at  the  corresponding  distances  will  have 
the  form  shown  in  Fig.  SQ,  which  illustrates  clearly  the  deformation 
of  the  pattern  pressure  at  comparable  distances  upon  change  in  the 
■'Charge  dimensions. 

The  formulation  of  the  similarity  laws  becomes  somewhat  more  com¬ 
plicated  upon  comparison  of  the  hydrodynamic  fields  produced  in  a  liq¬ 
uid  in  explosions  of  charges  of  different  explosives.  Experience  has 
shown  that  the  similarity  can  be  based  in  this  case  on  the  energy  prin¬ 
ciple.  It  is  natural  that  in  the  direct  vicinity  of  the  charge,  there 
will  be  no  similarity  of  the  fields  in  such  cases,  in  view  of  the  dif¬ 
ferences  in  the  boundary  conditions.  However,  since  the  process  of 
energy  dissipation  occurs  at  high  speed  in  the  case  of  strong  shock 
waves,  there  unavoidably  occurs  an  instant  when  at  definite  distances 
from  the  centers  of  two  different  charges  the  values  of  the  pressures 
turn  out  to  be  identical,  and  consequently,  by  virtue  of  the  condi¬ 
tions  of  dynamic  compatibility,  the  pressures  and  the  particle  veloci¬ 
ties  are  also  equal. 


Fig.  38.  Variation  of  the  pat¬ 
tern  pressur’e  for  a  similarity 
modulus  A.. 

The  comparable  points  will  then  be  determined  from  the  following 


121 


relations : 


3 

VB, 


3 _  » 

VE, 


(2.23) 


where  and  are  the  energies  released  in  the  explosion  of  the  two 
different  charges. 

The  same  ratio  is  obtained  also  for  the  comparable  instants  of 

time 


A  VEt 
ti  '  3__ 

VE, 


(2.24) 


On  the  basis  of  the  foregoing,  the  pressure  field  due  to  the  ex¬ 
plosion  can  be  represented  as  a  function  of  two  parameters 


P  /  j  3  »  3 

v  1/S-  ,  VE 


(2.25) 


The  explosion  energy  is  proportional  to  the  weight  of  the  charge 
G.  The  latter,  in  turn,  determines  uniquely  the  radius  of  the  equiva¬ 
lent  spherical  charge,  since 


a- 


(2.26) 


where  y  the  density  of  the  explosive. 

Putting  Y  =  1.6  g/cm^,  we  obtain  for  TNT 

/?„,  =  0,053KO.  (2.27) 

In  Formula  (2.27)  the  radius  of  the  charge  is  in  meters  and  its 

weight  in  kilograms. 

We  thus  obtain  in  lieu  of  (2.25) 

-ir)- 

In  order  to  deal  with  a  function  of  dimensionless  parameters,  it 
is  best  to  rewrite  Formula  (2.28)  in  the  form 

-k): 

Obviously,  for  the  maximum  pressure,  which  occurs  on  the  front  of 


1PP  _ 


the  shock  wave^  the  following  equality  holds  true: 


P 


(2.30) 


One  of  the  most  important  characteristics  of  an  explosion^  which 
in  many  cases  determines  its  force  effect  on  a  partition,  is  the  im¬ 
pulse  of  the  pressures,  defined  hy  the  integral 

(2.31) 

0 

where  the  time  is  reckoned  from  the  instant  when  the  shock  wave  front 
arrives  at  the  given  point. 

In  the  last  relation,  substituting  the  value  of  the  pressure  by 
Formula  (2.29)  a^nd  going  over  to  dimensionless  time,  we  will  have 


(2.32) 


where  =  taQ/RQ^  is  the  dimensionless  time. 

Since  the  integrand  is  a  function  of  dimensionless  parameters,  it 
is  obvious  that  at  the  same  relative  distance  and  for  equal  values  of 
the  relative  time,  the  values  of  the  impulses  will  be  proportional  to 
the  radii  of  the  charge  or,  what  is  the  same,  to  the  modulus  of  geo¬ 
metrical  s*lmilarity  X.. 

Example.  Establish  the  similarity  parameters  for  an  explosion, 
using  the  principles  of  dimensionality  of  the  functions.  The  medium  in 
which  the  explosion  occurs  has  an  initial  density  Pq  and  an  initial 
pressure  Pq. 

Solution.  The  main  parameter  characterizing  the  charge  is  the  ex¬ 
plosion  energy  Eq.  The  hydrodynamic  fields,  as  shown  above,  are  func¬ 
tions  of  the  distance  r  and  of  the  time  t.  Consequently,  from  the  con¬ 
ditions  of  the  problem,  the  process  is  determined  by  the  following  di- 
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mensional  quantities: 


^0'*  ^0* 

We  shall  assume  the  n-umber  of  principal  units  to  be  equal  to 
three  (k  =  3),  —  [T]j  [M]j  [L].  Then,  on  the  basis  of  the  vr-theorem  of 
similarity  we  can  reduce  the  number  of  variables  from  the  five  men¬ 
tioned  above  to  two  dimensionless  criteria.  To  this  end  we  write  out 
first  the  dimensionalities  of  the  initial  parameters: 


(p„)  = 

iPo]  =  A!L-\ 

1^]  =  T. 

Ir]  =  I, 

[£•„!  =  A/f-’T-l 


(2.33) 


Where  v  =  3,  2,  and  1,  respectively,  for  motions  with  spherical,  cylin¬ 
drical,  and  plane  symmetryo  In  writing  down  the  dimension  of  energy  we 
x;se  the  energy  per  unit  length  for  motion  with  cylindrical  symmetry 
and  the  energy  per  unit  surface  for  motion  with  plane  symmetry. 

The  dimensionless  similarity  criteria  and  Ilg  will  be  sought  in 
the  form  of  fractions,  the  numerator  of  each  is  one  of  the  n  -  k  ar¬ 
bitrarily  chosen  quantities,  and  the  denominator  is  made  up  of  all  the 
remaining  mentioned  quantities  each  raised  to  a  power  to  be  determined. 
Let,  for  example,  the  nvmierator  of  the  first  criterion  be  Eq  and  that 
of  the  second  Pq.  Then 

n  ss 

n  — 

*  ■ 


In  order  to  find  the  values  of  the  exponents  x^  and  y^^,  we  equate 
the  dimensionalities  of  the  numerators  and  denominators  of  the  expres¬ 
sions  for  and  Il2*- 


[n.} 


we  then  obtain 


yi  = 


1, 


124 


X2  =  V  +  2_, 

X3  --2. 


72  =  2, 

73  =  -2. 


Thus, 


n,= 


E, 


E  n 


n, 


Por’+^/“''^  f'n  r'+'^  ' 
_  Po  _  l’(^" 


(2.34) 

(2.35)  . 


The  obtained  simlTarity  criteria  fully  determine  the  process  un¬ 
der  the  initially  assumed  premises. 

However,  generally  speaking,  the  second  theorem  of  similarity 
theory  admits  of  a  nonunique  choice  of  the  defining  criteria. 

It  is  possible,  for  example,  to  stipulate  in  this  case  that  the 
second  of  the  similarity  criteria  depend  only  on  one  variable,  for 
example  t. 

Then,  following  the  method  already  developed,  we  write 


/’o'^y’Po’ 


of,  going  Over  to 'the  dimensionality  formula 

r 


hence 


^3  +  ^3  =  0, 

— ■J’l  +  (>  —  I)  -r,  —  3r,  =  0, 

— — 2^3  1, 


^  ^  __I _ 


Consequently, 


n,  =  . 


-'.  +  JL 

t  ~  't 

IPo 


J _ J_  A 

2  V  p  y  "tf 


(2.36) 


Po  ^  Ef)  pp'*  /;g'  pg'^ 

This  form  of  th®  second  similarity  criterion  was  used  by  L. I. 
Sedov  to  study  explosions  with  account  of  counterpressure. 
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P  ;:YD:':CDYl\rAMIG  PlZLDS  lY  THE  CASH  OF  STRONG  EXPLOSIONS 


A-Ssurning  that 


exiDloslon  energy  .  and  t 


:^in  parameter  chara c ter Izing  the  charge  is  the 
;  the  prcpe-rt.l  :■)£  of  the  medium  are  deter¬ 
mined  sufficiently  fully  by  tive  Initial  density  the  initial  pres¬ 

sure  Pqj  and  the  a  ..i.abatlc  empanslcr.  coefficient  k_,  L.  I.  Sedov  indi¬ 
cated  the  follov/ing  system  of  fundamental  quantities  for  the  estimate 
of  the  adiabatic  perturbations  of  gas  motion;  Eq,  Pq_,  p^,  1%  t. 

In  accordance  with  -the  77-theorem  of  similarity  theory,  v/e  can  set 
up  from  these  quantities  the  followang  three  dirtens  ion  less  combina¬ 
tions  :  * 


i;  X  =  - 


Po 


y  +  4 


J_  J_ 
r.'  V  2 

'-•0  Po 


(2.34) 

(2.36) 


The  effect  of  the  initial  pressure  p^,  and  consequently  also  of 
the  parameter  t.  Is  due  only  to  the  conditions  of  dynamic  compatibility 
on  the  front  of  the  shock  wave.  But  if  we  study  a  strong  explosion, 
then  in  the  near  zone  the  pressures  on  the  front  are  two  or  three  or¬ 
ders  of  magnitude  higher  than  the  initial  pressure.  Consequently,  in 
such  a  problem  one  can  neglect  the  initial  pressure  and  the  variable 
T.  Then  the  motion  will  be  determined  only  by  the  dimensionless  param¬ 
eter  X,  from  the  structure  of  which  it  follows  that  the  process  can  be 
regarded  as  self-similar. 

Assuming  that  Pq/p^  «  1,  we  obtain  from  (I.186) 

*  +  1 

Pc^-jizTPo-  (2.37) 


Consequently, 


~f*  i 

1 


■Po  —  Po 


i+  1 


■po 


*  +  1 


■N: 


(2.38) 
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(2.39) 


^-!>=TTTPo^'^'- 

From,  the  constancy  of  the  density  on  the  front  of  the  shock  wave 
it  follows  simultaneously  that  the  parameter  k  on  the  front  should 
also  remain  constant  at  A.  =  X*.  The  law  of  motion  of  the  shock  wave 


can  in  this  case  be  readily  established  directly  from  the  relation 


(2.3^): 


1  *2 

r  —  ,  2+, 

*  I  PoA*  /  ^  ■ 


(2.40) 


Differentiating  (2.40)  with  respect  to  time^  we  obtain 


J.1  _  2  f  Eq  \  'i+''  f.  2+--_  2  ''(f 

dt  2  +  V  ^  /  2  +  ' 


(2.41) 


Relations  (2.40)  and  (2.4l)  are  in  good  agreement  with  the  ex¬ 
perimental  data  on  the  propagation  of  an  aerial  shock  wave  near  a 


charge. 


Using  Condition  (2.41),,  we  can  write  the  equations  of  dynamic  com 


patibillty  in  the  form* 


-  _  *  + 1  . . 

I;  —  1  POj 

(2  4.  /.  ;  \-J^I  , 

«=  - - T- _ 

^  (*  +  b  (2  +  v)  V  i(5  /  ■ 


(2.42) 

(2.43) 

(2.44) 


We  now  Introduce  dimenc ionless  functions  of  the  velocity,  dc 


and  pressure,  defined  by  the  relations 

p  =  VoP  9-)', 

f  =  Po5-2(X). 


(2.45) 

(2.45) 

(2.47) 


From  a  comparison  of  (2.42)-(2.44)  and  ( 2.  ■ '3) -( 2. 47)  it  follows 
that  the  functions  V,  R,  and  P  assume  tiie  rollov.-ing  values  at  the 
front  of  the  shock  v:ave 


p  —ilLL 

—  A:  —  1 


(2.48) 
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•^v  — (2  ■ , ,  -  *  (2.49) 

^  1)(2tv)'-  (2.50) 

We  have  prevlcv.^:,y  ha::  a  aystera  c’  i'-undamentai  differential  equa¬ 
tions  of  one-dlr..oi-.aior.al  unsteady  adiabatic  motion  of  an  Ideal  gas  In 
the  follov;ing  x*orm: 


sr~^-5F^T-i 

^-0-. 

(1.90) 

-Df-O: 

(1.92) 

-0. 

(1.94) 

Recognizing  that 

• 

d 

^  ^  ^  /:’o  t  d 

.  X  rf 

IT 

(ik  3t  ~  p,  /.T*  dk 

“2T-5rJ 

d  d  3k 

p,  ^.dk) 

we  obtain  after  substituting  the  new  variables  In  (I.90),  (1.92),  and 
(1.94) 

k [(/kV'-2)  V  +  /« -J.] -  V/*  -  V+  2-J-, 

x[mV'  +  (mW-2)-J-]-vV'.  (2.51) 

X  (/n  W- 2)  [4- -  * -I-]  -  2  ( W- 1). 

where  m  =  2  +  v. 

Integration  of  the  system  of  ordinary  differential  equations 
(2.51)  with  the  conditions  on  the  front  of  the  shock  wave  chosen  as 
the  Initial  conditions  makes  It  possible  to  determine  the  functions  V, 
P,  and  R,  after  which  an  estimate  of  the  fields  of  the  hydrodynamic 
elements  entails  no  difficulty  whatever. 

It  Is  necessaiv,  however.  In  this  case  to  use  nvunerlcal  methods, 
since  the  system  (2.51)  cannot  be  Integrated  In  closed  form.  L. I.  Sedov 
proposed  a  very  simple  method  which  makes  It  possible  to  obtain  the 
algebraic  Integral  of  the  system  (2.31)  with  the  aid  of  considerations 
of  similarity  theory.  To  this  end,  one  considers  the  variation  of  the 
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total  energy  in  a  certain  volume  Q,  bounded  by  a  spherical  (cylindri¬ 
cal,  plane)  surface  A.  =  const.  The  displacement  velocity  of  the  points 
of  such  a  surface  will  be,  in  accord  with  (2.4l),  N  =  2r/( 2  +  v)t. 

Since  in  accordance  with  the  conditions  of  the  problem  we  neglect 
the  Initial  pressure  Pq,  we  neglect  simultaneously  the  initial  energy 
•of  the  gas  s  =  p/(k  -  l)p  compared  with  the  energy  which  the  gas  ac¬ 
quires  as  a  result  of  the  explosion.  Therefore  the  total  energy  of  the 
gas  inside  the  volume  Q,  bounded  by  the  surface  A  =  const,  should  re¬ 
main  constant. 

Let  the  coordinate  characterizing  the  volume  Q  be  equal  to  r.  Ex¬ 
panding  in  accordance  with  the  law  (2.4l),  the  surface  A  =  const  yields 
after  a  time  ^  a  volume  increment  h-nv  Ndt,  which  contains  gas  with 
energy  47rr^Ndt  [(  pv^/2)  +  ps]. 

2  2 

This  energy  should  equal  the  energy  47rr  vdt[(pv  /2)  +  pa]  which 
is  delivered  by  the  gas  flowing  over  a  time  through  a  sphere  of 
radius  r,  and  the  work  of  the  pressure  forces  ^xr  pvdt. 

We  thus  have 

4-  psj  =  Ar.r-vdt(^^'f,-  +  ps)  ■+  A-r-pvdt, 


or,  what  is  the  same. 

Finally,  replacing  the  quantities  v,  p,  and  p  in  the  last  equa¬ 
tion  by  V,  P,  and  R  using  Formulas  (2.45) -(2.47) ,  we  obtain  ultimately 

+  (2.5S) 

Relation  (2.52)  is  the  integral  of  the  system  (2.51). 

Using  this  relation,  it  is  possible  to  obtain  in  closed  form  the 
solutions  for  V,  R,  and  P,  given  in  L. I.  Sedov's  book  "Methods  of  Sim- 
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ilc^rlty  and  Dimensionality  in  Mechanics." 

As  already  mentioned^  the  initial  pressure  Pq  can  be  neglected, 
considering  only  the  near  aoiie  oD  the  explosion.  At  large  distances, 
the  pressure  behind  the  Iront  drops  and  the  influence  of  the  pressure 
of  the  undisturbed  air  ahead  of  the  front  of  the  shock  wave  becorn^.s 
more  and  more  important. 

An  account  of  the  counterpressure  greatly  complicates  the  problem, 
for  the  motion  is  no  longer  self-similar.  It  becomes  necessary  then  to 
integrate  a  system  of  partial  differential  equations  by  using  some 
numerical  method.  This  was  done  in  the  work  by  D.Ye.  Okhotslmskiy, 

I.L.  Kondrasheva,  Z.P.  Vlasov,  and  R.K.  Kazakov  "Calculation  of  Point 
Explosion  with  Allowance  for  Counterpx’essure .  "  These  authors  obtained 
not  only  the  fields  of  pressures,  densities,  velocities  of  flow,  and 
temperatures  for  an  explosion  in  a  homogeneous  atmosphere,  but  also 
calculated  such  important  parameters  as  the  impulses  of  the  pressiores 
in  the  positive  and  negative  phases,  together  with  the  limiting  dis¬ 
tribution  of  the  hydrodynamic  elements. 

The  calculations  are  in  good  agreement  with  experiment. 

Thus,  it  can  be  regarded  that  at  the  present  time  the  problem  of 
an  aerial  explosion  has  been  solved  completely  and  exhaustively. 

The  situation  is  much  less  satisfactory  in  the  theory  of  under¬ 
water  explosions,  to  the  exposition  of  whose  main  problems  we  now  pro¬ 
ceed. 

§4.  L. I.  SEDOV'S  METHOD  AS  APPLIED  TO  THE  STUDY  OF  UNDERWATER  EXPLOSIONS 

Whereas  in  the  study  of  strong  explosions  we  can  ass\xme  the  veloc¬ 
ity  of  sound  in  the  unperturbed  medium  to  be  small  compared  with  the 
velocity  of  displacement  of  the  shock  wave  over  a  sufficiently  wide 
range  of  distances  (aQ/N  <  O.l)  and  we  can  neglect  the  coimterpressure 
Pq,  neither  can  be  done  in  the  study  of  underwater  explosions,  if  it 
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is  recognized  that  in  the  latter  case  the  role  of  " c ounter pres sure "  is 
played  by  the  constant  c  =  5400  atm,  and  the  shock-wave  velocities  can 
be  only  3-5  times  greater  than  the  velocity  of  sound.  Consequently,  the 
direct  use  of  L. I.  Sedov's  solution  for  the  analysis  of  the  propaga¬ 
tion  of  underwater  shock  waves  is  Impossible. 

Nonetheless,  the  self -similarity  principle  proposed  by  Sedov  can 
be  used  as  a  basis  in  the  present  case,  too. 

For  simplicity  we  shall  investigate  isentroplc  motion,  which  is 
perfectly  permissible  for  the  case  of  an  underwater  explosion  of  or¬ 
dinary  explosives. 

We  write  down  the  system  of  equations  in  terms  of  the  variables  v 
and  a : 


dv  ,  dv 


da 

~dt 


da  , 
+  + 


*  — 1 
V.  — 1 


da 

IF 

dv 

dr 


=  0, 


(v- 1)^  =  0. 


(2.53) 


We  put 


a  =  -f 


(2.54) 


where  just  as  before 


X  = 


E  r- 

Po 


(2.35) 


In  the  new  variables,  Eqs.  (2.53)  3.re  rewritten  in  the  form 


X  {2W'  —  mVV  —  ■:^A'A  }  =  --  W"  + 


V- 


X—  1 


.{2A' 


mVA'- 


mAV'\  ■ 


(2.55) 


A  —  AV 


•A  +  1  +  (V-1)(-A-1) 


Eliminating  the  variable  X  from  the  system  (2.55),  "we  arrive  at 
one  equation,  where  A  is  the  sought  function  of  V: 

/  —  —  +  (2  +  r;;)  1/=— 2W|=. 


(V— !)(%  — 1) 


4]  + AW[(x  +  I)  + 


—  X  1 


(V-I)(x-I)  + 


■2A 


(2.56) 
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Assume  that  at  some  Instance  or  time  t^  (for  example,  at  the  in¬ 
stant  that  the  detonation  wave  emerges  on  the  surface  of  the  charge) 

we  have  p  -  r^,  v  =  v*,  a  =  a-,  N  =  Then  on  the  basis  of  (2.54)  we 
have  at  the  same  instant 

(2.56a) 


Knowing  the  quantltiea  V(X*)  and  A(K»),  the  Integral  of  the  equa¬ 
tion  (2.56)  can  be  obtained  by  using  numerical  methods. 

Let  us  assume  that  as  a  result  we  have  obtained  a  certain  solu¬ 
tion  A  =  A(v).  Then,  using  the  first  equation  of  (2.55),  we  obtain 


so  that  the  function  X  is  determined  by  the  quadrature 


In 


y—  K>- 


»  —  1 


A>(y) 


dV, 


(2.57) 


and,  consequently,  we  obtain  the  functions 

and 

The  positron  of  the  front  of  the  shock  wave  is  determined  by  the 
conditions  of  dynamic  compatibility 


(2.58) 


but 


’  y//  » 


=  >‘('■4;.  t). 


We  thus  obtain  the  ordinary  differential  equation 

^  =  +  V'(r^,0. 


(2.59) 


which  when  solved  yields  »  r^(t)  and  -  x^(t),  thus  completely 
solving  the  problem  under  the  assumptions  made. 
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Let  us  dwell  in  somewhat  greater  detail  on  motion  with  spherical 
symmetry.  In  this  case  Eq;  (2.56),  after  substituting  the  numerical 
values  of  the  coefficients  m  =  5,  v  =  3^  k  =  5-53^  is  rewritten  as 

j,  S/T  —  27,C5>!  +  9,2C5/t  1/  —  2/1  f  r, 

^  “  \5A^V-5V‘—i:iMA'‘  +  7l^“— 21^"  V  J 

Let  us  investigate  the  character  of  the  integral  curves  in  the 
half  plane  V  >  0. 

For  this  purpose  it  is  necessary  first  of  all  to  find  the  singu¬ 
lar  points  of  the  differential  equation  (2.60). 

They  will  be  determined  by  the  coefficients  of  an  equation  in  the 

form 

tty _ ax  +  by 

dx  fx  +  dy  ■ 

The' course  of  the  integral  curves  in  the  vicinity  of  the  singular 
point  depends  in  this  case  on  the  roots  X.  of  the  equation 

)?  —  {b  c)X-\-  be  —  erf  =  0. 

If  the  roots  and  X^  are  real  and  have  the  same  sign,  the 
singular  point  is  called  a  node.  An  infinite  set  of  integral  curves 

passes  through  a  node  (Pig.  39a)- 

If  X^  and  X^  are  real  and  of  opposite  sign,  only  two  curves  pass 
through  the  singular  point.  The  remaining  curves  do  not  pass  through 

this  point-.  A  singular  point  of  this  type  is  called  a  saddle  (Fig.  39b). 

If  the  roots  X^  and  complex  conjugates,  then  the  integral 

curves  in  the  vicinity  of  the  singular  point  are  a  family  of  logarith¬ 
mic  spirals.  The  singular  point  is  called  a  focus  (Pig.  39c).  If  the 
roots  X^  and  X^  are  purely  imaginary,  then  the  family  of  integral 
curves  is  a  family  of  closed  curves,  surrounding  the  singular  point. 

Such  a  point  is  called  a  center  (Fig.  39d). 

It  may  turn  out  that  the  roots  X^  and  are  real  and  equal  to 

each  other.  Then,  if  a  =  d  and  b  =  c  =  X,  all  the  integral  curves  pass 
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tlirough  the  singular  point  v;ith  a  definite  direction  of  the  tangents. 


Such  a  point  is  called  a  dicritical 
tion  a  node  with  one  common  tangent 


0) 


node  (Pig.  39f).  There  is  in  addi 
to  the  integral  curves  (Fig.  39a) 


b 


Pig.  39.  Character  of  singular  points  of 
an  ordinary  difi'erentlal  equation. 

Let  us  return  to  Eq.  (2.60).  In  this  case  the  singular  points 

will  be  a(0^  O);  p(0,  2/5);  7(0,  1);  6(0.5,  O.129);  e(oo,  00). 

At  the  points  of  the  parabola  =  V^.-c  -  [(/c  +  13)v/l0]  +  2/5  the 

Integral  curves  have  horizontal  tangents;  at  the  points  determined  by 

the  equation 


%  —  1 

and  the  tangents  to  the  integral  curves  are  vertical. 


(2.61) 
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The  possible  course  of  the  integral  curves  is  shown  in  Fig.  40. 

On  the  basis  of  the  data  of  Table  7,  calculating  the  pressxrce 
fields  for  the  explosion  of  a  TNT  charge^  we  can  assume*  V(A.*)  =  0.390_, 
A(A.*)  =  1.104. 

The  fimctions  V(x/A.*)  and  A(X/X*) ,  calculated  by  numerical  in- 
•tegration,  are  shown  in  Fig.  4l. 


TKBIE  7 


V 
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o  o 

II  II 

II 

5AilKpilTII- 

MCCKIlfl 

ysea 

S  riponjiio.Ti.iii.t 

0 

A^O 

A  =  — 2,5G5 

7 

CcA-ioniiii.i 

o 

ocofjyio  lOMKy 
npo\o;nir  npnMi.te 

/I  =  0,  K  =  — 

.  1 

A  =  0 

I'  =  1 

o 

II 

9  yse.i 

k,  =  0 

/.•j  = 

/  =  0.^0 
=  0,129 

^  I.cesv  +  2.485/1  1  9  Vae-I 
"  1.1.21  K  +  0,G1M 

=  2, '20 
k,  =  -0.4S 

1)  Coordinates  of  the  singular  point;  2) 
form  of  the  equation  in  the  vicinity  of 
the  singular  point:  3)  character  of  singu¬ 
lar  point;  4)  slopes  of  the  tangents  to 
the  integral  curves;  5)  dicritical  node; 

6)  arbitrary;  7)  saddle;  8)  the  lines  A  = 
=  0,  V  =  —2/5  pass  through  the  singular 
point;  9)  node. 


To  stay  in  the  region  where  the  solution  is  unique ,  it  is  neces¬ 
sary  to  confine  oneself  to  the  range  of  variation  0  <  X  <,  6.1A.*. 

What  is  striking  is  that  the  parameter  k  vanishes  at  a  value  of  V 
not  equal  to  zero.  But  then  it  follows  from  the  conditions  of  dynamic 
compatibility  that  the  velocity  of  the  shock  wave  at  Infinity  differs 
greatly  from  the  velocity  of  sound  in  the  unperturbed  medi'um.  Equally 
essential  differences  from  the  parameters  of  the  unperturbed  liquid 
v;ill  be  exhibited  also  by  the  other  hydrodynamic  elements. 
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Pig.  40.  Possible  course  of  integral  curves  A  = 

=  A(V)  in  the  half  plane  A  >  0.  o)  Singular  point; 
+)  initial  point;  X}  point  of  maximum  of  the  param¬ 
eter  X:  X  =  6.1.  The  dashed  lines  show  parabolas 
on  which  the  tangents  to  the  Integral  curves  are 
either  vertical  or  horizontal. 


Pig.  4l.  The  functions  A  =  A(X/X*)  V  = 

=  V(XA*). 


This  result,  which  does  not  correspond  to  reality.  Indicates  that 
the  assumption  that  the  energy  E,  being  a  defining  parameter,  can -be 
used  to  construct  a  solution  only  in  a  definite  range  of  values,  char¬ 
acteristic  of  the  region  of  relatively  small  distances  from  the  center 
of  the  explosion. 

As  regards  the  remaining  range,  it  is  necessary  to  assume  there  a 


different  defining  dimensional  parameter.  Such  a  parameter  may  he,  for 
example,  the  characteristic  velocity  of  sound  a*. 

Putting 

(2.62) 

and  assuming 


v=.^V(n). 

a^JLA{yi),  (2.63) 


we  obtain  in  perfect  analogy  with  the  preceding  case  a  fundamental 
differential  equation  relating  the  functions  A  and  V,  in  the  form 


A  = 


A'^  -A  l/V  -I  AV(y.  I )  -  /I 
ri/1’1/  -  1/^  I  —  V 


(2.64) 


The  singular  points  of  Eq.  (2.64)  will  he  A(O.O),  B(O.l),  C(l.O), 
D(0.50j  0.129).  The  points  A,  B,  and  C  are  nodes.  Unlike  the  case  pre¬ 
viously  considered,  D  will  he  a  saddle  in  this  case. 

This  makes  it  possible  to  couple  together  the  two  solutions  in 
such  a  way  that  by  continuously  follov/lng  the  integral  curve  A(V)  a 
transition  is  made  from  the  strong  pert-urbations  in  the  liquid  to 
acoustic  per tuT'bat ions  [the  singular  point  C(l.O)  of  Eq.  (2.64)  corres¬ 
ponds  to  a  weak-dlscontinuity  svirfacej. 

Starting  from  the  conditions  for  the  uniqueness  of  the  solution, 
we  can  show  that  the  coordinates  that  must  be  assumed  for  the  contigu¬ 
ity  point  are  V  =  0.l6;  A  =  0.78. 

The  value  of  the  parameter  r|  is  determined,  in  analogy  with  the 


preceding,  by  the  quadrature 


y 


(2.65) 


Since  the  integrand  is  negative  in  the  considered  range  of  varia¬ 
tion,  it  is  obvious  that  the  parameter  q  increases  as  V  changes  from 
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V*  to  zero_,  and  becomes  infinite  at  the  singular  point  C(l,  O). 

By  way  of  the  characteristic  velocity  of  sound  it  is  convenient 
to  choose  the  velocity  of  sound  on  the  front  of  the  shock  wave.  Here, 
however,  in  view  of  the  fact  that  as  the  shock  wave  moves  the  param¬ 
eter  T]  for  the  front  of  the  w'ave  decreases,  one  can  no  longer  use  a 
relation  of  the  type  (2.58)  for  an  estimate  of  the  shock-wave  coor¬ 
dinates.  It  is  necessary  for  this  purpose  to  write  down  the  dynamic 
compatibility  conditions  in  a  somewhat  different  form.  It  can  be  shown 
that  for  a  wide  range  of  variation  of  the  parameters  there  exists  a 
linear  relation  between  the  velocity  of  shock-wave  front*  displacement 
and  the  velocity  of  sound  on  the  front 

'4  -  "o  (-V  -  -  ii^),  (2.66) 

from  which  it  follov;s  that 


p 


Pig.  42.  Comparison  of  the  values  calcu¬ 
lated  by  the  method  of  L. I.  Sedov  (contin¬ 
uous  line)  and  by  the  empirical  formula  of 
R.  Koul  (dashed). 


or 


/ 


A 


—  0(1 


t 


I' 


c 


and,  consequently. 
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= _ "j; _ .  (2.68) 

t  .  f  ,  -  ‘ 

A--^V 

Flg-ure  42  shows  a  comparison  of  the  pressure  curves  calculated,  by 

the  method  presented  here  using  the  empirical  formula  of  R.  Koul.*  It 

can  be  readily  noted  that  for  distances  larger  than  20  radii  of  the 

-charge,  the  values  of  the  pressure  and  the  character  of  Its  variation 

In  the  compression  zone  are  close  to  each- other  (Fig.  42). 

§5.  PRESSURE  FIELDS  AT  LARGE  DISTANCES  FROM  THE  CENTER  OF  THE  EXPID- 
SION.  THE  SOLUTION  OF  S.A.  KHRISTIANOVICH 


It  was  mentioned  In  the  preceding  section  that  the  energy  can  be 
assumed  as  one  of  the  main  defining  parameters  only  In  a  study  of  the 
near  zone  of  an  underwater  explosion.  At  considerable  distances  from 
the  center  of  the  explosion  the  self-similar  solutions  must  be  sought 
by  assuming  that  the  motion  Is  determined  by  the  ratio  of  the  distance 
to  the  time.  Such  an  approach  to  the  problem  was  used  by  S.A.  Khrls- 
tlanovich.  The  gist  of  the  solution  obtained  by  him  consists  in  the 
following. 

The  equations  of  one -dimensional  unsteady  isentropic  motion  of  a 
liquid  have  the  form** 


ot 


in 

Or 


a 


(2.69) 


2  0(\ 
n — 1  dt 


^  or  ^  n  —  \  Or  ^  r 


»o. 


(2.70) 


Considering  small  pressures,  we  assume  that 

“0- 

V/e  then  have 

®  r  po  • 

In  the  main  system  of  equations  we  change  over  to  new  variables, 
putting 
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Here,  obviously,  r  =  pe 

dv 


hence 


In  full  analogy 


P  =  -f; 

(2.71) 

X  =  In  /. 

(2.72) 

T 

dt>  dr  .  dv  dt  dv  ,  dv  . 

d7-S7  +  -dr  d7  =■  d7'’+  ■574 

dv  dv  dr  dv  r 

■df="W 

^  1'^ 

1! 

(2.73) 

dv  \  f  dv  a  dv\ 

'57  ~  i  07  —  -jy)  • 

(2.74) 

da  f  da  ^ 

~SF  ~T'  'uf' 

(2.75) 

da  1  /  dii  A  da  \ 

■S7“iVox  ^  Of )' 

(2.76) 

Substituting  these  relations  into  the  system  (2. 69) -(2. 70),  we 


have 


dtt 


•0; 


dv  ,  c\  dv  ,  2  ^  da  ^ 

^  —  .1) -2|- +  ;r:=7  « -5^  “  0; 


2  r  da 


^  4.  Q 

Of  ^  ? 


(2.77) 

(2.78) 


In  the  case  of  small  pressiores  we  can  put 

=  0); 

a<=»rto(l  -r  «); 


(2.79) 

(2.80) 
(2.81) 


We  then  obtain  in  place  of  the  system  ( 2 . 77) -(2. 78) 


m 

d'i 


+  [/W—  1  —  ^1  (1  + ») 


da 


■0; 


(2.82) 


(2.83) 


We  consider  solutions  that  do  not  depend  on  the  variable  t.  We 


then  obtain  from  Eq.  (2.82) 

da 

•58 


n  —  I 


1(1  +■>) 


(M  —  l—i) 


m 

di  ' 


(2.84) 


-  l4o 


Substituting  (2.84)  In  (2.83)  we  have 

(Af— 1  — 


1  +  a 


It 


or 

—  (M>+l+S^  —  2M  +  2B  —  2/VfS)  ^  -}- 

+  (1  +  2«  +  a»)  -  b  M  ^  0. 

Discarding  terms  of  second  and  higher  order  of  smallness,  we  ob¬ 
tain  ultimately 


(M  —  0  +  a) 


dM 
li  ■ 


(V  —  1) 


■  0. 


(2.85) 


We  shall  consider  first  motions  with  spherical  symmetry.  The  Ini¬ 
tial  equations  will  be 


dM  2  da 
di  Hr^  di 


(2.86) 


(/W  +  a~2)^  +  /W=.0. 


(2.87) 


For  the  Initial  data  we  assume  that  a  =  Oq  and  6  =  6^  for  M  =  0, 
and  In  accordance  with  (1.206) 


a 


0 


n  — 1  _£o 
2  Bn‘ 


Integrating  (2.86),  we  obtain 

®  — «o==^/W. 

Substituting  (2.88)  In  (2.87)  we  get 

(a,  +  ^/W  +  Af-6)^  +  /W=0; 

+  +  ^  =  0: 

Qi _ ^  , _ 5 _ {n  +  1) 

dAi  ~  AI  Ai  2  '  . 


(2.88) 


or 


5  Op  (rt  •f'  1) 


(2.89) 


Equation  (2.89)  Is  an  ordinary  first-order  differential  equation. 
Its  general  Integral  Is 


0  — a.  =  C/W— (2.90) 

Where  C  is  the  integration  constant. 

For  small  pressures,  in  accordance  with  the  dynamic  compatibility 
conditions  the  velocity  of  displacement  of  the  shock  wave  front  is 

\r~n  fl  -L  "  +  ! /’ — /’ol 

+  (2.91) 

and  the  velocity  of  motion  of  the  particles  is  determined  by  the  ex- 
pres Sion 


V  =>  a 


Ez-Po 
“  Brt  '■ 


(2.92) 


Let  us  put  Pq  ==  0,  and  then  Eq.  (2.90)  is  rewritten  in  the  form 


Since 


(2.93) 


r 

t(h 


-1, 


M  =j 


P 

S5SS  — 

flo  Bn’ 


we  have 

■4'=aofl  + 

'  ^  ‘2  Bn  Bn)' 

The  arbitrary  constant  C  is  conveniently  replaced  by  another  ar 
bitrary  constant,  putting 


Thus 


(2.94) 

I^t  us  find  the  velocity  of  propagation  N  of  the  shock  wave  front 
^^^^^^s^tiatlng  (2.90)  with  respect  to  t,  we  obtain 

+  '(2.95) 
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But  on  the  basis  of  (2.91)  we  have 

dr^a,[\  +  \^p']dt.  (2.96) 

Substituting  (2.96)  in  (2.95)  we  obtain  after  grouping  like  terms 

■^pdt  =  p\a^dt  +  t^\n-^  —  l]dp,  (2.97) 


••  or 


dt 


’(4-f) 


dp  > 


2flnf: 

V  P 


d \np. 


Integrating,  we  get 


“-In  Cj  — Inp  — -^In  [in  ^  —  -j-J. 


hence 


(2.98) 


Taking  (2,98)  into  account.  Expression  (2.94)  can  be  written  in 
the  form 


where  Rq  is  the  radius  of  the  charge  and  A  is  an  arbitrary  constant. 

Equation  (2.99)  enables  us  to  estimate  the  value  of  the  pressure 
on  the  front  of  the  wave  at  a  distance  r  from  the  center  of  the  explo¬ 
sion,  if  we  know  the  values  of  the  constants  A  and  p'^^'. 

Let  us  now  calculate  the  time  of  action  of  the  shock  wave. 

In  accordance  with  (2,71)  and  (2.79)  we  obtain 


(2. 100) 


where 
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i 


(2.101) 

(2.102) 

(2. 103) 


r.  -t.  1  , 

.l+Jlainll- 


L  = 


AR,  1 


‘Jo  Pm 


£_. 

Pm 


or,  after  substituting  (2. 101) -(2. 103 )  In  (2.100), 

t  =,  "  +  ‘  A.  Jh  V  Pm/  Pm  P 


2  Bn  a, 


‘  l/wJ~ 

f  P„. 


(2. 104) 


Usually  the  time  variation  of  pressure  in  a  shock  wave  is  charac¬ 
terized  by  the  exponential  relation 

’  (2.105) 

from  which  it  follows  that  the  time  constant  9  corresponds  to  the  time 
t  d\iring  which  the  pressure  drops  by  a  factor  e. 

Thus,  on  the  basis  of  (2.105)  we  obtain  from  (2.104) 


,  ,  (f~l)ln  f-^)  —1 

«  +  1  A  _ .AAj’jJ 

»  j/  111  - - 0,5 


Oflo _ 

2  Bn 


(2.106) 


For  TNT  we  have 

3  _ 

/?0  =  0,053  J/G, 

Where  G  is  the  weight  of  the  charge  in  kg  and  Rq  is  the  radius  in  me¬ 
ters. 


If  in  Formulas  (2.99)  (2.106)  we  set  p*  =  17,000  atm  and  A  — 
=  16,200,  then  these  formulas  yield  values  of  frontal  pressure  p^ 
and  time  constant  9  that  are  close  to  experiment  for  p  <  250  atm. 
We  have 


10  200  ’  +  l.«7.10-Vln 
~P 


17  000 


Oa, 


,  17  000 

,  17  000  , 

1,73  In - 1 

_/>», _ , 


S  =  1  11  _ _ 

’  i/i  17  000 

\f  In - 0,5 

'  Pm 


(2.107) 

(2. 108) 
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Fig.  43.  Comparison  of  the  results  of  the 
theory  (solid  line)  with  the  experimental 
data  (dashed  line)  on  the  values  of  the 
pressure  on  the  front  of  a  shock;  wave. 

Comparison  of  the  results  of  calculations  by  means  of  Formulas 
(2.107)  and  (2.108)  with  the  empirical  data  is  given  in  Table  8  and 
shown  on  Figs.  43  and  44. 

At  large  distances  from  the  center  of  the  explosion.  Relation 
(2.107)  gives  the  asymptotic  law  for  the  decrease  of  pressure  with  in¬ 
creasing  distance,  as  obtained  by  L. D.  Landau.* 

Motions  with  cylindrical  symmetry  can  be  investigated  in  perfect 
analogy  with  the  foregoing. 

The  initial  equations  will  be 
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Pig.  44.  Comparison  of  the  results 
of  the  theory  (solid  line)  and 
the  experimental  data  (dashed  line) 
on  the  values  of  the  time  constant. 


fiM  2  da  ^ 

(2.109) 

(A^  +  a-2)^-f- ^==0.  (2.110) 


TABLE  8 


• 

1  Pac'icT 

rio  3Mnup»seCKiiM  (topMvaaM 

2  P.  Koyaa 

f 

3  , 

Pm^  Ar2/C^ 

.Lio 

r<i 

3 

-?-l9 

/?o 

30 

364 

3,5 

315 

3,3 

40 

250 

3,6 

228 

3.5 

■  50 

188 

3,8 

177 

3,8 

60 

150 

3,9 

144 

3,9 

90 

91,0 

4.1 

91,0 

4.2 

120 

65,0 

4,2 

65,7  1 

4.6 

180 

40,5 

4,4 

41,6 

4.8 

240 

29,2 

4,6 

30,0 

5,1 

1)  Calculation;  2)  from  the  empirical 


p 

formulas  of  R.  Koul;  3)  l{g/cm  . 


Taking  the  same  initial  data  as  be fore ^  we  arrive  in  the  Integra 
tion  of  the  system  (2. 109) -(2. 110) ,  after  elementary  transformations, 
at  the  ordinary  differential  equation 

— ^  =  — ^  — f/2-i-n'  '  (2.111) 

d/H  M  IT 

Its  general  solution  is 
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•8  — a,  =  («+  l)/W-f  C,yW’, 


(2. 112) 


where  Is  the  constant  of  integration. 

Assimlng  as  before  that  Pq  and  consequently  vanish  and  recall¬ 
ing  that 


we  obtain 

but 


■^  =  a,[\  +  in  +  \)M +  C,M^\, 


A/  =  —  =  -^ 

flo  lin' 


Consequent ly^ 

-f  =  [l  4-  (/i  +  1)  ^  +  C.  , 
or^  introducing  a  new  integration  constant  p*, 

■T~  (2.113) 

Differentiating j  we  have 

^^  =  <^0 [l  +  ('^  +  1)-^  + 

+  V^[l-2^]rfp.  (2.114) 

But  in  accox'dance  with  (2.96) 

dr=-a,\l  +  ^p']dt. 

Thus,  after  substituting  (2.96)  in  (2.114)  we  have  for  the  front. 


of  the  shock  wave  the  equation 

•^pdt^p  (l- 

or 

dt 

( 

b.|*r. 

C'l 

1 

1 

Integrating  it,  we  obtain 
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Substituting  this  result  in  (2.113),  we  obtain  the  connection  be¬ 
tween  the  pressure  on  the  front  of  the  shock  wave  and  the  relative 
distance  in  the  form 


/■=  £>2 


(2.116) 


The  arbitrary  constants  and  p*  can  be  determined  from  the  value 
of  the  pressure  on  the  front  of  the  shock  wave  and  the  time  of  action 
at  some  one  distance  from  the  center  of  the  explosion. 

§6.  ESTIMATE  OF  HYDRODYNAMIC  FIELDS  IN  THE  ACOUSTIC  APPROXIMATION 


As  is  well  known,  the  propagation  of  acoustic  waves  is  character¬ 
ized  by  the  following:  constant  propagation  of  sound  at  all  points  of 
the  medium;  small  variation  of  density  compared  with  the  density  of 
the  Tonperturbed  mediun:  p  =  Pq  +  p'  with  p'/pQ  «  1,  and  also  low  par¬ 
ticle  velocity  compared  with  the  velocity  of  sound  (v/a^  «  1). 

Satisfaction  of  these  conditions  Imposes  entirely  different  re¬ 
quirements  on  the  variation  of  the  pressure  fields  in  water  and  in  air 
where  the  methods  of  acoustics  can  be  employed. 

Actually,  the  velocity  of  sound  in  an  ideal  gas  is  given  by  the 
relation 


Considering  an  adiabatic  process  and  using  the  equation  p/p^'= 
=  Pq/Pqj  we  obtain  with  difficulty 


a  =  a^V{\-\-^)  =ao(l  +  y  , 


from  which  it  follows  that  if  the  tolerable  error  in  the  estimate  of 


the  velocity  of  sound  Is  the  value  of  p'  must  he  assumed  to  be  not 

more  than  0.25  Pq;>  and  the  value  of  p’  must  be  less  than  0.35  Pq- 
For  water  we  have 


Consequently,,  the  error  in  the  estimate  of  the  velocity  of  sound 
will  be  5%  if  p'/Pq  “  0.016.  Corresponding  to  this  value  Is  a  pressure 
of  350  atm. 

In  view  of  thlS;,  the  acoustic  approximation  can  be  successfully 
used  for  an  underwater  explosion. 

Let  us  present  the  hydrodynamic  equations  in  the  acoustic  approx¬ 
imation,  which  are  needed  for  what  is  to  follow. 

We  assume  that 

p  =  Po  -t  p'. 

p  =  Pt>-^p\ 


and  then  we  obtain  for  one -dimensional  motion 


iy.  +  ^ _ 

Ot  ~  itr  ‘  Po  +  P' 


^  -^  =  0- 


ir  +  ^  'ST  ■!'  (Po  +  f )  IF  - 


l)tPo  +  Pl 


Vt 


(2. 117) 

(2. 118) 


Neglecting  in  Eqs.  (2.117)  and  (2.118)  quantities  of  second  order 
of  smallness  and  taking  into  consideration  the  fact  that 

^p  rfp  op  ! 

01  lip  Ot  ^  ’ 


we  have 


Ov  ,  Op' 

<>o-3T 


=  0, 


1  Op-  (v—  PpqU 

■i  ot  P"  ~0r  r 

“u 


(2.119) 


-  149  - 


A< 


Dif fer'entia tins  first  equation  of  (2.119)  with  respect  to  r, 

the  second  with  respect  to  t,  and  su'btractir.g  the  first  from  the  sec¬ 
ond,  we  obtain 

_  llouD  p,  =  0.  ( 2 . 120 ) 

, tjf'  r  <^0  at  '  ' 


Or^ 


_ L  ^ 

dr‘^  Oi'^  "  r  ur 


Finally,  substituting  p^^=  — in  (2.120),  we  obtain 

(2.121) 

Equation  (2.121)  is  called  the  wave  equation.  It  is  easy  to  show 
that  under  the  assumptions  formulated  above,  equations  of  this  type 
will  be  satisfied  also  by  the  functions  p '  and  v. 

Let  us  consider  some  particular  cases. 

Let  the  motion  have  plane  symmetry,  and  then 


(p/i 


1  5’p'  _ 


Or^'  ^'4 


We  introduce  the  variables 

Tj  ~  . 

The  derivatives  of  p'  in  the  new  variables  will  be 

dp'  dp'  d;  ,  dp'  ^ . 
dr  Oi  dr  ‘  dr,  ~5r  ' 

dV  _  d-p'  /  d:  N’  I  9  p2£.  fL  ii  , 

~5r^  d;^  ("32/  did)j  dr  dr  ~ 

1  /3riV  1  ‘Y  . 

•  +‘5v  I'S?'/ 

dv  p'  (  ’  1  9  jh  I 

dt^  “  d;5'  ['Urj  ^  d\dr,  ~dt  dt  ~ 
dff  d-;  ,  dp'  d°r) 


(2.122) 


(2.123) 


,  d’/'Yjb  V  1  'Y  :  <]£ ‘Jut 
dr;^\3t  J  di  dl'^~^  dti  d/“ 


From  (2.123)  it  follows  that 


J!i 

dr 


1  ,  ^  _1_ 
a  '  dr  ^  a 

d; 


5=6  d=r) _ d;  _  ^ _  1. 

575  dF~^’  dT—  d/  — 
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dr-"' 

On  the  basis  of  the  relations  written  out^  Eq.  (2.122)  assumes  the 
following  form  in  the  new  variables 

j.  0  4.  _  /,3  M  ^'P'  __ 

‘SJ''  ^  5;J^  dV  (  a‘  . 

_  9  _L  i!:/i  4.  JL  —  f) 

a-  O^Or,  a‘  Or;-J 

or,  after  grouping  similar  terms, 

iV=o.  (2.124) 

d^dri 

Let  us  integrate  first  with  respect  to  4  and  then  with  respect  to 
q,  and  obtain 

/>'=/i(«)+/2(>3),  (2.125) 


or 


(2.126) 


The  solution  (2.126)  is  a  sum  of  two  traveling  waves. 

If  the  wave  propagates  in  the  positive  r  direction,  then  f2  =  0, 
and  if  it  propagates  in  the  negative  direction  then  f^  a  0. 

The  physical  meaning  of  (2.126)  lies  in  the  fact  that  in  the  case 
of  motion  with  plane  symmetry  any  perturbation  arising  at  some  point  r 
moves  with  velocity  aQ  and  remains  unchanged  in  form. 

Let,  us  proceed  to  consider  the  wave  equation  for  a  motion  w’’ith 
spherical  symmetry. 

In  this  case  (2.121)  assumes  the  form 


ov  ,2_0p- _ L  i!£.'  —  n 

Or^  r  IF  a\  ~ 


Let  us  put 


(2.127) 


(2. 128) 


then 
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dp'  _  'i.  dP  P  _ 

~dr  r  dr  r-  ’ 

dr  ^  ~  r  dr^  P  dr  r  *  ’> 

d‘‘p'  1  a^P 

a/2  ^  f  dP  • 

Substituting  the  result  obtained  in  (2.127),  we  get 

_ Li^4.o  jP -i-A4f_ojP  _ 

r  <5P  ar  ^  ^  r-  UF  r’ 


or 


^ _ L^_ 

^2  d/a  - 


(2.129) 


In  accordance  with  (2.126),  the  solution  of  (2.129)  VJ’ill  be 


Consequently, 


P'  = 


(‘--k)  +x) 


(2. 130) 


The  first  term  of  the  right  half  of  Eq.  (2.130)  is  a  wave  propa¬ 
gating  radially  from  the  center,  while  the  second  term  is  a  wave  con¬ 
verging  toward  the  center. 

Unlike  the  motion  with  plane  symmetry,  the  amplitude  of  the  spher 
ical  wave  decreases  in  inverse  proportion  to  the  distance  from  the  cen 
ter. 


Pig.  45.  System 
of  cylindrical 
coordinates . 


Pig.  46.  Boundary 
condition  of  motion 
with  spherical  sym¬ 
metry. 
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In  the  case  of  motion  with  cylindrical  symmetry,  Eq.  (2.121)  as- 
sirnies  the  form 


o^p'  ,  ^ _ ^  oy 

r  dr  W' 

“0 


(2.131) 


A  solution  of  this  equation  is 


P' 


(2.132) 


The  notation  used  in  Formula  (2.132)  is  indicated  in  Fig.  45. 

It  is  easy  to  apply  the  previously  presented  results  to  an  anal¬ 
ysis  of  the  motion  of  a  liquid  due  to  an  underwater  explosion.  Let  us 
consider  motion  with  spherical  symmetry. 

Asstime  that  on  some  spherical  surface  there  is  specified  the 
variation  of  the  pressure  as  a  function  of  the  time,  and  let  the  esti¬ 
mate  of  the  pressures  in  the  entire  space,  starting  from  this  surface, 
be  possible  in  the  acoustic  approximation  (Fig.  46). 

Then  for  a  wave  diverging  from  the  center  we  obviously  obtain 


P'  (r,  t)  Plf,  {t  -  i^)  .  ( 2 . 133  ) 

It  is  of  interest  also  to  estimate  the  values  of  the  velocities 
of  the  motion  of  the  liquid  behind  the  front.  Substituting  (2.133)  into 
the  Euler  equation  of  motion,  we  obtain 

\  dp  _  1  5  r„,  r*  .  r  — 

Pc  "52  Po  dr  \f  r  Y  ao  /J  “ 


dv 

dt 


1  r— r»\  ,  1  r-r»\ 


Ptfla 


Integrating  from  the  instant  of  arrival  of  the  wave  perturbation 
at  the  point,  we  obtain 


f 


or  on  the  basis  of  (2.133) 
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(2.134) 


From  the  last  formula  we  see  that  the  velocity  of  the  liquid  at 
the  given  point  is  a  function  not  only  of  the  pressure  at  the  con¬ 
sidered  instant  of  time,  hut  also  of  all  the  preceding  changes  in  the 
pressure  at  the  point,  starting  from  the  time  when  the  perturbation 

reached  it  for  the  first  time. 


^7  approximate  estimate  op  the  pressufi:  fieeds  in  the  case  of  an 

AERIAL  EXPLOSION  IN  AN  UNBOUNDED  SPACE 
Experimental  research  carried  out  on  a  rather  broad  basis  on  the 
shock  waves  occurring  in  an  aerial  explosion  have  confirmed  the 
rectness  of  the  laws  of  sirailarity  theory,  and  have  made  it  possible 
to  obtain  simple  computation  formulas  that  are  convenient  for  prac¬ 
tical  use. 

Using  as  the  basis  the  general  functional  equation 


(2.135) 

where  G  is  the  weight  of  the  charge  ana  r  is  the  distance,  M.A.  Sadov 
skly  established  on  the  basis  of  a  thorough  analysis  of  both  the  do¬ 
mestic  and  foreign  ee^perimental  material  that  the  value  of  the  excess 
pressure  on  the  front  of  the  shook  wave,  in  the  case  of  an  aerial  ex- 
plosion  of  a  TNT  charge, is  determined  by  the  relation* 


3 

V  a 


2,55 


3  __ 

vo^ 


+  6,5  , 


(2.136) 


where  Apj.  is  the  excess  pressure  on  the  front  of  the  shook  wave,  in 
kg/cm2;  G  the  weight  of  the  charge,  in  kg;  and  r  the  distance,  in 

meters. 

If  it  is  recognized  that  the  weight  G  can  be  expressed  in  terms 
of  the  radius  of  the  equivalent  spherical  charge  Rqj,**  then  Formula 
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(2.136)  can  be  represented  in  the  form 

A/j^  =  I4,3-^  +  907-^  +  43600  i,  (2.137) 

Where  r  =  t/Rq^. 

The  time  of  action  of  the  positive  phase  of  the  pressures  is  char¬ 
acterized  hy  the  relation 

6  _ 

=  1.5 K^Kr  I0-«  sec, 

or,  what  is  the  same. 

From  Formulas  (2. 138)-(2. 139)  it  follov;s  that  as  the  shock  wave 
propagates  the  duration  of  the  compression  phase  Increases. 

This  fact  can  he  readily  explained  hy  physical  considerations. 
Indeed,  the  wave  front  moves  in  space  with  velocity  N  >  a^,  whereas 
its  "tail,"  in  which  the  excess  pressure  is  equal  to  zero  (Fig.  47, 
region  h-h'),  moves  with  the  velocity  of  sound  a^.  Therefore  as  the 
wave  moves  away  from  the  center  of  the  explosion  it  stretches  out  in 
time.  But  the  spatial  extent  of  the  compression  zone  remains  in  this 
case  practically  constant,  since  the  increase  in  the  time  of  action  t 
occurs  simultaneously  with  a  drop  in  the  displacement  velocity  N. * 


Fig.  47.  Pressure  pattern  in  an 
aerial  shock  wave. 

Measurements  of  the  impulse  of  the  compression  zone,  also  made  hy 
M.A.  Sadovskly,  indicate  that  over  a  rather  wide  range  of  distances 
the  following  relation  is  true 


(2.138) 

(2.139) 
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:\i  .  . 

where  is  the  impulse  of  the  compression 

2 

zone  in  kg-sec/m  and  A  is  a  constant  coef¬ 
ficient,  x^rhich  for  Tlfl  is  approximately 
equal  to 

The  impulse  of  the  v/ave  in  the  rarefac- 

^  --0  tion  wave  is  determined  from  the  empirical 

Fig.  48.  Variation  of  formula 

the  pressure  with  time 

for  shock  waves  of  /  i  \ 

varying  intensity  ’w}'  -  (2.l4l) 

(at  various  distances 

from  the  center  of  the  from  which  it  is  seen  that  as  the  shock 

explosion). 

wave  propagates  the  value  of  the  impulse  of 
the  wave  in  the  rarefaction  phase  approaches  the  value  in  the  compres¬ 
sion  phase. 

The  character  of  the  shock— wave  pattern  depends  on  the  pressure 
on  the  front.  An  illustrative  idea  on  this  question  can  be  gained  from 
Fig.  48,  which  shows  a  series  of  curves  for  a  wide  range  of  Ap^  as  a 
function  of  the  dimensionless  time  t/t_^.  The  approximation  of  these 
data  is  given  by  the  following  formulas:* 

ot 

V(0  =  ^  (2.142) 

for  1  atm  <  Ap^r.  <  3  atm,  where 

—(0,13  +  0, 20A;7^)~3,.  (2. 143) 

if 


then 


atm, 

=  -g-  + 


In  the  latter  case  we  can  also  use,  without  great  error,  the  lin- 


ear  relation 


(2.144) 


■  Proceeding  to  the  estimate  of  the  pressiire  fields  in  the  case  of 
an  explosion  on  the  siirface  of  the  earth,  it  must  be  borne  in  mind 
that  the  very  large  difference  between  the  densities  of  the  air  and  of 
the  ground  allow  us  to  regard  the  earth's  surface  as  an  absolutely 
rigid  partition. 

Thus,  whereas  it  was  previously  assumed  that  the  entire  explosion 
energy  is  distributed  in  definite  fashion  in  an  unbounded  space,  in 
the  presently  considered  case  the  energy  will  be  distributed  only  in  a 
half  space.  Prom  this  point  of  view,  an  explosion  at  the  earth's  sur¬ 
face  is  equivalent  to  an  explosion  of  a  charge  of  double  the  weight  in 
the  free  atmosphere. 

We  then  have  for  a  surface  explosion 


3  3 


^p  =  0.05  +  3.9  +  13,0  : 

(2.145) 

A/)  =  17,9-^+  1390-^  +  87  200  -^; 

(2.146) 

6 

^  =  1,7.10-'>KG  Kr; 

(2.147) 

-7,0-10-' VT- 

(2.148) 

;,  =  (52+.56)5j(:. 

(2.149) 

We  note  that  some  information  regarding  more  complica'''ed  boundary 
problems j together  with  an  approximate  estimate  of  the  values  of  the 
loads  imposed  on  buildings  and  structures  in  the  case  of  aerial  explo¬ 
sions,  will  be  given  later  on. 

Example .  Separate  the  main  parameters  of  an  aerial  shock  wave  at 
a  distance  of  100  m  from  the  center  of  a  surface  explosion  of  a  charge 
of  TNT  weighing  200  kg. 

Solution.  Calculation  of  the  excess  pressure  on  the  front  of  the 
7/ave  is  carried  out  in  accordance  with  Formula  (2.146): 
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=  i7  9  4-  +  1300-4-4-  87  200-4 

r  /•’  /■’ 


The  radius  of  the  equivalent  spherical  charge  will  he 

3  _ 

Jim  =  0,053  J/200  =  0,053 -r.SGS  =  0,39  M, 


and  therefore 


100 


.257; 


'  Rm  0,39 
Ap^  =  17,9  .54  +  1390  -^  +  87  200  » 

=  0,0008  -1-  0,0211  4-  0,0051-1  =  0,0953  kg/ CIIl^  . 

The  hydrodynamic  parameters  on  the  front  of  the  shoclc  wave  will 
be  calculated  with  the  aid  of  the  dynamic  compatibility -conditions 
(1.193)-(1.197): 

N  «=  3401/1  4-  0,835;),;,  =  340  ]/ 1  4-  0>’3 lib958  =  351  m/ se C  ; 

—  (1  0,00.)S)  (0,0058  4*  7,2)_  ^  tr, 

r^„2S8 - - -  ^5.o;oo5S-r  772  *'* 

=  20,1  l/fj  =  20,1  j/207  =  345m/  SeC. 

The  variation  of  the  pressure  as  a  function  of  the  time  is  deter¬ 
mined  from  the  formula 


with 


t+  B  7,2-l0-'RmVr  «=  7,3- 10-» -0,39  ^257  =  0,045  SBC  . 

The  value  of  the  total  impulse  V7ill  be 


4  =  55 


qW 


/_=:55-4?^-1  =  18,8  kg-sec/m^. 


§8.  APPROXIMATE  ESTIMATE  OP  THE  PRESSURE  FIELDS  IN  THE  CASE  OF  AN 
UNDERWATER  EXPLOSION  IN  AN  UNBOUNDED  LIQUID 

It  has  been  established  as  a  result  of  many  experiments  that  the 

pressure  on  the  front  of  an  underwater  shock  wave,  in  the  absence  of 
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any  effect  on  the  part  of  the  bottom  of  the  reservoir  and  of  the  free 
surface^  is  determined  by  the  relation 


...  \  (2.150) 

where  A  is  a  constant  coefficient  with  a  value  of  533  for  TNT.* 

For  dimensionless  distances  this  relationship  has  the  form  ■ 

(2.151)** 

The  variation  of  pressure  with  time  is  characterized  in  the  mid¬ 
dle  range  of  distances  (60  <  r  <  120)  by  the  relation 

//.o'  Wcm^,  (2.152) 


where  a  is  a  constant  coefficient  with  value  0.27  for  TNT  and  Cq  is 
the  unit  discontinuity  function  of  zero  order^  indicating  the  fact 
that  the  pressure  increases  abruptly  on  approaching  the  given  point; 


/  l2o _ C-i  = 

XRas  Rcsl 


Ofovp<-^ 

JKoi  A03 

1  f  or— -!>  — 


The  value  of  the  impulse  of  the  positive  pressure  phase  as  a  func¬ 
tion  of  the  time  is 


(7o'^ 


/(A  r)^ 


f/jh) _ 


’  (2.153) 


The  length  of  the  underwater  shock  wave  is  approximately  equal  to 
20  charge  radii. 

To  estimate  the  variation  of  the  pressure  on  the  shock  wave  one 
useS;,  in  addition ^  the  exponential  relationship 

{(-■-).  (2.154) 

The  quantity  0  is  called  the  time  constant  and  is  calculated  with 
the  aid  of  the  relation  ; 
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sec. 


(2.155) 


or 


0 


S  0  C  . 


(2.156) 


It  Is  easy  to  note  that  vrhen  the  distance  increases  the  time  con 
stant  e  increases.  Thus,  unlike  (2.152),  Formula  (2.154)  takes  into 
account  the  fact  that  the  pressure  pattern  stretches  out  in  time  as 
the  sho,.k  v.'ave  moves  away  from  the  center  of  the  explosion 

In  accordance  with  (2.154),  the  pressure  impulse  will  he 


J  f=2 


(2.157) 


An  accoxint  of  the  deformation  of  the  pressure  pattern  can  he  made 
also  when  the  pattern  is  approximated  hy  a  hyperbolic  relationship. 
This  is  accomplished  hy  using  a  relation  of  the  form 


and  accordingly 


t  — 


+  0.0 -'-(i  —  — ) 

'  0  V,  Co  y 


(2.159) 


The  change  in  pressure  behind  the  front  is  determined  most  accu¬ 
rately  hy  Formula  (2.I58). 

In  many  problems,  however,  it  is  more  convenient  to  use  the  ex¬ 
ponential  relation  (2.154),  and  this  is  why  the  latter  has  gained  the 
widest  application. 

We  have  already  mentioned  earlier  that  the  energy  flux  density  is 
given  hy  the  expression 

+  (1.179) 

0 
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When  the  pressiires  on  the  front  of  the  underwater  shock  wave  are 
on  the  order  of  thousands  of  atmospheres,  the  internal  and  kinetic 
energies  can  he  neglected  compared  with  the  term  p/p.  Inasmuch  as  the 
velocity  of  particle  motion  can  in  this  case  he  calculated  in  the 
acoustic  approximation 

t 

+  (2.134) 


the  expression  for  the  energy  flux  density  is  obtained  in  the  form 

/  t  V  V  1 


f  (n  —  p^df 


f  “y  /T 


Calculations  show  that  the  second  term  rapidly  becomes  negligibly 
small  compared  with  the  first  as  the  distance  r  from  the  center  of  the 
explosion  increases.  For  the  indicated  range  of  pressures  (p  <  1000 
atm)  we  then  obtain  with  sufficient  degree  of  accuracy 

i 

(2.161) 

0 


The  formulas  presented  cover  fully  the  question  of  estimating  the 
pressure  fields  in  the  case  of  an  explosion  produced  by  a  spherical 
charge  in  an  unbounded  liquid. 

A  cylindrical  wave  attenuates  much  more  slowly  with  distance  than 
a  spherical  one.  The  exponent  in  this  case  is  approximately  equal  to 
0.56  and 


The  amplitude  of  a  plane  wave  decreases  even  more  slowly  with  the 
distance . 

Comparison  of  the  character  of  the  variation  of  the  pressure  on 
the  front  of  a  plane,  cylindrical,  and  spherical  wave  is  shovm  in  Fig. 
49.  The  difference  between  them,  as  can  be  readily  seen,  is  quite  ap- 
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pniJi 


Fig.  49-  Comparison  of  the  char¬ 
acter  of  the  variation  of  the 
pressure  on  the  front  of  a  plane 
(l);,  cylindrical  (ll):,  and  spher¬ 
ical  (III)  shock  wave. 

preciahle.  The  rather  slow  variation  of  the  amplitude  of  the  plane 
wave  with  distance  is  the  reason  why  sound  propagates  over  superhigh 
distances  in  the  ocean*  and  is  extensively  used  in  the  operating  prac¬ 
tice  of  hydroacoustic  stations. 

In  conclusion  we  emphasize  that  the  data  presented  pertain  only 
to  the  first  pulsation  of  the  gas  bubble.  The  second  and  succeeding 
pulsations  also  give  rise  to  shock  waves^  but  their  intensities  are 
much  lower.  For  a  general  estimate  one  can  note  that  the  impulses  of 
the  pressures  produced  in  the  second  pulsation  are  five  to  six  times 
smaller  than  in  the  first  pulsation;  in  the  third  pulsation  they  are^ 
respectively,  three  times  smaller  than  in  the  second. 

Example .  Plot  the  pressure  pattern  of  an  tinderwater  shock  wave  at 
a  point  located  at  a  distance  100  m  from  the  center  of  the  explosion 
of  a  TNT  charge  weighing  1  ton.  Carry  out  the  calculation  both  with 
the  hyperbolic  and  with  the  exponential  dependences. 

Solution.  We  find  the  radius  of  the  equivalent  spherical  charge 
and  the  relative  distance 

3 _ 

=  0.053  1/iOOO  =  0.53  m j 
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r 


95 

0,53 


179. 


This  'Calculation  is  summarized  in  Table  11. 

Fl-^ure  50  shevs  a  comparison  of  the  calculation  results  obtained 
from  al^..  three  relations  employed.  Since  the  relative  dic.-^ance  r  =  179 
is  beyond  the  range  of  possible  application  of  Formula  (2.152),  the 
latter  yields  the  largest  error.  The  exponential  curve  is  close  to  hy¬ 
perbolic  for  time  intervals  t  <  0. 
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TABLE  9 


^^3 

13231 

(6)5 

1 

(7) 

1  P  -  nm(^)  = 

=  -12,5(8) 

1 

o 

3 

•  4 

DHEIH 

7 

8 

1  9 

0,0G33 

95,0 

179 

0 

0 

1,00 

1,00 

1,000 

42,50 

.  0,0G-i0 

96,0 

181 

2,0 

0,540 

1,54 

2,37 

0,422 

17190 

0,00-15 

96,5 

182 

3,5 

0,9-15 

1,94 

3,78 

n  ^ 

1 1 ,25 

0,0G50 

97,5 

1S4 

1,350 

2,35 

5,52 

o;i8i 

7,68 

0,0655 

9S,3 

185 

6,0 

1,620 

2,62 

6,86 

0,146 

6,22 

0,0660 

99,0 

187 

8,0 

2,160 

3,16 

9,9S 

0,100 

4^25 

0,0665 

99,7 

188 

9,0 

2,430 

3;43 

11,76 

0,0852 

3,62 

0,0070 

100,0 

189 

10,0 

2,700 

3,70 

13,69 

0,0732 

3,' 11 

0,0700 

105,0 

19,0 

5,130 

6,13 

37,58 

0,0267 

1  13 

0,0720 

108,0 

204 

25,0 

6,750  1 

7,75  I 

60,06 

0,0167 

0>1 

TABLE  10 


t,  sec 

^-(3) 

P  =  Pm  ('1)  = 

=  42,5  (4) 

1 

2 

3 

4 

5 

0,0633 

0 

0 

42,5 

0,06-10 

0,0007 

0,410 

0,6636 

28,1 

0,0012 

0,703 

21,0 

0,0650 

0,0017 

0,995 

15,6 

0,0055 

0,0022 

1,290 

0,2752 

11.7 

0,0660 

0,0027 

1,580 

0,2059 

8,73 

0,0665 

0,0032 

1,870 

0,1541 

6,55 

0,0670 

0,0037 

2,160 

0,1153 

4,90 

0,0067 

3,920 

0,0198 

0,84 

0,0720 

0,0087 

5,100 

0,0061 

0,26 

TABLE  11 


I—* - 

sec 

0,6  (2) 

1  +  (3) 

(4)^ 

=  =12:5 

(5)  (5) 

1 

2 

3 

4 

5 

6 

0,06.33 

„ 

0 

1,000 

1,000 

42,5 

0,06-10 

0,410 

0,240 

1,246 

1,,5.50 

27,4 

0,0645 

0,703 

0,422 

1,422 

2,016 

'  21,1 

0,995 

0,,597 

1,597 

2,550 

16,6 

0,0655 

1.290 

0,774 

1,774 

3,140 

13,5 

0,0060 

1,580  . 

0,948 

1,948 

3,790 

11,2 

0,0665 

1,870 

1,120 

2,120 

4,500 

9,4 

0,0670 

1,295 

2,295 

5,250 

8,1 

0,0700 

3,920 

2,350 

3,350 

11,200 

3.8 

mm 

5,100 

3,060 

4,060 

16,480 

2.6 
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Pig.  50.  Comparison  of  the  values  of 
the  maximujn  pressure  determined  from 
Formula  (2.152)  (solid  line),  from  the 
exponential  formula  (2. 154)  (dashed 
line),  and  from  the  hyperbolic  depend¬ 
ence  (2.158)  (dash-dot%  Time  is 
reckoned  from  the  instant  of  explosion. 


§9.  PROPAGATION  OF  LOAD  WAVE  IN  AN  UNDERGROUND  EXPLOSION  IN  AN 
LUffiOUNDED  MEDIUM 

The  initial  period  of  the  development  of  the  processes  that  accom¬ 
pany  an  underground  explosion  essentially  does  not  differ  much  from 
the  case  of  an  underwater  explosion.  At  the  instant  when  the  detona¬ 
tion  wave  emerges  on  the  surface  of  the  charge,  three  discontinuity 
surfaces  are  produced:  a  shock  wave,  a  stationary  strong-discontinuity 
surface,  and  a  weak-discontinuity  surface  (characteristic). 

The  pressure  on  the  front  of  the  shock  wave  is  on  the  order  of 
hundreds  of  thousands  of  atmospheres.  At  such  high  loads,  the  ground 
behaves  like  a  gas,  the  only  difference  being  that  after  the  pressure 
is  removed  the  gas  returns  to  its  initial  state,  whereas  the  ground 
either  disintegrates  or  experiences  large  residual  deformations. 

The  disintegration  and  packing  together  of  the  ground  consumes 
Irreversibly  considerable  part  of  the  explosion  energy.  Therefore  the 
pressure  on  the  wave  front  decreases  rapidly.  At  a  distance  of  two  or 
three  large  radii,  the  maximum  pressure  amounts  to  only  several  thou¬ 
sand  atmospheres. 
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Also  coincident  with  this  time  is  the  beginning  oT  a  qualitative 
change  in  the  process  of  propagation  of  the  wave  disturbances.  The 
point  is  that  at'  stresses  of  this  order ^  unlike  in  an  Ideal  liquid, 
the  propagation  velocity  of  a  compression  wave  of  large  amplitude  in 
ground  is  lower  than  the  velocity  of  soimd.  Consequently,  the  wave 
pattern  becomes  deformed  in  the  compression  phase.  The  wave  front  dis¬ 
integrates  and  is  replaced  by  a  gradual  increase  In  pressxare.  The  re¬ 
gion  of  greatest  stresses  lags  the  start  of  the  arrive'  of  the 
load  wave. 

As  before,  however,  in  this  range  of  distances  one  -  still  uses  the 
term  "wave  front, "  taking  this  to  mean  the  envelope  surface  of  the  in¬ 
itial  disturbances  of  the  compression  wave.  The  rate  of  propagation  of 
such  a  front  is  obviously  equal  to  the  rate  of  propagation  of  the 
longitudinal  waves  in  the  ground: 

c  =  (2.162) 

where  k  and  jx  are  the  Lame  elastic  constant  and  p  is  the  density. 

As  the  compression  v/ave  moves  away  from  the  center  of  the  explo¬ 
sion,  the  maximum  stresses  in  it  decrease,  and  the  disintegrations  arid 
plastic  deformations  of  the  ground  are  replaced  by  elastoplastlc  de¬ 
formations  and  then  simply  by  elastic  deformations. 

In  accordance  with  the  qualitative  picture  developed  above.  It  is 
customary  to  distinguish  between  three  zones  of  an  underground  explo¬ 
sion:  the  near  zone,  the  middle  zone,  and  the  far  zone.* 

Their  dimensions  are  determined  essentially  by  the  weight  of  the 
charge  and  by  the  type  of  ground. 

In  the  near  zone  one  separates  two  other  regions,  the  compression 
region  and  the  disintegration  region.  In  the  compression  region  there 
exists  a  shock  wave  with  discontinuous  front.  Owing  to  the  tremendous 
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loads  the  ground  crumbles  and  becomes  packed  together.  The  boundary  of 
this  zone^  in  the  case  of  explosion  of  TNT  charges.  Is  determined  from 
the  empirical  formula 

(2.163) 

where  R  Is  the  relative  radius  of  the  compression  region,  R  =  R  /R^qj 
s  .  s  s 

•and  k  Is  an  empirical  coefficient  which  depends  on  the  type  of  ground, 
s 

The  region  of  disintegration  Is  characterized  by  the  disintegra¬ 
tion  of  the  continuity  of  the  ground  and  by  the  appearance  of  cracks. 
For  the  disintegration  region  we  have 

R^  =  19.0k^,  (2.164) 

where  R^  =  ^r'^^OS  relative  radius  of  the  disintegration  sphere 

and  Is  an  empirical  coefficient. 

The  values  of  the  coefficients  k^  and  are  listed  In  Table  12. 
The  laws  governing  the  propagation  of  the  compression  wave  In  the 
near  zone  have  not  yet  been  studied  sufficiently  to  this  day.  Conse¬ 
quently,  one  cannot  even  Indicate  general  formulas  to  characterize  the 
stress  and  velocity  fields  for  the  ground  particles  In  this  zone. 

The  middle  zone  of  the  underground  explosion,  where  elastoplastlc 
ground  deformations  occur,  extends  approximately  to  distances  of  about 


100  R 


03' 

For  soft  grounds  of  the  loess  and  loam  type,  etc.,  the  normal 


stresses  a 


In  the  middle  zone  can  be  calculated  from  the  formula* 


■  max 


[lcg/cm2]. 


/  r\ 
C. 


.165) 


where  the  coefficient  F  for  large  depths  of  placement  of  the  charge 
can  be  assumed  equal  to  unity.  The  value  of  the  coefficient  k,  to¬ 
gether  with  r-'m.o  other  characteristics  of  grouiwlrr. ,  la  lie  ted  In  Table 

la¬ 
in  soft  water-saturated  grounds  one  usually  assumes  the  normal 
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TABLE  12 


1  llaiiMciiouaiiiic  i  f!_viiTa 

/.> 

4.  1 

I'pyiiT  pux.nuli,  CDC>(;cji.ici.uuciiji:.iii 

0,c,0 

1 

0,S5  1 

IlecoK  IMOTlIuli 

O/iO 

0,C3 

r.i'iiia 

o,r,o 

(i.i'jO 

CKaai.iiuo  iiopoAU 

0,20 

0,J0 

1)  Name  of  groiind;  2)  loose, 
freshly  saturated  ground;  3) 
dense  sand;  4)  clay;  5)  rocks. 


TABLE  13 


1  BitA  rpyiiin 

*min, 

b 

iiux, 

1 

/•CpCAHi 

^inux, 

mIcck 

r. 

Q  t 

nccc 

30 

.  120 

GO 

MO 

GOO 

- -2 - { 

1 

ICO— 180 

H/iiicTfla  raiiiia 

90 

C30 

SCO 

130 

900 

170— irc 

Cyr.TiiiiOK 

90 

180 

1-10 

150 

0 

0 

170— IfO 

Heiiacume.'iiias  raiiiia 

700 

1  -100 

1  050 

SOO 

1  700 

1-2 

Hacuueiiiia!!  raima 

3  500 

10  COO 

7  000 

1  700 

2  500 

200—230 

1]  Type  of  ground;  2)  loess;  3)  silty  clay; 
4)  loam;  5)  unsaturated  clay;  o)  satitcated 

clay;  7)  kg/cm^;  8)  m/sec;  9)  kg-sec^m^- 


and  tangential  stresses  to  be  close  in  value,  l.e.,  o  —  1. 

^max  %ax 

Consequently,  Formula  (2.I65)  determines  approximately  the  entire 
field  of  stresses  in  soft  grounds  in  the  case  of  an  underground  expio 
Sion. 

For  rocks  such  as  granite,  marble,  limestone,  etc.,  the  largest 
normal  stress  can  be  calculated  from  the  empirical  formula  obtained  by 
Khanukayev 


_  lO’-y^ 

■95,1 

70,1 -10=  , 

P<i 

.  Ti 

~  A’ 

JC 


-j  kg/ cm'" 


(2.166) 


where  F  is  a  coefficient  that  depends  on  the  depth  of  the  explosion, 
which  for  large  depths  of  placement  of  the  charge  is  equal  to  unity,  p 
is  the  density  of  the  rock  in  kg~sec  /m  ,  and  a  is  the  velocity  of 
so-und  in  the  rock,  in  m/sec. 


-  168  - 


The  values  of  the  velocity  of  propagation  of  longitudinal  and 


transverse  waves  in  rocks  are  listed  in  Table  l4. 


TABLE  14 


5 

6 
7 


l)  Type  of  rock;  2)  granite;  3)  marble;  4) 
diabase;  5)  velocity  of  longitudinal  waves 
c,  m/sec;  o)  velocity  of  transverse  waves 

bj  m/sec;  7)  density  p  of  rock,  kg-sec  /m  . 

The  ratio  of  the  normal  and  tangential  stresses  at  considerable 
distances  from  the  center  of  the  explosion  (when  1/R^  «  i/r)  Is  ap¬ 


^  Biifl  nopoAi.t 

rpaiiiiT 

^  • 

“^Mpa.Mop 

IT 

iiiaOua 

CKOpOCTI.  npOflO.’lI.IlU.X  DO.III  f,  mJcck 

5200—5500 

4-100- .1800 

5000 

CKopocTb  nonepe'iiibix  bo.iii  b,  M/cev 

3100—3200 

3500—2800 

3200 

riflOTnOCTb  nopoAbi  p,  kicck^/m* 

2C5 

265 

273 

1 

proximately 


(2.167) 


The  maximijm  values  of  the  velocities  of  motion  of  the  ground  can 
be  approximately  determined  from  the  relation 

=  (2.168) 
so  that  in  accordance  with  (2.165)  and  (2.166),  we  have: 
for  soft  grounds 

42.''.  Fb.  / 

(2.169) 


1’,  =  — 10”  cm/sec; 

'mix  ’ 


for  rocks 


V  = 


m/sec. 


(2. 170) 


R  R-  '  R" 

In  individual  problems  it  may  be  of  interest  to  determine  the  im 
pulse  of  the  load  wave.  According  to  American  data,  for  soft  grounds 
and  an  underground  explosion  of  a  TNT  charge  we  have 


=  kg-sec/m3 , 

R'‘’ 


(2.171) 


-  169  - 


TABLE  15 


where  k ' 


Is  an  empirical  coefficient,  the 


L 

|J.  liiu  rpyiiT.i  . 

j  6 

1  KSCCKfM- 

/liicc 

1  130 

Cyr.iiiiioK 

.3  3i;o 

il.'llU'Tilll  f.-llilUl 

3  ^^b 

r.iiiiM 

•I  6G0 

1)  Type  of  ground;  2) 
loess;  3)  loam;  4) 
silty  clay;  5)  clay; 

6 }  k  ■■ .  ,  kg  -  s  e  c/m^ . 


sr 


values  of  which  are  listed  3ja  Table  15. 

In  the  case  of  an  explosion  in  solid 

rock 


I  ^^tl2,75  25,5 -lO^  ,  6,3-10* 

^'o  li  Ti- 


10*  kg-sec/m3.  (2.172) 


Knowing  the  valr.e  of  the  normal  stress 


we  can  approximately  estimate  the  time  of  action  of  the  load.  Assimilng 
the  press-ure  pattern  to  be  triangular,  we  obtain 


hence 


T 


“  sec. 


(2.173) 


The  buildup  time  of  the  load,  for  solid  grounds,  is  approximately 
(1/5-1/3)T.  For  soft  grounds  this  time  fluctuates  in  the  range 
(1/4-1/2)T. 

The  far  zone  of  an  underground  explosion  is  arbitrarily  confined 
to  the  range  of  distances  from  100  to  1000  The  stresses  and  par¬ 

ticle  velocities  in  this  zone  are  characterized  approximately  by  the 
same  relationships  as  in  the  middle  zone  [Formulas  (2. l65)-(2. 170) ]. 

The  relations  presented  give  the  general  pattern  of  propagation 
of  seismic -explosion  waves  when  the  charge  is  placed  at  a  sufficiently 
great  depth.  Explosions  of  this  type,  which  display  no  visible  action 
on  the  free  surface,  are  frequently  called  camouflets. 

The  presence  of  a  free  surface  greatly  Influences  the  stress  and 
velocity  fields  in  the  case  of  an  underground  explosion.  Some  data  on 
this  question  will  be  given  at  the  end  of  the  next  chapter. 
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Example .  Calculate  the  values  of  the  stresses  and  velocities  of 
motion  of  the  ground  upon  explosion  of  a  TNT  charge  v/eighing  100  tons 
in  a  rock  of  the  type  of  granite  at  a  distance  of  25O  m  from  the  cen- 
,ter  of  the  explosion.  Determine  the  time  of  action  of  the  load. 

Solution.  We  find  the  radius  of  the  equivalent  spherical  charge 
•Rq2  ahd  the  relative  distance  of  the  point  from  the  center  of  the  ex¬ 
plosion: 

3 

/?(,,  =  0,0:3  K loo- 10'  =  0,053- 10- ■!, 61  =  2,'16m, 


The  investigated  point  is  in  the  middle  zone  of  the  explosion. 

We  determine  a  from  Formula  (2.166).  The  values  of  p  and  a  are 
in3.x 

2/4 

obtained  from  Table  l4.  In  our  case  F  ~  1,  p  =  265  kg-sec  /m  ,  and  a  = 
=  5350  na/ sec  : 

10‘-/='r05.1  70.1-10^  26,6.10»] 

p"  [  l<  '  J  “ 

10'.  1  r  1)5.1  70,1.10«  26,6- 10*1 

265'5350  L~10f  102'^  102^  J  “ 

«  -  O.GT-I  +  0,251  ]  =  70,4  -O.GOD  =  33,8kg/cm^  . 

We  find  v  from  Formula  (2.170) 

^max 


JO' r  05j_ 
P’a’  L  K 


70,1-10’  26,6- 10* 

*4* 


j  =  0,252  m/ s 


ec . 


We  determine  the  time  of  action  of  the  load  T  from  Formula  (2.173)- 
For  this  pxirpose  we  calculate  the  Impulse  of  the  wave  in  the  compres¬ 
sion  phase  using  Formula  (2.172): 

.3 


I 

=  F 

•  42.8 

25,5-10’ 

^03 

R 

R? 

-1-  iO‘  =  2,34.io’kg-sec/m^ , 


and  then 


2.2.34-10’. 2,46-10-* 
35,8 


=  0,0321 


sec . 
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[Footnotes ] 


Equation  (2.l6)  is  the  consequence  of  Formula  (I.58)  in  §4 
of  Chapter  1. 

Analogous  relations  in  the  variables  6  =  v,  and  N 

were  obtained  by  I. P.  Ginzburg  (see  N.Ye.  Kochin,  I. A.  Klbel', 
N.  V.  Roze,  Theoretical  Hydromechanics,  Vol.  II,  ,OGIZ,  1948). 

L. D.  Landau  and  K. P.  Stanyukovich,  DAN,  Vol.  47,  1945,  Nos. 

3  and  4. 

F.S.  Baum,  K.  P.  Stanyulcovich,  B.  I.  Shekhter,  Physics  of  Ex¬ 
plosions,  Fizmatgiz,  1959* 

See  the  examples  of  the  preceding  section. 

It  can  be  shown  that  the  conditions  of  dynamic  compatibility 
(2. 42) -(2. 44)  are  of  accirracy  sufficient  for  practice  if 

Sq/N  <  0. 1. 

See  Eq.  (2. 56a ) . 

When  t*  =  1/n*  and  Vq  —  1. 

See  §8  of  the  present  chapter. 

See  §5  of  Chapter  1,  Eqs.  (1.97)  and  (I.98). 

L.  D.  Landau,  Shock  Waves  at  Long  Distances  from  the  Point  of 
Their  Occurrence.  Applied  Mathematics  and  Mechanics,  Vol.  IX, 
No.  4,  1945. 

In  accordance  with  the  principle  of  energy  similarity,  for 
an  approximate  estimate  of  the  pressure  field  due  to  an  ex¬ 
plosion  of  another  explosive,  we  can  use  Formula  (2.136), 
the  only  difference  being  that  the  quantity  G  must  be  re¬ 
placed  by  GQj^/O^,  where  is  the  specific  energy  of  the 

given  explosive  in  kcal/kg,  is  the  specific  energy  of  TNT, 

with  0^  =  1000  kcal/kg. 

Rq2  =  0.053^  (2.21). 

M.  A.  Sadovskly  notes  that  as  the  distance  is  increased  a  cer¬ 
tain  increase  is  observed  in  the  wavelength,  characterized 
by  the  approximate  relation  X  =  Xq  +  a  In  r. 

F.S.  Baum,  B. I.  Shekhter,  K.  P.  Stanyukovich,  Physics  of  Ex¬ 
plosions,  GIFI4L,  1959. 
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[Footnotes  (Continued)] 


According  to  the  principle  of  energy  similarity,  the  value 
of  the  coefficient  for  other  explosives  can  be  calculated 

with  the  aid  of  the  approximate  relationship  A^  =  y^A 


1,13 


where  is  the  specific  energy  of  the  given  substance  in 
kcal/kg,  and  is  the  specific  energy  of  TNT,  =  1000 
kcal/kg. 

For  TNT,  obviously,  y  =  1. 

"Propagation  of  Sound  in  the  Ocean,"  Collection  of  Articles, 
IIL,  1951. 

Such  a  classification  is  quite  arbitrary  in  character.  In 
many  publications,  a  different  terminology  is  used.  For  ex¬ 
ample,  V. A.  Assonov  distinguishes  between  a  compression 
sphere,  a  crumbling  sphere,  and  a  quake  sphere. 

The  Effects  of  Atomic  Weapons,  New  York-Tor onto -London,  1950. 


[List  of  Transliterated  Symbols] 

(|)  =  f  =  front  =  front 
H  =  n  =  naturnyy  =  natural 
•  M  =  m  =  model 'nyy  =  model 

I4MJI  =r  tsil  =  tsilindricheskaya  volna  =  cylindrical  wave 

c  =  s  =  szhatiye  =  compression 

p  =  r  =  razrusheniye  =  disintegration 

cpeflH  =  sredn  =  sredniy  =  average 

cp  =  sr  =  sredniy  =  average 
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Chapter  3 

SIMPI^ST  BOUNDARY  PROBLEMS  OP  EXPLOSION  THEORY 
§1.  REFLECTION  OF  AN  AERIAL  SHOCK  WAVE  FROM  THE  SURFACE  OF  THE  EARTH 

As  was  already  noted,  under  suitable  angles  of  incidence,  the  re¬ 
flected  wave  propagating  in  a  perturbed  medium  catches  up  with  the  di¬ 
rect  wave,  merges  with  the  latter,  forming  a  frontal  wave  so  that  ir¬ 
regular  reflection  sets  in. 

In  spite  of  the  principal  clarity  in  the  formulation  of  the  cor¬ 
responding  boundary  problem,  the  presently  obtained  theoretical  solu¬ 
tions,  for  both  the  region  of  regular  and  particularly  the  region  of 
Irregular  reflection,  are  quite  c\xmbersome  in  form  and  in  many  cases 
they  diverge  substantially  from  the  experimental  data.  The  most  com¬ 
plete  experimental  research  in  this  field,  which  we  shall  present  be¬ 
low,  has  been  made  by  K. Ye.  Gubkin  and  A. I.  Korotkov. 

In  accordance  with  the  Izmaylov  formula,  the  pressure  in  the  re¬ 
flected  wave  at  normal  Incidence  (a  =  O)  is  equal  to 

PoTf  Pq  —  2(Pip — Po) - - - 2* »  (1.220) 

(Ptt>  Po)  +  ^  J  Po 

or,  if  we  assiime  that  p^  =  1  atm  and  k  =  1.4,  then 

Votp  =  2A/7^  +  ^-^^.  (1.221) 

It  has  been  found  that  in  the  region  of  Irregular  reflection,  for 
amplitudes  on  the  front  not  exceeding  3-0  kg/cm^,  the  pressure  in  the 
reflected  wave  is  practically  independent  of  the  angle  of  incidence 
and  can  be  determined  from  Formula  (1.221).  For  the  region  of  irregular 
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reflection  <  “  <  90°)  the  experimental  data  are  approximated  by 

the  approximate  relationship 

v;(i +  COS0),  (3.1) 

whez-'e  Ap'^  Is  the  pressure  on  the  front  of  the  shock  wave  of  an  explo¬ 
sion  on  land,  calculated  by  the  formula  of  M. A.  Sadovskly  (2.145). 

The  experimentally  obtained  boundary  of  the  reflection  regions  Is 
shown  In  Fig.  51- 

The  laws  governing  the  variation  of  the  moment-um  In  the  compres¬ 
sion  phase  with  varying  angle  of  Incidence  have  a  somewhat  different 
character.  As  was  shown  by  M.A.  Sadovskly,  In  the  range  0°  <  a  <  45° 
we  have 

/  =  /o(l  +  COSa)  (3.2) 

and  In  the  range  45°  <  a  <  90° 

^  =  4(1  + cos' a),  (3.3) 

where  Iq  Is  the  Impulse  for  a  land  explosion,  calculated  by  Formula 
(2.149). 


The  height  of  the  explosion  Influences  the  pressizre  at  the  earth’s 
surface  In  two  ways:  It  Increases  the  distance  between  the  center  of 
the  explosion  and  the  point  of  observation,  and  It  changes  the  angle 
of  Incidence  of  the  wave  and  accordingly  the  regions  of  regular  and 
Irregular  reflection.  It  follows  therefore  that  for  a  given  wave  In¬ 
tensity  Ap  It  Is  possible  to  Indicate  a  value  of  the  height  H  such 
that  th,3  distance  from  the  eplcentei’  to  the  point  with  pressure  Ap 

lU 

turns  out  to  be  maximum.  This  Is  called  the  optimum  height. 


If  the  charge  Is  located  above  or  below  the  optimum  height 
the  dimensions  of  the  radii  of  the  zones  of  specified  action  (L  )  de- 
crease,  and  when  the  height  H  Is  reduced  compared  with  H  this  In- 


much  less  than  an  Increase  In  H  compared 
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Fig.  51.  '^.sglons  of  reg¬ 
ular  (I)  ^i.d  _rregular 
(II)  reflection  as  ob¬ 
tained  from  the  experi¬ 
mental  data. 


The  empirical  formula  relating  the 
optimum  height  with  the  weight  of  the 
charge  and  v/ith  the  specified  pressure 
on  the  v;ave  front  ha.j  cin  form 

=  3,25/It,  (3.4) 

where  G  is  the  weight  of  the  charge  in 
leg;,  Ap^  the  specified  value  of  the  pres 
sure  on  she  fronts  kg/cm  ,  and  is 

the  optimum  height,  in  meters. 


The  horizontal  distances  L  at  which  the  specified  value  of  the 

pressure  p  is  observed  in  the  case  of  an  explosion  at  the  optlmuit 
z 

height  are  expressed  by  the  approximate  equation 


L„  = 


(3.5) 


M.A.  Sadovskly  was  the  first  to  call  attention  to  the  fact  that 

in  the  region  of  regular  reflection,  at  equal  true  distances  from  the 

charge  to  the  point  of  observation  r  =  (L^+H^ )  ,  the  values  of  the 

pressure  are  equal  and  do  not  depend  on  the  angle  of  incidence  a  (u.e 

the  equation  ^PH_a,  ^  '^^H=b  true). 

L  =b  L  =  a 


Consequently,  in  the  region  of  regular  reflection  the  connection 
between  Ap  ,  and  L  and  H  is  described  with  sufficient  accuracy  by 

O  T/  X 

Sadovskly 's  three-term  formula  for  an  explosion  in  an  unlimited  at¬ 
mosphere 


Ao.,  =0,76 — 

/'A,  ,  yj^., 


+  2.47j:}^. 


6,5-7=— 
’  /(/-- 


(3.6) 


and  by  the  Izmaylov  formula  (1.221). 
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§2.  EFFECT  OF  THE  FREE  SURFACE  OF  THE  LIQUID  ON  THE  PRESSURE  FIELDS  IN 
AN  UNDERWATER  EXPLOSION.  ACOUSTIC  APPROXIMATION  FORMULAS 


In  underwater  explosions  at  relatively  shallow  depths,  the  param¬ 
eters  of  the  hydrodynamic  field  are  greatly  influenced  by  the  free  sur¬ 
face  of  the  water,  on  which  the  pressure  is  equal  to  atmospheric  pres¬ 
sure.  As  was  already  noted,  when  a  wave  is  incident  on  the  free  sur¬ 
face,  a  rarefaction  wave  is  produced. 

The  problem  of  estimating  the  hydrodynamic  fields  with  allowance 
for  the  influence  of  the  free  surface  can  be  solved  in  different  ways. 

We  shall  develop  here  one  of  the  solutions,  with  an  aim  at  simul¬ 
taneously  illustrating,  by  means  of  a  very  simple  example,  the  so- 
called  method  of  incomplete  separation  of  variables,  which  is  widely 
used  in  the  analysis  of  various  boundary -value  problems  in  the  theory 
of  the  wave  potential. 

Assume  that  on  some  sphere  of  radius  R  =  R*  there  is  specified  a 
pressure  variation  as  a  function  of  the  time: 


drf  ' 


(3.7) 


and  that  the  excess  pressure  on  the  free  surface  of  the  liquid  is 
equal  to  zero 

(3-8) 

At  the  Instant  of  time  t  =  0  the  liquid  is  at  rest 

?Uo  =  0;  (3-9) 


ot  |/=o 


=  0. 


(3.10) 


The  unsteady  motion  of  the  liquid  at  t  >  0  is  characterized  by 
the  wave  equation 


A?  = 


(3.11) 


integration  of  which  should  be  carried  out  under  the  above -formula ted 
initial  and  boundary  conditions. 


-  177 


Let  us  consider  first  the  construction  of  the  solution  for  the 


direct  wave. 


Equation  (3. 11)  for  motions  with  spherical  symmetry  can  he  rewrit¬ 


ten  in  the  form 


We  assume  that 


and  then 


ok-  k  Ik  -ji~  • 
"0 


9 1  == 


_  _L 

Ok  al  Ok 


(3.12) 


(3.13) 


.  (3.14) 


We  apply  to  Eq.  (3.14)  the  one-sided  Laplace  transform!.  To  this 
end  we  multiply  both  halves  of  the  equation  by  e"^”*"  and  integrate  from 
zero  to  infinity.  At  first  vie  choose  for  the  parameter  s  some  complex 
number  with  positive  real  parts  (s=a+iT;  o'>0). 

We  ha  ve 


~dk- .  yT  J  ~ok  ^ 


(3.15) 


We  integrate  the  right  half  of  (3.15)  ty  parts 


r  ilh  e~^‘dt=^  i  4-  -  f  p-s‘ 

1  o  ai—e  -;,r^ 


0  0 


The  first  term  of  the  right  half  vanishes  because  of  the  initial 
condition  (3. 10)  and  because  of  the  exponential  character  of  the  first 


factor . 


We  continue  the  integration  by  parts: 


(3.16) 


Again  we  conclude  that  the  first  term  vanishes. 


We  put 


(3.17) 
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179 


at  ^ 


=  ^  {s,  /?.,)  =  is) 


or 


0  is.  ,T) 


(3.22; 


Comparing  (3-20)  with  (3-22)  x^/e  obtain 


Consequently^ 

=  .  (3.23) 

After  determining  the  function  <X>(R;,  s),  we  obtain  the  function  cp^. 
This  is  done  by  solving  the  integral  equation 

0  (/?,  s)  =  \  dt.  ( 3  •  24 ) 


Such  a  solution  is  known  as  the  Mellin  integral  and  is  written  in 
the  form 

(3.25) 


In  this  case 


=  ^  j  nR,s)e^‘ds. 

I  tl;v'  ^ 


Po  2-j  S  e 


(3.26) 


where  the  contour  I  can  be  any  straight  line  parallel  to  the  imaginary 
axis  when  cr  >  0. 

But  p(t)  =  in  accordance  with  (3- 7)-  Consequently, 


9  ~st 


p  (s')  ==  p*  ^  e  “e  ""‘dt  —  p^^ 
0 


1  -(T+")h 

- e 


-r  5 


jJ 


--P" 


1 


T  +  - 


Thus 


/?♦  1  r*  —  ■^s(^R-R’')+sl  J 

I 


(3.2T) 


ds,  (3-28) 


-  180  - 


since 


_  d<?  _  1  d<Pi 

^  ~  ^0  dt  ~  ^0  -  ’ 

SO  that  according  to  (3.28)  and  (3-29)  we  have 


1  ^  r/O-^)  I 


J  V  +  S 


(3.29) 


(3-30) 


In  the  case  when  t  <  (R  —  R*)/aQ  the  integrand  tends  to  zero  in 
the  region  to  the  right  of  1  as  s  — oo. 

At  the  same  time,,  the  fimction  p(R,  t)  has  no  singularities  in 
the  right  half  plane.  Consequently,  when  t  <  (R  —  R*)/aQ,  we  have 

P  {R,  t)  =  0.' 


To  the  contrary,  if  t  >  (R  —  R*)/aQ,  then  the  integrand  tends  to 
zero  as  s  —»•—<»  (s  =  a  +  ix,  o  >  0).  Then  the  function  p(R.,  t)  has  in 
the  left  half  plane  a  pole  at  the  point  s  =  — l/s.  On  the  basis  of  the 
residue  theorem,  we  have 


Thus , 


p  {R,  9  = 


R 


- 1  fi-  izAU 


for  (• 


R  —  R* 


for  — — 

"o 


or,  introducing  a  unit  discontinuity  function  of  zero  order, 

R-R*\  (3.31) 


P{R,i)-P^^e~ 


\ 


<!0 


The  solution  (3*31)  determines  the  direct  wave. 

On  the  free  surface  of  the  liquid  there  should  be  satisfied  the 
boundary  condition 


Po 


c)c  j 

ot  z=0 


^p: 


■0. 


(3.32) 
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This  condition  can  be  readily  satisfied  If,  using  the  principle 
of  linear  superposition,  we  add  to  the  solution  (3.31)  the  term 

-p' — p^  3^.  i  V  ^  (3.33) 

where,  unlilcc  li ,  wo  have  n’  -f 

Thus,  the  resultant  pressxore  v;lll  be 


—  P*  3'.  -■  “  '■  ;  ..  /V-  -  />*»  ^ 


\  b • 3^) 


The  result  obtained  admits  of  a  simple  and  Illustrative  geomet¬ 
rical  Interpretation,  known  as  the  scheme  of  mirror  reflection  of  the 
source  and  of  the  sink  (Fig.  52). 

In  this  case  the  direct  wave  can  be  regarded  as  a  perturbation 
due  to  a  soiorce  In  the  lower  half  plane,  while  the  reflected  wave  Is 
due  to  an  Imaginary  sink  In  the  upper  half  plane.  In  either  case  the 
change  In  pressure  on  the  fronts  of  the  wave  systems  Is  discontinuous. 

A  formal  consequence  of  Relation  (3.34)  Is  the  possibility  of  oc¬ 
currence  of  negative  stresses  In  the  liquid.  The  question  thus  arises 
whether  water  can  withstand  such  stresses.  Indlvldxial  experiments  have 
shown  that  under  certain  conditions  water  free  of  mechanical  admix¬ 
tures  can  withstand  negative  pressures  up  to  280  atm.*  However,  In 
practice,  one  observes  most  frequently  a  rapid  development  of  cavita¬ 
tion  phenomena  and  the  pressure  drops  to  the  vacuummetrlc  value. 

The  reflection  of  shock  waves  from  the  free  sxarface  can  be  well 
recorded  by  experimental  methods.  The  Instant  of  arrival  of  the  re¬ 
flected  wave  at  a  point  corresponds  to  a  cut  In  the  pressure  curve  on 
the  oscillogram  of  the  explosion.  By  way  of  Illustration,  several  such 
oscillograms  are  shown  In  Fig.  53.  The  solid  lines  here  show  the 
presstire  osclllogr'ams  obtained  by  experiment,  while  the  dashed  cxirves 
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correspond  to  calculations  by  Formula  (3-3^) •  As  can  be  readily  seen^ 
there  is  complete  agreement  between  the  theoretical  and  experimental 
data  up  to  the  instant  of  arrival  of  the  rarefaction  wave.  Beyond  this 
the  calculation  curves  indicate  a  possible  existence  of  a  region  of 
negative  stresses ^  which  were  not  recorded  experimentally. 

The  time  of  action  of  the  positive 


I 


pressure  phase  is  obviously  determined  by 
the  difference  between  the  times  of  arrival 
of  the  direct  wave  and  the  wave  reflected 
from  the  free  surface  at  the  given  point. 

Since  the  distance  covered  by  the  di¬ 
rect  wave  is  equal  to  Kl- +  (.w— //)-  ^  and  that 
covered  by  the  reflected  wave  is  —  -r  /:)=• 


Fig.  52.  Diagram  of  we  have 

mirror  reflection  of  a 
source  and  a  sink.  1) 

Free  surface. 


^  {H  -r  /,y-  {/i  -  /,)2 ; .  (3.35) 

If  the  distance  L  is  large  compared  with  the  depth  of  the  charge 
H  and  of  the  measurement  point  h,  then  we  can  assume 


/. 


J  1  ■  H  --  h  ,  ,  n  —  a  •  i 

~  <^0  i  ^  ‘  V  4  j  V  ^  '  \~r~  1  I 

,  t  +  I  fM-hyi 

-i-Fi--;  f- 


(3.36) 

(3.37) 


It  follows  therefore  that  the  time  of  action  of  the  positive  pres¬ 
sure  phase ^  vjith  allowance  for  the  influence  of  the  free  surface^  is 
determined  in  the  acoustic  approximation  by  the  purely  geometrical 
characteristics  and  does  not  depend  on  the  weight  of  the  charge. 

Using  as  a  basis  an  exponential  dependence  of  the  pressure  on  the 
time^  v;e  obtain  for  the  pressure  impulse 
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Pig-  53-  Characteristic  pressure  oscil¬ 
lograms  with  allowance  for  the  influence 
of  the  free  surface. 


/ax  =  j  p,„e  VI  -  (3.38) 


Usually  the  ratio  is  small,  so  that  with  accuracy  up  to  2% 

we  can  assume: 

for  <0.35 

/aK==/u,^a«(i-#):  (3.39) 
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for  <  0.04 


4k  Pm^AK' 


(3.40) 


The  pressure  on  the  front  of  a  shock  wave  can  be  calculated  by 
the  empirical  formula  of  R.  Koul: 


_J1_-1_7OT 
Pn,  -  ^1.,:,  • 


(2.151), 


The  scheme  proposed  for  taking  into  account  the  influence  of  the 
free  surface  of  the  liquid  in  the  acoustic  approximation,  while  simple 
and  clear,  has  nevertheless  a  limited  region  of  practical  application. 
If  the  pressure  fields  are  considered  near  the  free  surface,  it  be¬ 
comes  necessary  to  take  into  account  the  nonlinearity  of  the  reflec¬ 
tion  process.  Then  the  pressure  on  the  front  of  the  wave  turns  out  to 
be  smaller  than  in  an  unbounded  liquid,  and  the  time  of  action  of  the 
positive  pressure  phase  is  smaller  than  calculated  in  the  acoustic  ap¬ 
proximation.  The  shape  of  the  pressure  vs.  time  curve  also  changes. 

These  facts  can  be  explained  as  follows: 

1.  Part  of  the  explosion  energy  goes  over  into  the  air  if  the 
depth  of  the  charge  is  low.  In  the  region  of  the  front  of  an  under¬ 
water  shock  wave,  the  energy  becomes  redistributed  and  this  results  in 
a  reduction  of  the  pressure.  Such  a  process  exerts  an  appreciable  in¬ 
fluence  on  the  pressure  field  if  the  depth  of  the  charge  does  not  ex¬ 
ceed  one  radius. 

2.  Vfnen  a  shock  wave  strikes  a  free  surface,  a  rarefaction  wave 
is  produced.  According  to  Zemplen's  theorem,  the  rarefaction  xvave  can¬ 
not  have  a  discontinuous  front.  It  is  an  aggregate  of  characteristics 
(elementary  pres sure -reduction  waves),  propagating  with  the  local  ve¬ 
locity  of  sound. 

Since  the  local  velocity  of  sound  behind  the  front  of  the  shock 
v;ave,  added  to  the  velocity  of  motion  of  the  liquid  behind  it,  is  al- 
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ways  larger  than  the  velocity  or  front  displacement,  some  of  the  char¬ 
acteristics  catch  up  with  the  shock  v;ave  and  attenuate  it.  To  the -con¬ 
trary,  one  group  of  characteristics  with  appreciable  negative  ampli¬ 
tude  has  a  velocity  close  to  the  velocity  of  sound  in  the  unperturbed 
medium,  and  consequently  reaches  the  point  of  observation  later  than 
the  shock  wave  arrival  at  the  same  point  (N  >  a^) .  Thus,  on  the  one 
hand,  the  rarefaction  wave  decreases  the  pressure  on  the  front  of  the 
direct  shock  wave  and  distorts  the  pressure-time  pattern,  and  on  the 
other  hand  the  time  of  action  of  the  positive  phase  of  the  pressure 
becomes  longer. 

It  is  important  to  ascertain  the  range  in  which  the  Influence  of 
the  described  nonlinear  effects  becomes  manifest,  and  to  provide  a 
quantitative  estimate  for  it. 

V/e  begin  the  exposition  of  the  nonlinear  theory  of  shock-wave  re¬ 
flection  with  a  determination  of  the  limits  of  possible  application  of 
the  acoustic-approximation  formulas. 

Examp le  1 .  Construct  the  pattern  of  the  pressures  at  a  point  lo¬ 
cated  at  a  distance  L  =  100  m  from  the  center  of  explosion  of  a  TNT 
charge  weighing  300  kg.  The  depth  of  the  charge  is  assumed  to  be  H  = 

=  10  m,  and  the  depth  of  the  measurement  point  is  h  =  2.0  m. 

Also  calculate  the  value  of  the  impulse  of  the  pressures  in  the 
specified  point. 

Solution.  The  radius  of  the  equivalent  spherical  charge  is 


3  _  3 

Ro3  =  0,053  ya  =  0,053  j/100  =  0,355  m . 


The  relative  distances  are 


/  ~  --  OftO-  //—  _^0  OQO,  T  2,0  ,,  „  ^ 

0,355  0.355  “  ~  'o^  ~ 

The  pressure  on  the  front  of  the  shock  wave  is  determined  from 
the  formula 
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The  exponential  damping  constant  is  in  accordance  with  Formula 


(2.156) 


0 


1,4-^  =  1,4  54^-.3,877  =  0,00132 

Oo  1460 


sec . 


The  time  interval  between  the  arrivals  of  the  direct  and  reflected 
waves  at  the  point  is 

iVU+jH+W—  yj.^  +  (H  —  hy)  =  2pJL  = 

”0  i-ClQ 

~  10-1460  ~  sec. 

The  resultant  pressure  is  determined  from  Formula  (3-3'4) 

_L  y  n  .  ^  ^  ft  ^*\ 


P  =  Pm«~  ‘‘S‘~ —p„e~  ^ 


orj  measuring  the  time  from  the  Instant  of  arrival  of  the  direct  wave 
at  the  point;,  we  obtain 


■•r'  --5- 

p  =  p„e  <!o(t)~Pme  ‘  — <.k); 


;;  =  25,2.2,72  ‘'•®'-’*=*^'<Jo(0  -  25,2.2.72'  ‘  '  -  0,000273). 

The  pres  sure -time  pattern  is  shown  in  Fig.  5'^*  The  time  is 
reckoned  from  the  Instant  of  arrival  of  the  direct  shock  wavs  at  the 
point. 


-  000273) 


Fig-  5^'--  tra tliog  Fxamplo  1.  Pr^cs- 

sv.::’-  patterns  withoait  alloviance  (cashed) 
and  wJ.th  .allowance  ( solid  line )  for 
the  Influence  of  the  free  surface. 

The  value  of  the  pressure  impulse  is  determined  from  Formula  (3-3- 
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Fig.  55.  Illustrating  Example  2.  Pres¬ 
sure  patterns  v/ithout  allov/ance  (dashed) 
and  v;ith  allov/ance  (solid  line)  for 
the  influence  of  the  free  surface. 


=  — e"”  W  =  25,2.0.00132\1  — e  j  =  0, 00622  kg-se c/cm‘^  . 


Example  2,  Solve  the  same  problem  assuming  the  depth  of  the  charge 
to  he  H  =  3 

Solution.  The  only  difference  is  that  the  time  interval  between 
the  arrivals  of  the  direct  and  reflected  waves  at  the  specified  point 
is  different  and  amounts  to  in  this  case 

~  (yJF+JFTThY  -  VI'^  +  iH  —  hy)  - )  v--  = 


__2.i2_ 

1  Obi  460 


=  0,82-10-<  sec . 


The  pattern-time  pressure  assumes  the  form  shown  in  Fig.  55' 
The  pressure  impulse  turns  out  to  be  equal  to 


1— c  ‘  /  =  25,2-o.ooi32\i  — c  /.-TTr 0,00200  kg- se c/cm^ . 


LIMITS  OF  POSSIBLE  APPLICATION  OP  THE  ACOUSTIC  APPROXIMATION  FOR¬ 
MULAS.  ACCOUNT  OF  THE  INFLUENCE  OP  THE  FREE  SURFACE  IN  THE  NON¬ 
LINEAR  FORMULATION  OF  THE  PROBLEM 

A  study  of  these  effects  has  attracted  the  interest  of  many  re¬ 
searchers.  The  main  results  in  this  field  belong  to  A. A.  Grlbj  A.G. 
Ryabinj  S.A.  Khristianovich,  B.V.  Zamyshlyayev,  and  Ya.F.  Sharov^  who 
have  develope,ii-a_nQnainaai!_theory_  of  interaction  between  an  underwater 
shock  wave  and  the  free  surface  of  a  liquid^  and  who  have  proposed  ap- 
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proximate  formulas  for  the  estimate  of  the  shock-wave  parameters. 

We  shall  adhere  below  essentially  to  the  exposition  of  Grib/ 
Khristianovich;,  and  Ryabinin.* 

¥e  consider  first  the  simplest  case  of  a  plane  shock  wave  of  imit 
amplitude  normally  incident  on  the  free  surface. 

The  elementary  pressure -reduction  waves  resulting  from  the  reflec 
tion  vrill  propagate  in  this  case  in  a  medium  with  constant  parameters 

( )  • 

As  is  well  known^  such  a  motion  is  described  by  the  Rlemann  singu 
lar  solution  (see  §7,  Chapter  l).  Using  the  coordinate  system  of  Fig. 
56  for  the  "inverse  wave  of  one  direction^"  we  have 

z/ + n  ==  const.  (3-41) 


It  is  easy  to  determine  the  constant  in  hy  recognizing 

that  on  the  forward  boundary  of  the  rarefaction  wave  ( zero -amplitude 
characteristic)  we  have 

Consequently, 

= '^0 + 'ttut 


hence 


we  have 


'^  =  '^0+  „_1  (««.  «)• 

(3.^2) 

Ized  conditions  of  dynamic 

comp-tibil 

(1.205) 

(1.206) 

(1.207) 

and,  as  can  be  readily  verified,  an  expression  of  the  type  (1.206)  is 
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valla  not  only  foi"  the  wavefront,  hut  also  for  an  arbitrary  region  be¬ 
hind  the  front. 

Indeed,  on  the  basis  of  the  equation  of  state  of  water 


Pig.  56.  Reflection  of 
a  shock  wave  from  a 
free  surface  in  the 
acoustic  approximation 
and  in  accordance  with 
the  Riemann  solution. 

1)  Characteristic  of 
zero  amplitude j  II) 
characteristic  of  max- 
imiom  amplitude}  III) 
acoustic  approximation. 
1)  Time  for  the  pres¬ 
sure  to  drop  from  p^ 

to  0. 


P  +  B  __  Pc  +  B  _  B 
f 


t'O 

hn 

(  p 

Po  ' 

1  Po 

7 

.n  * 


or,  since 


we  have 


1+JL 

Po  —  ^  ^  na 


(1.206a) 

Substituting  (1.206),  (l,206a),  and 
(1.207)  in  (3- '4-2),  we  obtain 

-P^-P  (3.43) 


Po 

-o  nB 


Pip—P 

iiB 


r.B 


On  the  free  surface  of  the  liquid  we 
can  assume  the  press-ure  equal  to  zero.  Then 


V  = 


»  nB  ■ 


In  other  words,  in  exactly  the  same  v/ay  as  in  acoustics,  the  ve¬ 
locity  of  the  liquid  particles  on  the  free  surface  is  twice  the  veloc¬ 


ity  of  the  particles  behind  the  wavefront  in  an  unbounded  liquid.  The 
direction  of  motion  of  the  particles  in  the  rarefaction  wave  is  op¬ 
posed  to  the  direction  of  wave  travel.  Because  of  this,  we  obtain  for. 
tho  velocity  of  pi'opagation  of  an  arbitrary  xvave  characteristic 

XT 


or,  according  to  (1.206a)  and  (3*43) 


:=a. 


“^p^—p 
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=  «o(l+  2na 


(3.44) 


The  pressure  2  is  made  up  of  the  pressure  p^  in  the  direct  com¬ 
pression  wave  and  the  pressure  p^  ^  in  the  elementary  rarefaction  wave 

P  =  Pf  -  P^.p. 

With  thiSj,  the  pressure  in  the  aggregate  of  the  characteristics 
forming  the  rarefaction  wave  varies  continuously  from  zero  (zero- 
amplitude  characteristic^  P^  =  0^  P  =  Pp)  to  P^_p  ""  Pf  (P  ^ 

accordance  with  (3-44),  the  zero-amplitude  characteristic  moves  with 
velocity 

\p^_  ( 1  +  2nB  7ili  P^  ~ 

=  <^0  ( 1  +  tEtZT  ^'1’)  ■ 

For  the  maximum-amplitude  characteristic  we  have 

k.  p=-/’$  =  “■  ^  “  FF  • 

We  ’note  also  that  according  to  (3*44)  the  velocity  of  displace¬ 
ment  of  the  characteristics  of  the  rarefaction  wave  depends  linearly 
on  their  amplitude. 

If  we  assume  as  the  time  origin  the  instant  of  arrival  of  the 
front  of  the  direct  wave  at  the  point  z  =  -h,  then  the  pattern  of 
propagation  of  wave  disturbances  in  the  liquid  can  be  represented  in 
the  following  fashion  (see  Fig.  56). 

After  a  time  interval ^  equal  to 


^^0 


1 


1  + 


1  n 
ABn  /"I’ 


ABn  P^l 


the  direct  shock  wave  reaches  the  free  surface. 

The  rarefaction  wave  comprises  a  pencil  of  rays  emerging  from  the 
point  A(t  =  h/N^^  z  =  O)^  with  different  velocities. 

The  zero -amplitude  characteristic  arrives  at  the  point  z  =  — n  ci .. 
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the  instant  of  time 


t='t 


-i  / 1  _  *  »  \ 

«o  I  ■\Bn 


+ 


K.p=“ 

^  _ ^  / , _  1  -I-  n 


'luli  .7, 


,  3n  —  5 

^ - Si— 


while  the  maximum-amp li fade  characteristic  (p 


V.  r 


(3.45) 

— Pf.)  arrives  at  a 


time 


+ 


.  A’  I 

^lap  !P|,_  p=-Pjjj 

A  1  _ 

«o  ,  2  — 


'Jo  V 


‘Il/Vz  V/  ' 


2/;  / ,  ,  7-/2 

l-TTZte-/'-. 


(3.46) 


In  the  acoustic  approximation  the  compression  and  rarefaction 
waves  propagate  with  identical  velocities.  The  time  intervals  between 
the  arrivals  of  the  direct  and  reflected  v/aves  at  the  point  z  =  — h  is 

and  coincides  practically  with  the  time  calculated  by  Formula  (3.46).* 

Unlike  this  flow,  the  Rlemann  flow 
is  characterized  by  gradual  change  in 
the  pressure  during  a  time  interval  (Pig. 
57) 


Fig.  57.  Character  of 
time  variation  of  pres¬ 
sure  in  the  acoustic  ap¬ 
proximation  and  in  ac¬ 
cordance  with  the  Rlemann 
solution. 


M  =  ~p.  r — mi  +  3"  — 5  ■) _  2A  «  +  1 

Cq  L  3Bn  ^  TbJT^'^' 

The  ratio 


AL  —  "  +  1 

fan  ‘iBfl  ^‘1’ 


amounts  to  less  than  1^  for  pressures 
p^  =  100  atm. 

ii  i^ii^’W's  from  the  foregoing  that  when  a  shock  wave  is  normally 
incident  on  a  free  surface,  the  exact  and  acoustic  solutions  are  close 
to  each  other. 
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The  situation  is  somewhat  different 


in  the  case  of  Incidence  of  a  shock  wave 
on  a  free  surface  at  an  arbitrary  angle. 

It  is  necessary  to  distinguish  here  be¬ 
tween  the  regular  and  irregular  reflec¬ 
tions. 

Let  us  consider  consider  first  regu¬ 
lar  reflection  (Fig.  58)- 

The  rarefaction  wave  moves  in  the  re¬ 
gion  of  a  liquid  perturbed  by  the  passage 
of  the  direct  wave.  Its  displacement  veloc¬ 
ity  is  made  up  of  the  local  velocity  of  sound  a,  the  projection  of  the 
velocity  of  particle  motion  behind  the  front  of  the  direct  wave  on  the 
direction  of  displacement  of  the  characteristics 

't'«C0S(Pnp-{-15,,p) 

and  the  velocity  increment  due  to  the  motion  of  the  characteristic  it¬ 
self 


Fig.  58.  Diagram  show¬ 
ing  reflection  of  shock 
wave  from  the  free  sur¬ 
face  of  a  liquid.  l) 
Maximum-amplitude  char¬ 
acteristic;  II)  zero- 
amplitude  characteris¬ 
tic.  1)  Rarefaction 
wave . 


=  — 


p<p  —  r 
nli  • 


Thus 


•^xap  ^“1"  *•*  t^XBp) 


Pi>—P 
>  riB 


OT ,  recognizing  that  and  close  to  each  other^  and  dls- 

ijCxiSj-* 

carali^g  jcrms  of  second  order  of  smallness^ 

^  COS  23„p  —  (7g  — jjjj —  . 


Substituting  into  this  expression  the  values  of  the  velocity  of 
sound  and  the  particle  velocity^  in  accordance  with  (1.206a)  and 
( 1 . 207 ) j  we  have 


1  j. : 


IBii  P  J 


7o5i|cos23„p 


--  a. 


P 


nli 
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(3.47) 


"T  I  .  /  j  rO  \  > 


On  the  free  surface ^  the  direct  wave  and  the  characteristics  of 
the  rarefaction  wave  have  a  common  point  A  (Pig.  58).  Consequently^ 


A'. 


•Vd, 


’  I'/ip 


(3.48) 


In  accordance  with  (3-47)  and  (3*48) 


A',; 


^03  ?x«p  —  COS  pfip  ^  —  COS.'^n 


"4 '  '''  P  —  —  cos  2,'5,;,p  :  j 


^0 


=  cos  3„p  [i  4-  P  —  (t:^  —  cos  2? 


"py 


(3.49) 


This  formula  was  first  obtained  in  the  work  of  Grib^  Ryabinin^ 
and  Khristianovich. 

At  small  angles  of  incidence 

cos  ,3„p  ■-«  1  —  4-  ^np- 

cos2?„p=-l-2Sf,^_ 


and  the  last  equation  assumes  the  form 


cos  =  ( 1  — ;r  §-p) - ^ 


,  ,  '■  +  1 
’ 


or^  discarding  small  terms  of  third  order ^ 


cos  p 


,  ,  4-  1 

'  +  T«-p-  P 


~  1  4.  i±J  „  4.  _L  32  ■ 

'  ‘UiB  +  2 


(3.50) 


If  the  pressures  are  not  too  high,  then  in  first  approximation 

cos  1  —  4-  ?r,p, 


hence 


rxap  —  l-'np* 

Because  of  this,  the  time  of  action  of  the  shock  wave  in  the  case 
of  regular  reflection  differs  insignificantly  from  the  time  of  the 
acoustic  approximation. 

The  pattern  pressure  at  an  arbitrary  point  of  the  liquid  can  be 
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constructed  by  starting  from  the  following  considerations.  Assume  that 
we  are  considering^  as  before,  some  point  located  at  a  depth  h  away 
from  the  free  surface.  At  the  instant  when  the  front  of  the  direct 
wave  arrives  at  this  point  (t  =  O)  the  pressure  jimips  abruptly  to  a 
value  p^  and  remains  constant  until  the  zero-amplitude  characteristic 
arrives.  From  simple  geometric  constructions  (see  Fig.  58)  it  follows 
that  this  time  interval  is 

4  —  (^g  Pnp  +  Ig  ?xnp  \p^_  p=o)> 

the  time  of  arrival  of  a  characteristic  of  arbitrary  amplitude  at  the 
point  under  consideration  is 

^  =  --.v^  P"P  +  ?x.p), 


or 


1  0  A  I  Pxep\ 


(3.51) 

On  the  basis  of  (3-49),  neglecting  small  quantities  of  second  or¬ 
der,  we  can  easily  reduce  the  ratio  tan  form 


pr 


(E.s 


up 


t[( 


'rt  5 


tgPnp  '  ■  sin^^npLV^  nU  -Uiii  i' 


2|5np) 


Pff  n  -f  1 


P\^ 


Substituting  this  result  togetherwith  the  expression  for  N  in 
Formula  (3-51)^  "we  obtain  ultimately 

2*  ^  I  .  'n  4- 1 


i‘==iicin,'5  'i  —  lfJn  j  _ 

'^0  .  ‘  "M  ^  AnB  HTr-i^p  ^  - 


—  cos  23n 


”*  n  -*-  ! 


'"Pj  2r,B~Tnr^jl- 


(3.52) 


tic  (p^  ^  r=  0,  p  =  p^)  at  the  point  will  be 


Therefore  the  time  of  arrival  of  the  zero -amplitude 

f  ■ 

/ 1  __  I 1 

cos  2, '5 


:’aci:eris- 


M  /•. 


n  — 3 


‘''"P;j  ;ibI- 

For  the  maximum-amplitude  characteristic  we  obtain 
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2A 


,  =  7^s!niv\ 


_ 1 _ 

■  2  '.Mil- 


/I  +  o 

~j“  ■ 


—  cos 


/’.1>  I 
'nlii  ■ 


These  lav;s  enable  uis  to 
lated  deductS^on  that  is  poss 


make  more  precise  the  previously  forrau- 
rblc  to  Gstimate  the  tirae  of  action  of  a 


shock  wave  in  the  regular -re flection  region  with  the  aid  of  the  acous¬ 
tic  eauations.  Indeed,  for  example,  let  the  conditions  of  the  problem 
be  SI?  that  an  error  of  about  10^  is  permissible  m  the  de  i^ermination 
of  the  time  of  action  of  the  wave,  i.e., 

'-^—<0,1. 

*1 


After  substituting  the  corresponding  values  of  t^  and  Iq,  we  ob 


tain 


"_±J  <  0,1 

■inli  sin'-*?,,;,  '' 


and 

p„p>arcsin  '/ 

The  considerations  presented  above  are  valid  not  for  the  entire 
possible  range  of  variation  of  the  angles  of  incidence  of  the  direct 
wave.  Starting  with  an  angle  which  we  shall  henceforth  call  critical 
(p*),*  the  rarefaction  wave  will  catch  up  with  rhe  front  of  the  direct 
wave,  distort  its  form,  and  change  the  amplitude.  Irregular  reflection 

sets  in. 

Let  us  find  the  value  of  the  critical  angle  p*.  To  this  end,  we 
compare  the  velocity  of  displacement  of  the  front  of  pressure- 
reduction  wave  ( zero -amplitude  characteristic)  in  the  direction  of  the 
free  surface  with  the  velocity  of  the  front  of  the  direct  wave. 

The  zero -amplitude  characteristic  moves  in  the  direction  of  the 
free  surface  with  velocity 
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The  velocity  of  displacement  of  the  direct  v/ave  front  in  the  same 


direction  is 


•Vd, 


"iji  - 

The  value  of  the  critical  angle  is  determined  hy  the  equation 


a  +  v^  cos  = 


Assuming  p*  to  he  small,  and  consequently  putting  cos  p*  =  1  — 

—  p*^/2,  and  using  Relations  (1.205),  (1.206a),  and  (1.207),  we  obtain 


Alternately,  discarding  small  quantities  of  order  higher  than  the 
second, 

.  I  n  +  \  _ ,  1  3)j* 

^  'iBn  A*  —  1  .  nun  +  2  ' 


hence 

(3.53) 

If  the  angle  of  incidence  is  Pp^  >  p*,  the  pres sure -re duct ion 
waves  do  not  catch  up  with  the  front  of  the  shock  wave.  Regular  reflec¬ 
tion  occurs,  similar  to  that  considered  above. 

When  Pp^  <  p*  the  reflection  becomes  irregular.  Then  the  common 
point  of  the  rarefaction-wave  and  shock-wave  fronts  moves  downward 
from  the  free  surface.  The  section  of  the  shock-wave  front  adjacent  to 
the  f:,  0  suT'face  becomes  curved.  The  pressures  on  this  section  become 
smaller  than  in  an  unbounded  liquid.  The  boundary  of  the  irregular - 
reflection  region  is  shown  in  Pig.  59^  and  a  diagram  for  such  a  reflec¬ 
tion  is  shovm  in  Fig.  6o. 

Let  us  find  the  point  of  intersection  3  of  the  front  of  the  shock 
wave  and  the  front  of  the  pressure -reduction  wave.  Below  this  point, 
the  front  of  the  shock  wave  does  not  bend,  and  the  pressure  on  it  is 
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Fig*  59*  Regions  of  regular  (l) 
and  irregular  (II)  reflection. 


Pig.  60.  Diagram  showing  the 
bending  of  the  shock-v/ave 
front  by  the  rarefaction-wave 
characteristics. 

the  same  as  in  an  unbounded  liquid.  Vfe  assimne  a  coordinate  system  such 
as  shewn  in  Pig.  cC.  Che  equation  of  she  frons  of  she  pressure- 
reduction  wave^  asssiming  approximately  that  the  velocity  behind  the 
front  of  the  shock  wave  is  directed  parallel  to  the  free  surface,  will 
be* 

{x  —  v^ty  -{-  z-  =  a-t-, 

or,  according  to  (1.206)  and  (1.207), 

=  +  (3*54) 

We  put 

x  =  z^njz,  (3*55) 

and  then  Eq.  (3*5^)  assumes  the  form 


-  198  - 


Near  the  free  siirface  the  coordinate  x  is  close  to  and  con¬ 
sequently  X  is  small.  Discarding  quantities  of  second  order  of  small- 
nessj  we  obtain  from  the  last  equation 

^0*’.  (3.56)' 


y  ,  Z-  n  +  \  Pif> 

^  —  ~2~  TJTl  — 


The  equation  of  the  front  of  the  direct  wave^  assuming  that 


^pr  “  Ppr^ 


+  Pnp^  = 


A'rt. 


or 


X  -f-  i^nn^  —  ^^0^ 


1 4- '}.  ± }.  4.  liip 

^  ^  .1  Bn  ^  2 


Changing  over  to  the  variables  X  and  Z  and  recognizing  that 
(n  +  l)pV4Bn  =  p*^/2,  we  obtain 


(3.57) 


The  coordinates  of  the  point  B  where  the  front  of  the  shock  wave 
intersects  the  front  of  the  pres sure -re duct ion  wave  is  determined  from 
a  simultaneous  solution  of  Eqs.  (3-56)  and  (3*57). 

After  elementary  calculations  we  obtain* 


z^  =  -(r-?„p), 


+  0np  C?”'  —  0np)- 


The  point  B  moves  along  a  straight  line  passing  through  the  point 
0  and  inclined  at  a  small  angle  p*  —  8^^  to  the  free  surface. 

We  determine  in  the  same  way  the  position  of  the  front  of  the 
pressure -reduction  wave  with  amplitude  equal  to  £.  The  velocity  of  mo¬ 
tion  of  such  a  front  will  differ  from  the  velocity  of  sound  by  an 
am.ount  — aQ(p^  —  p)/nB.  Consequently, 

(■^  ~  ^0^  =  <7=^^  |_l  H-  , 
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or 


+  Z- 


n  +  1  - 

‘2;iB  ^  riBl  ' 


Making  a  change  of  variables  and  retaining  only  first-order  quan- 
titiesj  we  obtain 

^  +  (3.56a) 

Let  us  find  the  equation  of  the  curved  v;avefront.  Assume  that  it 
is  characterized  by  the  relation 

X  =  X(Z) . 

Previously  we  had 

X  =  [1  -j~  X], 

or 

x  =  vii  -\-X(Z)]. 


The  velocity  of  the  points  of  the  front  parallel  to  the  free  sur¬ 
face  will  be 

On  the  other  hand,  this  velocity  is  equal  to 

L  =  a  ri  +  L+iX  +  ill 


N 

COS  c 


Comparing  the  expressions  obtained  and  taking  into  consideration 
the  fact  that  =  — dX/dZ,  we  obtain 

^  ^dZ  i  Bn  ^  2  [dZj  •  (3.50) 

Eliminating  the  pressure  from  (3.56a)  and  (3.58)  we  obtain  the 
differential  equation  of  the  wavefront 

(S/+2^S+f-^  =  0- 

This  equation  can  be  integrated  in  closed  form.*  We  have 


r  ^2Z~+  Z-  ‘ 


\dZj 


-■x  + 


iL 
2  ' 
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or 


g+z-|/^  + 


E. 

•i  • 


2 

Putting  X  =  Z  Vj  we  arrive  at  an  equation  with  separable  variables 

dZ  dv 

z  -  ■'  I  • 

j/  „  +  -h  -  1  -  2t/ 

Its  integral^  retiorning  to  the  variables  X  and  will  be 


or 


X  =  C-^CZ  —  ^- . 

■4 

The  constant  C  can  be  determined  from  the  condition  that  the  in¬ 
tegral  curve  must  pass  through  the  point  B: 

^5  =  -(?■* -Pop). 

After  simple  calculations  we  obtain 

^  P*  +  Prp 
^  ~  2  • 


Consequently;, 


or 


y  + 


rnp 


P*  +  3 


np 


EL 

•1  ’ 


■ 

2 


P*  +  ?n 


But;,  according  to  (So^a)^ 

^  ,  7?  n  +  1  p 
^  +  T  =  ~r-p7,- 


Thus 


By  definition 


P”  +  ?np  Z  ■  f!  +  1  p 

2  2  J  ~  2  Jb'fi  • 


(3-59) 
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C.»‘  tl-T  \  Pt>  ,  . 

^  ^^-r-TTn-  (3.53) 

Comparing  (3-59)  and  (3-53)  we  arrive  at  the  eq^uation 

(3.60) 


p 


1  +  -pr  —  -.V  I 

r  r  J 


At  the  point  B  we  have  =  — (p*  —  and  the  pressure  turns 

out  to  be  the  same  as  in  an  unbounded  liquid,  p  =  p  , 

On  the  free  surface  (Z  =  0)  we  have 


_p_  ^  Pi 

z=Q 


1  + 


(3.61) 


Relation  (3-60)  can  be  reduced  after  simple  transformations  to 
the  form 


>=.p'  1 4-  ^ 


(3.62) 


p'  +  ?..p 

Inasmuch  as  2/Zg  =  h/h^,  it  follows  from  (3-62)  that  the  pressure 
on  the  curved  portion  of  the  front  changes  from  a  value  p'  =  p^/‘4(l  + 
+  6pp/6*)  to  p  =  pp  parabo'lically. 

Let  us  find  now  the  time  of  action  of  the  shock  wave. 

To  this  end  we  consider  the  propagation  of  wavefronts  with  pres¬ 
sure  p  <  p ' ,  produced  near  the  points  of  the  free  surface  of  the  liq¬ 
uid,  such  waves  move  along  the  free  surface  more  slowly  than  the  point 
A;  their  envelope  AE  is  shown  in  Pig.  60. 

The  angle  between  the  line  AE  and  the  perpendicular  to  the 

free  surface  is  determined  by  the  equation 


cos  Pi : 


a  +  u 
a'  -T  u'  ’ 


or,  according  to  (1.206a)  and  (1.207) 


cosPiC:^! - 2.'^ 


hence 


f*“/=sr  (?'-/>) 
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The  point  E  on  the  end  of  the  line  segment  AE  Is  located  on  the 
front  of  a  wave  with  pressure  p,  pertaining  to  the  pressure -reduction 
wave  originating  at  the  point  0. 

Its  coordinates  will  he 

and  according  to  (3- 56a) 

72 

V  _  I  ri  +  1  p 

- T  +  — TEr 

The  geometric  locus  of  the  points  E  corresponding  to  different 
pressures  p  is  the  parabola 

(3.63) 

This  parabola  terminates  at  the  point  D,  which  corresponds  to  the 
boundary  of  the  wave  with  pressure  p  =:  0. 

The  coordinates  of  the  point  D  are  determined  by  the  equations 

- VT-' 

^  (9*  + 

Ad - 5 - . 

From  the  point  A  there  emerge  at  different  slopes  the  rarefaction- 
wave  characteristics.  Their  equation  is 

X-Z,^\{r  +  Ky-  (3.64) 

In  particular^  there  passes  through  the  point  D  a  characteristic 

+  (3-65) 

on  which  the  pressure  is  equal  to  zero. 

The  relations  established  enable  us  to  determine  the  time  of  ac¬ 
tion  of  the  shock  wave.  Assujne  that  the  measurement  point  is  located 
at  a  depth  h  from  the  free  surface.  The  maximum  pressure  at  this  point 
occuJTs  on  the  surface  of  the  vrave  and  in  accordance  vxith  (3.62)  its 
value  is  (Fig.  60) 
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r  _ H  7  13 

Pl—p'\'^  +  T.  ,  T''' 


at 


?*  +  ?up  ? 

••^  J 


+  ?li- 


Z’ 

•1 


The  point  M  lies  on  the  parabola  (3.63), 
Consequently^ 

(?*  +  ?upP 


■Z-. 


The  value  of  the  pressure  at  this  point  is  calculated  with  the  aid 
of  Relation  (3.56a) 


V  _i  /i  -f*  1  p 

+  —  =  —  -ITT - 

(?’  +  ^  ^  (j*’  _£u 


„  _  „  1  /  (?*  +  ?npP 

P>^-P*-^rx - 5 - 


-?}• 


Finally^  the  pressure  becomes  equal  to  zero  on  the  line  AD. 
According  to  (3.65) 

=  X  (?*  +  ?np)-  5-  ^  ~y^  . 

If  the  depth  of  the  measurement  point  h  is  such  that  |z|  <  |z 
and  |z|  <  1  Zp I  the  time  of  action  of  the  wave  will  obviously  be 


'B' 


"o/  {X^-X 

Oq  (Jq 

— 4| 

^0  L 

where  R  =  S-qI. 

The  maximum  value  of  h/R  does  not  exceed  p*  -  p  (see  Pig.  60). 

PP 

Consequently,  discarding  the  term  h/4R,  we  can  approximately  put 

x=l,2-^(P*  +  M.  (3.66) 

At  large  depths  of  the  measurement  point,  the  time  of  action  of 
the  wave  differs  little  from  the  value  obtained  in  the  acoustic  approx- 
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imation. 


All  the  considerations  advanced  above  are  valid  only  for  the  case 
of  propagation  of  a  plane  wave. 

The  situation  becomes  much  more  complicated  in  the  case  of  an  ex¬ 
plosion  of  a  spherical  charge  near  the  free  surface.  Here  the  pressure 
•on  the  wavefront  does  not  remain  constant and  the  angle  of  encounter 
between  the  wave  and  the  surface  also  changes.  The  formulas  obtained 
can  then  serve  only  for  qualitative  estimates.  Nonetheless^  their  use 
yields  a  result  that  is  closer  to  reality  than  the  acoustic  formulas. 

In  view  of  thlSj  let  us  make  a  few  remarks  concerning  the  esti¬ 
mate  of  the  influence  of  the  free  surface  in  the  case  of  the  explosion 
of  a  spherical  charge. 

The  pressure  on  the  front  of  the  wave  in  an  unbounded  liquid  is 
estimated  in  this  case  by  the  formula 


14  700 

^  -I.U  • 


(2.151) 


At  a  large  distance  from  the  center  of  the  explosion  we  have 


where  H  is  the  depth  of  the  charge. 

The  critical  angle  of  encounter  between  the  shock  wave  and  the 
free  surface  is^,  in  accordance  with  (3-53) 


14  700  _  .  1 

-i.u  "  1,00  -Q  j 


(3.67) 


since 

=  i.esr'’’'*'’.  (3.68) 

At  relative  depths  of  the  charge  H  >  the  reflection  is  regu¬ 

lar.  The  pressure  on  the  front  of  the  shock  vj'ave  is  the  same  as  in  an 
unbounded  liquid. 


VIhen  H  <  H*  it  is  necessary  to  take  into  account  the  nonlinear 
effects  due  to  the  influence  of  the  free  surface  of  the  liquid  on  the 
pressure  fields  in  an  underwater  explosion.  As  a  result  of  the  propaga 
tion  of  the  rarefaction  wave,  tensile  stresses  and  cavitation  zones 
can  then  arise  in  the  liquid,  as  will  be  discussed  in  greater  detail 
in  the  next  section. 

— ^  pressure-time  pattern  at  a  specified  point  with 
allowance  for  the  nonlinear  influence  of  the  free  surfaces,  taking  as 

ohe  initial  data  those  of  the  first  and  second  problems  of  the  preced¬ 
ing  section: 

a)  G  =  300  kg,  L  =  100  m, 

h  =  2.0  m,  H  =  10  m; 

h)  G  =  300  kg,  L  =  100  m, 

h  =  2.0  m,  H  =  3  m. 

Compare  these  results. 

Solution:  a)  First  we  consider  the  first  case.  The  angle  of  en¬ 
counter  between  the  direct  wave  and  the  free  surface  is 

r -■  Too' =  °''- 

The  critical  angle  is  determined  from  the  formula  (3.53): 

where 


Thus 


p<tt 


M  700 


j-moo 

.rsotii 


kg/cm^. 


Since  the  reflection  is  regular. 

Up  to  the  instant  of  arrival  of  the  zero -amplitude  characteristic 
at  the  point,  the  pressure  pattern  remains  the  same  as  in  an  xinbounded 
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'liquid. 


According  to  (3-52);,  the  time  when  a  rarefaction  wave  of  given 
amplitude  arrives  at  the  point  is 

.  2/i  ,  ,  f,  n  +  1 


,  1  r / /[  +  r>  ’i  /’ll'  /; -I- 1  ’ll 

sln^3„■L(  -1  '  '"‘''’"'’''2////  -l///r'’''’jf' 

The  time  of  arrival  of  the  2ero -amplitude  characteristic  (p^ 

=  0;  P  =  p^)  at  the  point  will  be 

/  2/1  ,  ,  r  n  +  1  1  /  ;i  — ;!  VI  1 

<0-  —  -1-  (— r-  +  -,;V  |  ■ 

or  after  substituting  the  corresponding  values 

Pm  =  25,2  KzjcM--.  sin  3„p  =  O.OO'JS;  cos  ^„p  =  0,993;  cos  2?np  =  6,986. 


'o  =  0,009S 


1  /7,15  — 3 

'  2(0,0y9S)H  4 

=  24Mo-'5  sec. 


At  the  Instant  t^  the  pressure  in  the  direct  wave  will  be 

o.ooe'2n 

p  \t=^  =  rm~  =  25,2. c"  =  21,0  kg/ cm^ . 


The  rarefaction  wave  with  amplitude  p 


t  =  t. 


(p  =  —21.0  I'Cg/cm'^;  p  =  25.2  —  21.0  =  4.2  kg/cm"^), 

V  •  X 

will  arrive  at  the  specified  point  at  the  Instant  of  time 


l  =  .^40  0,0998  1 1  —  -  I' p/nV  25,2  + 

HbO  1  4-/,l0'o04c> 

1  r/7,I5-f5  25,2  8,15  „  nil  _ 

(0,09ySJ’’LV  4  2- 7,15 -3045  4-7, 15:3045  ’  Jj  “ 


=  296-io-<’  sec. 


We  can  assimie  approximately  that  at  this  instant  of  time  the  pres¬ 
sure  in  the  shock  wave  is  zero. 


Comparison  of  the  results  of  the  calculation  with  the  data  of  the 
first  example  of  the  preceding  section  is  made  in  Fig.  6l. 

It  is  easy  to  see  that  in  the  region  of  Irregular  reflection  it 
is  perfectly  permissible  to  use  the  acoustic-approximation  formulas, 
b)  Now  let  H  =  3  m. 
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Fig.  6l.  Comparison  of  the  acoustic  solu¬ 
tion  (solid  line)  and  the  solution  in 
which  the  nonlinear  effect  of  the  free 
surface  is  taken  into  account  (regular  re¬ 
flection^  dashed). 


The  angle  of  encounter  hetv/een  the  direct  wave  and  the  free  sur¬ 
face  turns  out  to  be 


The  critical  angle  is  as  before  ,6*  =  O.0686. 

Since  S  <  S*,  irregular  reflection  occurs. 

The  pressure  on  the  front  of  the  shock  v;ave  is  determined  from 
Formula  (3.62) 


p^p 


ilZllk  A? 

r”  ■■■  Pup  J  ’ 


where 


P  =P„ 


1  + 


Pup 

-fr 


_  A  ''but”  -  r  ,0^ 

-IT  '  '’d  =  ^  • 


?np)- 


Thus 


1 

2  ■ 

4 

L  P*  i 

1  + 


L  (3*  +  3np)  J 

Substituting  the  corresponding  values  of  the  quantities,  we  obtain 

p  =  25,2  [1  +  0,437f  [1  +  =  18.8  kg/cm2 

The  time  of  action  of  the  positive  phase  of  the  shock  wave  will 
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Fig.  62.  Comparison  of  the  acoustic  solu¬ 
tion  (solid  line)  with  the  solution 
in  v/hich  the  nonlinear  Influence  of  the 
free  surface  is  taken  into  account  (irreg¬ 
ular  reflection,  dashed). 


be  in  accordance  with  (3.66) 


T  ==  1,2  ■ 


+  ?np)  =  1.2 


2-0,0986 

I'iSO 


=  i62-io-<!  sec. 


The  pressure  pattern  is  closely  approximated  by  a  linear  relation¬ 
ship.  Figure  62  shows  a  comparison  of  the  results  of  the  present  cal¬ 
culations  v;ith  the  calculations  in  the  acoustic  approximation  (Example 
2  of  §3). 

An  essential  difference  is  clearly  seen  in  the  final  estiiuates. 

It  must  be  borne  in  mind,  however,  that  for  spherical  waves  the 
computation  scheme  presented  is  crudely  approximate,  since  the  rela¬ 
tions  employed  are  strictly  speaking  valid  only  for  plane  waves. 

§4.  OCCURPuENCE  AI'JD  DETELOFIENT  OF  CAVITATION  IN  THE  REFLECTION  OF  AN 
UNDERWATER  SHOCK  WAVE  FROM  A  FREE  SURFACE 


As  is  well  knov/n,  cavitation  is  a  process  wherein  the  gas  dis¬ 
solved  in  a  liquid  is  released  and  a  vapor-gas  mixture  is  produced.  An 
analysis  of  these  phenomena  is  closely  related  with  a  study  of  the 
strength  characteristics  of  a  liquid  on  occurrence  of  tensile  stresses. 

It  is  stated  in  the  papers  of  Ya.I.  Frenkel'  and  Ya.B.  Zel'dovich 
that  the  upper  limit  of  the  bulk  strength  of  water  is  a  quantity  on 
the  order  of  2000-3000  atm. Bridge  bias  shown  experimentally  that  dis- 
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tilled  v;ater  free  of  mechanical  Imparities  and  air  ‘bubbles^  can  v/lth- 
stand  a  tensile  stress  of  approximately  280  atm,  and  Its  strength  de¬ 
pends  essentially  on  the  temperatijre  (Pig.  63).  It  was  also  clarified 
that  the  presence  of  solid  particles,  bubbles  of  dissolved  gas,  and 
other  similar  inclusions  in  the  liquid  greatly  reduces  the  ability  of 
the  liquid  to  withstand  tensile  forces.  One  can  assume,  finally,  that 
the  very  process  of  loading  the  liquid  is  of  no  little  importance  in 
the  estimate  of  its  strength. 

However,  the  material  available  at  the  present  time  does  not  pro¬ 
vide  an  unambiguous  answer  to  the  question  concerning  the  values  of 
the  tensile  stresses  that  water  can  withstand  upon  propagation  of  a 


0  m  ZD  so  M  SI  t’c 

Pig.  63.  Cavitation 
pressure  according  to 
Bridge ' s  experimental 
data . 


rarefaction  wave. 

In  order  for  cavitation  to  set  in, 
the  tensile  forces  must  overcome  the  hy¬ 
drostatic-pressure  forces  and  cause  a 
rarefaction  equal  to  the  value  p^.  Conse¬ 
quently, 

. /^pe3  =  — (bu-l+M  (3.69) 
where  p  is  the  resultant  pressure  caus- 
ing  cavitation  of  the  liquid,  and  Pq  is 
the  hydrostatic  pressure  at  the  specified 
depth  h 

+  (3.70) 

Let  us  consider  normal  incidence  of  a 


plane  wave  of  exponential  form  on  the  free  surface: 


P=PwP  (3.71) 

We  use  the  scheme  of  mirror  reflection  of  the  source  and  sink, 
and  obtain  without  difficulties  that  the  resultant  pressure  at  the 
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Fig.  64.  Formation  of  cavltational  dis¬ 
continuities.  l)  Free  surface. 

depth  h  amounts  to 

_  -Hi-  (  _  -Hi.  N 

—  Pm+Pn.^  ^Pm\.e  1/.  (3.72) 

If  the  quantity  is  equated  to  the  pressure  causing  cavitation  in 
the  liquidj  we  obtain  a  relation  from  which  v/e  can  readily  find  the 
thickness  h^^  of  the  cavltational  layer  (Fig.  64): 

pj,e  .  (3-73) 


hence 


=  (3.74) 

The  liquid  will  move  in  the  cavltational  layer  in  the  direction 
of  the  free  surface.  The  pressure  in  it  will  have  a  value  close  to  the 
pressure  of  saturated  Vvater  vapor,  l.e.,  close  to  zero. 

For  the  tail  part  of  the  direct  wave,  the  first  cavltational 
layer  7:111  play  the  role  of  a  nev:  free  surface  of  liquid,  the  only  dif¬ 
ference  being  that  on  the  free  surface  the  pressure  is  equal  to  atmos- 

close  to  zero.  Consequently,  the  tail  part  of  the  v;ave  7:111  be  re¬ 
flected  from  the  surface  of  the  first  cavltational  layer.  A  rarefac- 
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tion  v/ave  V7ill 


arise j  the  propagation  of  v/hich  can  give  rise  to  a  new 
cavitational  discontinuity. 

The  depth  hg  of  the  surface  of  the  second  cavitational  discontinu¬ 
ity  can  obviously  be  determined  from  the  equation  (Fig.  64): 


hence 


/  _  iii.  -Eh\ 

=  —  (3.75) 
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but 
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Consequently^ 


(i  „_h£iL±iL\ 


(3.76) 


The  process  of  formation  of  cavitational  layers  will  continue  un¬ 
til  negative  stresses  in  excess  of  |p^l  will  arise  in  the  water. 

The  depth  of  the  i-th  cavitational  layer  will  in  this  case  be 


=  —  in|i  — 


i  [  H“  /*o  ' 
Pm 


(3.77) 


Its  thickness  is 


;  l\P,]-¥Po 

Pm 

1  —  J )  I  I  Po  ’ 
Pm 


(3.78) 


Perfectly  analogous  reasoning  enables  us  to  find  the  depth  and 
thickness  of  the  i-th  cavitational  layer  in  the  case  of  oblique  inci¬ 
dence  of  a  plane  wave  on  the  free  sircface.  The  only  difference  is  that 
the  initial  equation  contains  as  the  coefficient  of  the  exponent  the 
sine  of  the  angle  between  the  normal  to  the  front  of  the  wave  and  the 
surface  of  the  liquid; 


Pm 


iln} 
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(3.79) 


As  a  result 
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(3.80) 
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The  distance  from  the  1-th  cavitational  discontinuity  to  the  sur¬ 
face  of  the  water  and  the  thickness  of  the  i-th  cavitational  layer 
will  he 


_ £?-_  jn/l 
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(3.81) 
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2  sin? 

Pm 
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(3.82) 

Pm 

The  formed  cavitational  layers,  moving  with  different  velocities 
at  definite  instants  of  time,  will  collide  with  one  another.  As  a  re¬ 
sult  of  the  collision,  new  systems  of  shock  waves  will  arise,  the 
propagation  of  which  in  the  liquid  leads  to  repeated  increases  in  the 
presstire. 

Let  us  consider  this  process  using  as  an  example  the  motion  of 
the  first  cavitational  layer.  Quite  approximately,  one  can  regard  this 
layer  as  a  mass  of  liquid  moving  v/ith  a  certain  average  velocity  under 
the  influence  of  the  forces  of  gravity  and  atmospheric  oounterpressure . 
Under  this  assumption,  the  differential  equation  of  layer  motion  can  be 
written  in  the  following  form: 

( 3 . 83 ) 

where  g  is  the  acceleration  due  to  the  earth's  gravity. 

If  z  =  z^Q  and  z  =  z^q  when  t  =  t^,  then  the  solution  of  (3-83) 
will  be 

(0  =  z,,  +  z.o  {t  -  t,)  -  {t  -  (3.84) 

•  (3.85) 

The  first  cavitational  layer  extends  from  a  depth  h^  to  the  free 
surface.  Therefore  the  quantities  z^q  and  z^q  can  be  determined  from 
an  analysis  of  the  motion  of  the  points  of  the  free  surface.  It  is  00- 


-  213 


vious  that 


sin  p; 
Po'Jo  ‘ 


'zAt)dt== 
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2  sin  3 


(3.86) 

(3.87) 


where  l(t^)  is  the  impulse  of  the  pressure  of  the  direct  wave. 

The  maximum,  displacement  of  the  cavitational  layer  can  he  readily 
calculated  by  equating  its  velocity  of  motion  to  zero. 

According  to  (3.85),  we  obtain 


•  A  = 


po^t 


iUxu  4*  * 

from  which  v;e  obtain  in  accordance  with  (3- 84) 


(3.88) 
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(3.89) 


Starting  with  the  instant  of  time  t^,  the  layer  begins  to  move 
downward,  and  at  a  certain  instant  it  will  collide  with  the  main  mass 
of  liquid. 

Let  us  examine  this  process.  To  this  end,  we  first  find  the  dis¬ 
placement  of  the  liquid  at  a  depth  h^  at  the  instant  of  formation  of 
the  cavitational  discontinuity: 


5/.=  -^  •In? 
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Po^o 


Po^o 


^ fgi sin 3  A*J.±£2.  ^ e  sin p.  (3.90) 

Po^o  Pm  Po^o 

Prom  then  on  the  vertical  component  of  the  velocity  of  the  par¬ 
ticles  on  the  boundary  will  be* 
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•  sin  S 


=oC^”A)- 


(3.91) 


Thus,  the  displacement  of  the  water  particles  on  the  boundary  of 
the  cavitational  discontinuity  t\rrns  out  to  be 
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(3.92) 


/  I 

r,  (0  =  +  j  =  Zco  +  ■—  sin  ':i  l>o  + 

i, 

+  2p„ne  '  ^l-e  “ 

or,  inasmuch  as  =  (h^/aQ)  sin  and 

-i-LElUlEs. 

^  ~  r,.  ’ 
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(3-93) 


The  Instant  of  collision  between  the  upper  cavltational  layer  and 
the  main  mass  of  the  liquid  can  be  determined  from  the  equation 

^('='coy,)  “  ^  ^-('='.oyP  “  (  3 . 94  ) 

where  the  quantities  contained  in  (3*94)  are  determined  by  Eqs.  (3.84)^ 
(3.87),  (3.90),  and  (3.93). 

Upon  encounter  between  the  cavitational  layer  and  the  main  mass 
of  the  liquid,  secondary  compression  v;aves  are  produced  and  propagate 
in  opposite  directions  from  the  collision  surface.  The  amplitude  of 
these  waves  can  be  readily  determined  from  the  condition  that  the  nor¬ 
mal  velocity  components  must  be  equal: 


.  Pcov.i  .  « 

^ut  — rv^sin?  — 

H^coy»)  Po^o 


•  /^coy.n  .  r, 

Z^ft  \ - Gin 


(3.95) 


hence 


Pew  —  -2  sin"?  l'^=(-'coy;,)  ^'('coyp]  ’  (  3 . 9^  ) 

It  is  possible  to  consider  in  similar  fashion  the  process  of  col¬ 
lision  between  the  remaining  cavitational  layers. 

An  approximate  estimate  of  the  character  of  motion  of  the  cavita¬ 
tional  layers  can  be  obtained  by  applying  the  lav;s  of  moment-um  and  en¬ 
ergy  conservation.  Indeed^  estimating,  for  example,  the  initial  momcn- 


-  215 


turn  of  the  tv;o  upper  layers,  v/e  can.  state  that  it  is  equal  to  the  im¬ 
pulse  of  the  pressure  forces  in  the  direct  wave  prior  to  the  instant 
of  formation  of  the  second  cavitational  discontinuity: 

^•:o  =  /(2l).  (3.97) 

From  then  on  the  system  of  the  tv;o  layers  is  acted  upon  only  by 
the  forces  of  atmospheric  counterpressure  and  gravity,  with  the  latter 
being  negligible. 

Thus,  the  momentum  acquired  by  the  layers  will  decrease  in  the 
course  of  time  by  an  amount  equal  to  the  impulse  of  the  atmospheric 
forces  p^^^(t  -  t2): 

/ao  -  /--a  (0  =  {t—L).  (3.98) 

After  collision  between  the  first  and  second  cavitational  layers, 
their  average  velocity  of  motion  will  be 


/ (2/^) 


(3.99) 


The  kinetic  energy  of  motion  is  expressed  by  the  well-known  rela¬ 
tionship 

T,  (if)  .=  z\  (/)  =  y—j/  (-^-4)]’.  (3.100) 


It  is  obvious  that  this  quantity  should  be  equal  to  the  energy  of 
the  shock  wave  from  which  the  work  done  by  the  counterpressure  forces 
is  subtracted. 

Since  the  waves  propagate  at  an  angle  a  to  the  free  surface,  the 
initial  value  of  the  energy  will  be  E(2t2)  sin  p. 

The  work  done  by  the  counterpressure  forces  is  approximately 
equal  to 

(3.101) 


where 


Thiis  ^ 

E  (24)  -r.TM  [2-.  (0  -  ?!  (A)]  “  n  (/).  (3.102) 

On  the  basis  of  (3.102)  and  (3.100)  we  establish  the  following 
connection  betv/een  the  resultant  displacement  of  the  layers^  on  the 
one  hand^  and  the  momentum  and  energy  of  the  shock  wave  on  the  other: 
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we  ha  ve 
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After  a  definite  time  interval,  the  two  upper  layers  are  over¬ 
taken  by  the  third  cavitatlonal  layer,  and  at  the  instant  of  time  t^, 
k  upper  layers  catch  up  with  the  k  +  1-st  layer. 

Arguing  in  identical  fashion  as  before,  we  can  readily  obtain  the 
follov/ing  general  expressions  characterizing  the  motion  of  the  k  join¬ 
ing  layers: 
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(3.106) 

(3.107) 


We  recall  that  the  values  of  the  Impulse  of  the  pressures  and  of 
the  energy  in  the  shock  wave  are  determ.ined  in  terms  of  the  shock  wave 
parameters  as  f ollov^s  : 

(3.108) 

or 

i  (24)  -  /v,3  — “  0  (M  r*  1 4  /’o) :  (3.109) 
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Formulas  (3. 106) -(3. 110)  enable  us  to  calculate  the  maximum  dis¬ 
placement  of  the  point  of  the  free  surface  of  the  liquid. 

Assuming  that  by  the  instant  of  time  corresnonding  to  z  there 

max 

have  joined  together  N  upper  layers^  we  obtain  on  the  basis  of  (3.IO6) 


Consequently^ 


.  Path 


(3.112) 


If  the  value  of  the  maximum  displacement  of  the  points  of  the 
free  surface  is  estimated  without  account  of  the  cavitatlonal  phenomena, 
it  is  obvious  that 
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On  comparison  of  (3. 112)  and  (3.113)  we  see  how  large  the  changes 
introduced  by  the  account  of  the  cavitation  processes  in  the  final  re¬ 
lations  are. 

The  calculations  performed  show  that  the  maximum  amplitudes  of 
the  compression  waves  arising  upon  collision  between  the  cavitatlonal 
layers  and  the  main  mass  of  the  liquid  reach  two-thirds  of  the  pres¬ 
sure  on  the  front  of  the  direct  wave: 

PcoYA  ~  Pnr  (  3 . 11^) 

The  dxiration  of  the  positive  phase  of  these  waves  amounts  to 

•^coyu—bSO.  (3.115) 

The  instant  of  collision  is  approximately  equal  to 
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(3.116) 
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Fig.  65.  Pressure  oscillograms  in  the 
cavitation  zone:  solid  line  —  experimen¬ 
tal  data;  dash-dot  —  calculation  with 
account  of  the  cavitation;  dashed  —  cal¬ 
culation  wfithout  accoxnot  of  cavitation. 

1)  Vacuum. 

The  foregoing  theory^  developed  by  B.V.  Zamyshlyayev,  greatly 
schematizes  the  actual  process.  It  is  necessary  to  determine  more  ac¬ 
curately  the  value  of  the  negative  stress  Py.,  at  v/hich  the  region  of 
cavitation  begins  to  form.  One  can  hardly  justify  fully  the  assumption 
of  surface  cavltational  discontinuities  and  of  the  displacement  of  the 
cavltational  layers  with  certain  average  velocities. 

Calculations  performed  with  the  aid  of  the  foregoing  formulas  are, 
however,  in  satisfactory  agreement  with  many  experiments,  as  evidenced 
by  the  oscillograms  shown  in  Pig.  65.  A  more  rigorous  solution  of  this 
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problem  was  obtained  by  A.  N.  Patrashev. 

We  note  also  that  an  account  of  the  cavitational  phenomena  In  the 

propagation  of  shock  waves  in  the  liquid  is  essential  not  so  much  in 

the  study  of  reflection  from  the  free  surface,  but  also  in  the  analysis 

of  the  interaction  between  a  shock  wave  and  a  structiire.  Some  remarks 

on  this  question  will  be  made  in  the  last  chapter  of  the  book. 

§5.  QUALITATIVE  PATTERN  OP  REFLECTION  OP  AN  UNDERWATER  SHOCK  WAVE  PROM 
THE  BOTTOM  OP  A  RESERVOIR 

A  study  of  the  Influence  of  the  bottom  of  a  reservoir  on  the  pres¬ 
sure  fields  produced  in  an  underwater  explosion  entails  difficulties 
of  principal  character.  It  is  necessary  first  of  all  to  know  the 
mechanical  properties  of  the  grounds.  Yet,  the  available  limited  data 
offer  evidence  of  a  rather  wide  range  of  acoustic  impedance  of  grounds 
(from  0.1  to  4.8  of  the  acoustic  impedance  of  water’),  thus  predetermin¬ 
ing  a  varied  character  of  reflection.*  In  many  cases  it  is  necessary 
to  take  into  account  the  Inhomogeneity  of  the  grounds  and  their  lay¬ 
ered  structure.  Of  great  significance  in  the  study  of  wave  propagation 
is,  in  addition,  the  relief  of  the  bottom,  the  character  of  which  is 
not  amenable  as  a  rule  to  a  mathematical  estimate. 

In  view  of  the  foregoing,  it  is  possible  at  present  to  consider 
the  qualitative  rather  than  quantitative  aspect  of  the  phenomenon. 

For  an  approximare  analysis,  we  start  out  with  the  following  as- 
simiptlons.  We  consider  the  surface  of  the  bottom  to  be  a  plane  inter¬ 
face  between  two  media.  Ihe  ground  will  be  regarded  as  an  isotropic 
elastic  half  space. 

As  is  well  known,  two  types  of  elastic  waves  can- propagate  through 
unbounded  Isotropic  solids:  longitudinal  waves,  which  result  from 
bulk  deformation  of  the  material,  and  transverse  waves,  due  to  shear 
deformation.  Sometimes  these  waves  are  called  dilatation  and  distortion 
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waves,  respectively.  The  velocity  of  propagation  of  longitudinal  (c) 
and  transverse  (h)  waves  is  given  by  the  relations 

(3.117) 

^  =  (3.118) 

-where  X  and  |j,  are  elastic  constants,  frequently  called  the  Lame  con¬ 
stants,  and  which  determine  completely  the  elastic  properties  of  an 
isotropic  body.* 

In  addition  to  the  indicated  two  systems  of  waves,  in  the  pres¬ 
ence  of  an  interface  between  two  media  another  type  of  wave  can  also 
arise,  the  so-called  Rayleigh  surface  waves.  The  amplitude  of  the  Ray¬ 
leigh  waves  decreases  with  depth  exponentially.  Consequently,  they 
propagate  as  it  were  in  two  dimensions.  They  attenuate  with  distance 
more  slowly  than  the  longitudinal  and  transverse  waves.  The  rate  of 
propagation  of  the  surface  vraves  amounts  to  0.87-0. 96  of  the  velocity 
of  propagation  of  the  transverse  waves. 


Fig.  66.  Diagram  showing  reflection  of  a 
shock  v;ave  from  the  bottom  of  a  reser¬ 
voir.  1)  Frontal;  2)  lateral:  3)  re¬ 
flected  fT’om  bottom:  4)  direct:  5)  trans- 
erse  vjaves;  6)  longitudinal  waves. 

The  buildup  of  compression  pressure  in  seismic  v;aves,  unlike 
shock  waves,  is  not  Jumpwise  but  gradual.  This  is  due  to  the  fact  that 
in  elastoplastic  media  the  compressibility  of  the  medium  increases 
with  increasing  pressure  over  a  considerable  range  of  pressures.  Since 
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the  velocity  of  the  compression  wave  is  inversely  proportional  to  the 
compressibility  of  the  medium^  the  regions  of  the  wave  v;ith  large  pres¬ 
sure  will  move  xvith  lower  velocity,,  and  the  formation  of  a  steep  pres¬ 
sure  front  is  impossible. 

One  can  present  the  following  qualitative  description  of  the  wave 
picture  in  a  liquid  upon  single  reflection  from  the  bottom  of  a  water 
reservoir.  Assume  that  at  some  point  z  =  "“^0^  coordinate  system 

indicated  in  Fig,  66,  an  explosion  occurred  and  at  some  instant  of 
time  the  direct  wave  comes  to  the  bottom  of  the  water  reservoir.  Its 
angle  of  incidence  will  be 

(3.119) 

The  rate  of  displacement  of  the  wave  alorig  the  surface  of  the 
bottom  amounts  to 

(3.120) 

At  first,,  at  large  angles  the  velocity  will  exceed  the  ve¬ 
locity  of  propagation  of  the  longitudinal  and  transverse  waves  in  the 
ground,,  c,  and  b.  The  pert'urbations  in  the  liquid  will  be  characterized 
by  the  direct  and  reflected  waves.  The  reflection  will  be  regular. 

At  some  value  of  the  angle  p  =  the  velocities  and  £  be¬ 

come  equal,,  l.e.,,  the  following  relation  becomes  true: 

1^  =  "-  (3.121) 

The  angle  Pq  Is  called  the  angle  of  total  internal  reflection  of 
the  longitudinal  waves.  When  p  <  Pq  there  occxrcs  the  so-called  first 
irregular  reflection.  The  longitudinal  perturbations  in  the  ground 
overtake  the  direct  shock  vmve  and  produce  an  additional  wave  disturb¬ 
ance  in  the  liquid.  This  disturbance  is  customarily  called  the  frontal 
wave. 
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With  further  propagation  of  the  shock  wave,  its  velocity  de¬ 
creases  and  hecomes  at  a  certain  p  =  equal  to  the  velocity  of  the 
transverse  waves  in  the  ground: 

=  (3.122) 

Pi  =  arc  cos  (3.123) 

The  angle  p^  is  called  the  angle  of  total  internal  reflection  of 
the  transverse  waves. 

When  p  <  p^  the  transverse  waves  in  the  ground  overtake  the  di¬ 
rect  shock  wave  and  cause  still  another  wave  system  in  the  liquid 
(lateral  wave).  The  so-called  second  irregular  reflection  takes  place. 

In  order  to  construct  the  fronts  of  the  lateral  and  frontal  waves, 
one  can  use  the  mirror-reflection  scheme.  It  is  easy  to  verify  that 
the  tangents  to  the  circle  at  the  points  v/here  it  crosses  the  rays 
dravm  from  the  center  0^  at  angles  Pq  and  p^  to  the  surface  of  the 
bottom  will  be  the  envelopes  of  the  spherical  surfaces  of  elementary 
disturbances,  which  determine  the  frontal  and  lateral  waves,  respec¬ 
tively  (Fig.  66). 

As  was  already  mentioned  earlier,  along  the  surface  separating 
the  ground  from  the  water  there  propagates  a  Rayleigh  wave.  The  dis¬ 
turbance  which  it  produces  in  the  liquid  is  customarily  called  the 
bottom  wave. 

Thus,  when  a  shock  wave  is  incident  on  the  bottom  of  a  reservoir 
there  arise  in  addition  to  the  reflected  wave  three  additional  systems 
of  vrave  disturbances:  frontal,  lateral,  and  bottom  waves.  Each  is  re¬ 
flected  from  the  free  siarface  of  the  water. 

The  process  of  successive  reflection  of  waves  from  the  two  bound¬ 
ary  surfaces  continues,  generally  speaking,  without  limit.  In  the  major¬ 
ity  of  cases,  however,  only  the  first  system  of  waves  is  of  practical 
significance. 
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This  is  the  general  outliine  of  the  qualitative  pattern  of  reflec¬ 
tion  of  an  underxvater  shock  wave  from  the  bottom  of  a  reservoir.  ¥e 
develop  below  some  results  of  the  linear  theory,  which  at  the  present 
time  is  rather  fully  developed. 


§6. 


PRINCIPAL  RESULTS  OP  THE  LlilS.LR 
WATER  SHOCK  V7AVE  PROM  THE  BOTTOM 


THEORY  OP  REPLECTION 
OP  A  RESERVOIR 


OP  AN  UNDER - 


In  the  linear  formulation,  the  problem  of  the  reflection  of  a 
shock  wave  from  the  bottom  of  a  reservoir  can  be  expressed  as  follows. 

The  specified  pressure  variation  in  the  upper  half  space  (ideal 
liquid)  on  a  spherical  surface  of  radius  R  =  Rq  is 


\  (3.124) 

The  connection  between  the  pressure  and  the  velocity  of  the  par 
tides  in  this  half  space  is  expressed  with  the  aid  of  a  function  of 
the  potential  cp,  with 


P-h-if> 
=  grad  9. 


(3.125) 

(3.126) 


The  strain  and  stress  field  in  the  lower  lialf  space  (elastic 
medium)  is  determined  by  the  system  of  equations  of  elasticity  theory: 


K  =  grad  <?  4-  rot 


OP 


_  P-  +  1 


(3.127) 

(3. 128) 


op=^T^'^>  ,  (3.129) 

where  u  is  the  vector  of  the  strain  velocity  of  the  elastic  medium;  X 
and  [j,  are  the  elastic  constants  of  the  medium  (Lame  constants)*;  9  is 
the  scalar  displacement  potential;  tl/  is  the  vector  displacement  poten¬ 
tial. 

On  the  plane  interface  between  the  ideal  liquid  and  the  elastic 
medium  there  is  satisfied  the  rigid-contact  condition  (the  normal  com¬ 
ponents  of  the  particle  velocities  and  of  the  pressures  are  equal). 
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An  analysis  of  this  system  of  equations  under  the  above -foxTnulated 
boundary  conditions  was  made,  using  the  method  of  Incomplete  separa¬ 
tion  of  the  variables,  by  Ye.  I.  Shemyakin. 

Without  stopping  to  discuss  the  complicated  mathematical  appa¬ 
ratus  employed  by  Ye. I.  Shemyakin,  we  present  the  final  results  of  his 
■investigations . 

The  pressure  in  the  direct  wave  is** 


P== 


[V  + 


(3.130) 


where  p_^  is  the  value  of  the  pressure  on  the  initial  spherical  surface 
R03;  is  the  distance  from  the  center  of  the  charge  to  the  bottom; 
h^  is  the  distance  from  the  point  of  observation  to  the  bottom;  L  is 
the  distance  in  the  horizontal  direction;  t^  is  the  time  of  arrival  of 
the  direct  wave  at  the  point  (L,  h., ) . 

Relation  (3.I30)  can  be  v/ritten,  in  accordance  with  (2.151),  in 
the  form 


14  700  -• 

---V  rr  g 


(3.131) 


where 

(3.13a) 

‘,  =  -^VL=  +  {H,-ii,y.  (3-133) 

So  long  as  the  velocity  of  propagation  of  the  shock  wave  along 
the  bottom  of  the  reservoir  exceeds  the  velocity  of  propagation  of  the 
longitudinal  waves  in  the  ground,  Uq/cos  p  >  c,  the  reflection  v/lll  be 
regular’. 

The  pressure  in  the  reflected  wave  is 


t-a 


.  14  700  - 

^0  -1.13  ^ 


OTp 


(3.134) 
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in  this  formula 


Ao3 


(3.135) 


4,p  =  -J^KZH-(/ii  +  A,)=; 


(3.136) 


Aq  is  the  reflection  coefficient. 


lihen  p  =  90°,  ±.e.,  when  the  wave  is  normally  incident  on  the 
surface,  the  coefficient  Aq  is  calculated  from  the  formula 

(3-U7) 

For  an  analysis  of  the  angles  90°  >  i3  >  arc  cos ,  this  coefficient 
differs  little  from  the  quantity  calculated  by  Formula  (3.137),  and 
only  near  [5j  =  arccos—  does  it  change  radically  and  attain  a  value  of 


unity. 


The  first  irregular  reflection  occurs  at  angles  of  incidence 


°  <  Pn  =  arc  cos  -f  . 


The  pressure  in  the  reflected  wave  in  the  region  of  the  first  ir¬ 
regular  reflection  is  characterized  by  the  dependence 


14  700  r.  f,  ,  ^ 

Porp  — 1,13  ^l°o  (.r  ^orp)  ' 
'2 


where 


2 

(2  —  A-)*  +  16  (X  —  1)  (1  —  By)  - 

oxx  —  I 


(3.138) 


(2  — a:)*+  4  1/x  — 1  K^l  —  By  +  cat’ 


Ojx  —  1 

KrzTfP ' 
V  B^x— 1 


(3.139) 


2ca:’  (2  —  x)' 


Kl  —  Bp 


,  ^  Vlh-l 

=  r  _  _ 

(2  — A-)‘+  4  1/a- —  iKl  —  By  +  ix’  -y====r 

KBy-l 

1  ?o  s;  ^  ^  . 

B^cos’?  ’  °~77’  V 


(3.140) 


t  is  the  time  of  arrival  of  the  reflected  v/ave  at  the  point,  calcu- 
otr 


lated  by  Formula  (3.136);  is  the  time  of  arrival  of  the  frontal 
wave  at  the  point, 

=  +  (3.141) 


Oi 


and  — ^)~is  6he  Euler  function.* 

The  first  term  of  Eq.  (3-138)  describes  a  process  similar  to  the 
reflection  in  the  regular  zone.  The  second  term  characterizes  the  dis¬ 
tortion  of  the  ref lec ted -wave  pattern  as  a  result  of  Interaction  with 
the  ground,  which  has  gone  into  motion.  Its  influence  begins  at  the 
instant  when  the  frontal  wave  arrives  at  the  point  (t  >  t^). 

The  section  of  the  pattern  of  the  compression  zone  in  the  inter¬ 
val  t^  <  t  <  is  customarily  called  the  "foreshock. " 

If  the  velocity  of  propagation  of  the  transverse  v/aves  in  the 
ground,  b,  exceeds  the  velocity  of  sound  in  the  water,  then  when 

j3  <;  =  arc  cos  y- Ihere  sets  in  the  zone  of  second  irregular  reflection. 

The  pressure  field  in  the  reflected  wave  in  the  zone  of  second 
irregular  reflection  is  characterized  by  a  relation  analogous  to 
(3.138): 


To  w 


t-i 


OTP 


(3.142) 


- a - J'"0  -  ‘■W  J  * 

However,  the  coefficients  and  have  a  somewhat  different  form 

c^X  —  1 


(3.143) 


[{2  —  X)'  —  4  Vi  —  xV\  —  +  < 


olx  —  1 


.----‘(I  [(2  — X)’  — 4  1/1— JcKl— sjx] 


I  '  K  —  1 


1  —  ofjc 


(3.144) 


[{2  —  xT  —  4Vi—xVl  —  o]xY  +cU“'-r2 — S' 


Here  the  coefficient  already  determines  the  joint  influence  oi 
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the  disturbances  due  to  the  longitudinal  and  transverse  ground  oscilla¬ 
tions. 

Let  us  note  now  the  qualitative  laws  that  result  from  the  formu¬ 
las  given  above. 

It  is  obviousj  first  of  all,  that  the  coefficients  and  .are 
fimctlons  of  the  acoustic  properties  of  the  grounds  and  of  the  angle 
of  Incidence  p  only.  This  enables  us  to  construct  for  the  most  tsqDical 
grounds,  once  and  for  all,  diagrams  of  A^(  p)  and  B^(  p)  which  are  con-r 
venlent  for  practical  calculations. 

Table  l6  lists  the  characteristics  of  some  types  of  grounds.  Fig¬ 
ures  67-69  show  the  angular  diagrams  for  rocky,  clay,  and  sandy  bot¬ 
toms.  Frequently  the  last  two  types  of  grounds  form  only  a  thin  near- 
bottom  layer  that  lies  on  a  rocky  base. 


TABLE  16 


1 

Tjinw 

rpyiiTOB 

AHa 


BcnOpOCTb  IteKOpOCTb 
pacnpo-  pacnpo- 
cTpanemin  cxpauennj 
npoAo.ib-  nonepeH- 

j'llblX  BO.^H  IlbIX  BO.IH 
c,  M\ceK  mIcck 


jsiSpas.MepHbie  napa.sierpbi  rpynra 

3 

Pf 

j.u 

II 

11 

6  necsaHo-  160— 190  1400—1700  600—  900  0,640  —0.540  0,350—  0,640  0,40—0,60 

I  liaUCTblii 

7  raiimiCTbiii  220—230  2000— 2200  1000— 1 100  0,465  -0,445  0,445-0,550  0,66—0,74 

8  n ecMaini K  250-240  2500—3000  1 200—1 700  0,4 10— 0,425  0,400—0,680  0,80-1 , 10 

9  HsBecTiisiu  240—250  3000—3500  1700—1800  0,425—0,410  0,485—0,600  1,10-1,20 
10  ]  rpaiuiT  260-270  5000—5500  3000— 3100  0,395— 0,380  0,570—0,620  2,00—2,05 


1)  Types  of  bottom  ground;  2)  density  of 

2/4  s 

ground  p  ^  kg-sec  /m  ;  3)  velocity  of  prop- 

&  / 
agation  of  longitudinal  waves j  m/sec ; 

4)  velocity  of  propagation  of  transverse 
waves,  b,  m/sec;  5)  dimensionless  param¬ 
eters  of  the  ground;  6)  sand-silt;  7)  clay; 

8)  sandstone;  9)  limestone;  10)  granite. 

If  the  thickness  of  such  a  layer  is  much  smaller  than  the  wave¬ 
length,  the  reflection  of  the  underwater  shock  wave  occurs  in  exactly 
the  same  way  as  from  a  solid  bottom  having  the  characteristics  of  the 


QQh 


Flgo  68.  Angle  diagram  for  clay  ground,  l)  Re¬ 
gular  reflection  zone;  2)  first  Irregular  re¬ 
flection  zone. 
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layer. 


For  groirads  with  velocities  c  >  >  b,  the  wave  pattern  becomes 

simpler;  there  is  neither  the  lateral  wave  nor  the  zone  of  second  ir¬ 
regular  reflection. 

In  the  case  of  lov;-velocity  grounds  (c  <  aQ)  a  rarefaction  wave 
is  reflected  from  the  bottom  of  the  reservoir  for  all  angles  of  inci¬ 
dence  and  attenuates  the  direct  wave  in  a  manner  similar  to  what  oc¬ 
curs  upon  reflection  of  shock  waves  from  the  free  surface. 

As  follov^s  from  the  angle  diagrams,  such  a  phenomenon  is  observed 
for  all  types  of  grounds,  starting  with  a  definite  value  of  the  angle 
of  incidence  According  to  the  linear  theory,  the  angle  is 

calculated  from  the  equation 

(3.1^5) 

where 


X 


1 

excess 


(3.146) 


In  the  case  when  p  <  the  coefficient  becomes  negative  and 

the  waves  reflected  from  the  bottom  of  the  reservoir  become  rarefac¬ 
tion  waves.  This  is  explained  by  the  fact  that  in  this  range  of  angles 
of  incidence  (0  <  ^  <  the  front  of  the  direct  wave  begins  to  be 

overtaken  by  the  disturbances  caused  by  the  motion  of  the  gro-und  down¬ 
ward  from  the  interface,  with  velocities  greater  than  the  normal  com¬ 
ponents  of  the  gro-und  velocities  behind  the  front  of  the  direct  wave. 

The  deductions  of  the  linear  theory  of  reflection  of  shock  waves 
from  the  bottom  of  a  reservoir  are  qualitatively  well  confirmed  by  the 
experimental  data,  and  can  therefore  serve  as  a  basis  for  correspond¬ 


ing  approximate  estimates. 

However,  Just, as  in  the  problem  of  the  influence  of  the  free  sur¬ 
face,  the  waves  propagating  in  either  the  liquid  or  in  the  ground  will 
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Fig.  69.  Angle  diagram  for  sandy  ground. 

1)  Regular  reflection  zone;  2)  first 
irregular  reflection  zone. 

have  displacement  velocities  which  differ  somev/hat  from  their  values 
in  the  unperturbed  medium. 

Actually^  as  Indicated  above,  a  nonlinear  superposition  of  wave 
systems  takes  place.  The  solution  becomes  much  more  complicated.  The 
exposition  of  the  nonlinear  theory  is  beyond  the  scope  of  the  present 
book.  We  present  belovr  only  some  general  remarks,  based  on  materials 
of  experimental  investigations. 

Example .  At  a  distance  of  5  m  from  a  rocky  bottom  (granite,  c  = 
=  5000  m/sec,  b  =  30OO  m/sec,  p  =  265  kg-sec'^/m^)  there  occurred  an 
explosion  of  a  TNT  charge  v/eighing  1200  kg.  Determine  the  parameters 
of  the  shock  wave  at  the  following  points  of  observation: 

L  =  5  la,  h^  =  5-0  ri, 

L  =  10  m,  h^  =3.0  m, 

L  =  100  m,  h.,  =  3*0  ni. 

Plot  the  pressure  pattern  for  specified  distances  and  depths. 
Neglect  the  influence  of  the  free  surface. 
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Solution.  To  determine  ^1  avail¬ 

able  angle  diagram  for  a  rocky  bottom  (granite). 

¥e  determine  the  critical  angles  with  the  aid  of  the  angle  dia¬ 
gram  (Fig.  67):  ^2  ~  72^30 ^2  ~  =  7  . 

Me  calculate  the  reflected  wave  for  the  first  conditions:  L  =  5-0 

m,  =  5-0  m^  h^  =  5-0  m. 

The  angle  of  reflection  will  in  this  case  be 

.?  ■=  see  12  ~~  *=  “fc  t2  —3—  ~  C3°30'  <  ,i,. 


Consequently,  the  point  of  observation  is  in  the  first  zone  of 
irregular  reflection.  Using  the  diagram  of  Fig.  6?  (for  a  rocky  bot¬ 
tom),  we  obtain  —  79>  ~  0.045. 

The  times  of  arrival  and  t^  are  calculated  from  the  formulas 

(3.136)  and  (3.14i)  (we  take  for  6^  and  6^  average  values  from  Table 


16); 


/.TO » -4  v?jt(F/~^'7F  =  -~ndo---  ■=  ^ 


1 

CA 

■  flo 


3000 


sec . 


The  radius  of  the  charge  is  /?oj  =  0,053  y'/o  =  o,5W  m,  hence 


Finally,  we  obtain  S  =  935  ^2*^*  ^^^03’ ^  935(19-8) 

X  10"^  =  1.08-10“2  Summing  the  results  in  accordance 


°*^^*0.564  X 
with  Formula 


(3.142),  we  obtain 

»  506  [  0,79^0  w- 0,045  5,  (-1)  Co  \ 

where  t  =  t  -  7-46- 10“3  sec,  e  =  1.08-10"3  3^^. 

We  calculate  2or  L  =  10  m,  =  5-0  m,  h^  =  3-0  m.  We  deter¬ 

mine  the  angle  of  reflection 


?  =  arc  Ig  — -J-—  *■  arc  tg  ~  SSMO'. 


From  a  comparison  of  this  angle  with  the  critical  angles  it  fol¬ 
lows  that  the  point  of  observation  is  located  in  the  zone  of  second 
Irregular  reflection.  Therefore  the  calculation  of  should  he  car¬ 

ried  out  by  means  of  Formulas  (3- 1'^2) -(3,  l44) . 

From  the  angle  diagram  (Fig.  67)  we  determine  A'^  ~  O.905,  B2  ~ 

~  0.09. 


For  the  times  and  t^  we  obtain 


♦OTp  ’ 


T/10“  +  8’ 
1500 


i8,53.io->  sec. 


10 +  I/2^rro75P 


5000 


7,15. io-«  sec . 


We  have 


r_  Kio»  +  8’ 
’  “  0,5G  l 


22,8, 


hence  0  ~  935[22,8]».’'0,564;  10-«  -  1,12.  10-’  sec. 

Ultimately  we  obtain  at  the  given  point  of  observation 

=  434  [o,905<ro(T)  -0.0902;  *  , 

where 

t  =  /_8,53.io-«  sec; 

0  =.  1,12. io-»  sec . 


The  third  case  is  calculated  also  by  means  of  Formulas  (3-1^2)- 
(3.144).  • 

After  calculations  analogous  to  those  given  above,  we  obtain 


?  =  4'’30',  /,  s;  —0,500,  S,  a:  0,015; 

=  66,7- io-«  sec; 
:25,M0-»  sec: 


,  _  I/lOO’  +  8’ 

"P  °  1500 

loo  +  25,7 


*1  ■ 


5000 


’/lOO'-fS’ 

=  —-6704—  =  ’"= 
0  =  1,83-10-’ sec . 


Ultimately  we  obtain  for  this  case 


n 


Fig.  70.  Pattern  of 
reflected  wave  (L  = 
=  5  m;  =  5  m) . 


Fig.  71.  Pattern  of 
reflected  wave  (L  = 
=  10  mj  =  3  m) . 

J. 


Pig.  72.  Pattern  of  reflected 
wave  (L  =  100  m;  =  3  in) . 


Pojp  »  42,1  [  — O.SOOjo  (t)  —  0.015f; 


/ 1  \  ,,  ,  n  " 


where 

■c  e.  /  — 00,7.10-*  sec  ; 

« «  1,83-10-*  sec . 

The  pressure  vs.  time  patterns  are  presented  in  Figs.  70-72. 

§7.  QUALITATIVE  INFLUENCE  OP  NONLINEAR  EFFECTS  UPON  REFLECTION  OF  A 
SHOCK  V/AVE  FROM  THE  BOTTOM  OP  A  RESERVOIR 

As  was  mentioned  earlier,  the  linear  theory,  while  correctly  de~ 
scrihii-og  the  mechanism  of  formation  of  various  wave  systems  in  a  liq¬ 
uid,  cannot  disclose  completely  the  complicated  pattern  of  interaction 
between  the  shock  wave  and  the  bottom  of  the  reservoir.  Two  basic- 
causes  explain  the  quantitative  discrepancy  between  the  results  of  the 
linear  theory  and  the  observed  phenomena. 

1.  The  assumption  that  the  velocity  of  propagation  of  the  disturb- 
in  either  the  liquid  or  in  the  ground  is  constant  does  not  cor- 
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ances 


respond  to  reality.  This  velocity  depends  on  the  amplitude  of 

the  compression  v;ave  and  of  the  characteristics  of  the  medium,  and 
whereas  In  water  It  Increases  with  Increasing  pressure  on  the  front, 
in  the  overwhelming  majority  of  the  grounds,  to  the  contrary,  waves 
with  larger  amplitudes  propagate  with  lower  velocities. 

2.  The  grounds  can  be  regarded  as  linear  ideally  elastic  media 
only  rather  approximately.  As  a  rule,  the  residual  deformations  of  the 
ground  are  quite  important.  As  regards  such  material  as  silt  and  sand, 
it  is  closer  in  properties  to  liquid  many-phase  media. 

In  view  of  this  it  is  necessary  to  describe  the  influence  of  non¬ 
linear  effects  at  least  qualitatively. 

Figures  73  and  7-4  show  typical  oscillograms  of  waves  of  seismic 
origin.  One  can  see  clearly  on  them  the  frontal  and  lateral  waves,  the 
foreshock,  and  the  direct  wave.  Depending  on  the  distance  to  the  epi¬ 
center  of  the  explosion,  the  frontal  and  lateral  waves  are  either  sep¬ 
arated  from  each  other  by  a  definite  time  interval  or,  to  the  con¬ 
trary,  arrive  at  the  point  under  consideration  in  the  form  of  some  re¬ 
sultant  wave  disturbance. 
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Fig.  73*  Oscillograms  of  waves 
of  seismic  origin  produced  by 
e;oplosion  of  charges  weighing: 
a)  20  kg;  b)  100  leg.  l)  Frontal 
wave;  24  lateral  wave;  3)  fore¬ 
shock;  4)  cut-off  shock  vrave. 


Ii'i  the  case  of  explosions  at  consid- 


p«^/  f//' 

30  F 


Fig.  7k-.  Character  of 
the  pattern  of  a  v:ave 
of  static  origin.  The 
foreshock  is  clearly 
seen,  l)  Foreshock. 


proaches  the  oottom,,  the 


arable  distances  from  the  charge  to  the 
bottom  of  the  reservoir,  the  pressure  in 
waves  of  seismic  origin  is  approximately 
one  order  of  magnitude  lower  than  the  pres¬ 
sure  on  the  front  of  the  shock  waves  (the 
amplitude  of  the  direct  wave  has  gone  be¬ 
yond  the  perforations  of  the  film  on  the 
oscillograms  presented).  As  the  charge  ap- 
pressure  in  the  frontal  and  lateral  v;aves  in- 


owing  to  the  reflected  pressure-reduction  waves. 

The  intensity  of  the  lateral  wave  is  approximately  twice  the  in¬ 


tensity  of  the  frontal  wave. 

The  maximum  amplitude  of  these  waves  decreases  somewhat  more  rap¬ 
idly  than  .  Thus,  under  all  conditions,  their  action  at  large 

distances  is  many  times  smaller  than  the  action  of  the  direct  wave. 

The  duration  of  the  compression  phase  of  the  lateral  and  frontal 
waves  is  usually  tens  of  times  larger  than  the  duration  of  the  direct 
wave.  This  circuimstance  makes  it  possible  in  many  cases  to  regard  the 
action  of  the  seismic  waves  on  a  structure  as  a  static  load. 

As  a  rule,  at  large  distances  the  effect  of  the  lateral  and  fron¬ 
tal  waves  can  be  neglected  in  practical  calculations. 

As  follows  from  the  oscillograms  presented,  one  observes  ahead  of 
the  front  of  the  wave  a  region  of  smooth  growth  of  pressure  -  the  'so- 
called  foreshock.  Its  mechanism  of  formation  can  be  represented  in 
simplified  form  as  follows:  the  direct  wave,  propagating  along  the 
separation  boundary,  produces  wave  disturbances  in  the  ground,  some  of 
which  overtake  the  front  and  generate  in  the  liquid  an  increase d- 
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pressure  field.  At  certain  distances  there  is  superimposed  on  this 
field  the  field  of  the  frontal  and  lateral  waves.  The  maximum  pressure 
in  the  foreshock  amounts  to  approximately  10-30^  of  the  pressure  on 
the  front  of  the  direct  shock  wave.  The  lower  limit  corresponds  to  ex¬ 
plosions  at  the  free  surface  while  the  upper  limit  corresponds  to  ex¬ 
plosions  near  the  bottom  of  the  reservoir.  The  buildup  time  of  the 
pressure  in  the  foreshock  is  comparable  with  the  duration  of  the  posi¬ 
tive  phase  of  the  pressures  in  the  shock  wave. 

As  was  already  mentioned  earlier at  small  angles  of  incidence  of 
the  shock  wave^  close  to  the  slip  angles  (p  <  "the  i-’eflected 

waves  are  realized  by  pressure-reduction  waves.  Propagating  with  the 
local  velocity  of  sounds  these  waves  can,  under  definite  conditions, 
catch  up  with  the  front  of  the  direct  wave  and  reduce  its  amplitude. 
Such  a  process  is  analogous,  in  its  general  features,  to  the  process 
previously  considered  in  the  study  of  the  influence  of  the  free  sur¬ 
face.  The  difference  consists  here  in  the  fact  that  the  rarefaction 
waves  traveling  from  the  free  surface  are  formed  at  all  angles  of  in¬ 
cidence  of  the  shock  v/aves,  and  have  an  Intensity  equal  to  the  inten¬ 
sity  in  the  direct  shock  wave,  whereas  the  pressure-reduction  waves, 
propagating  from  the  bottom  of  the  reservoir,  are  formed  at  angles  of 
incidence  lov;er  than  the  critical  value  (p  <  P^)^  and  have  a  lower 
intensity.  Therefore  they  are  unable  to  attenuate  fully  the  direct 
wave , 

Approximate  quantitative  estimates  of  the  nonlinear  effect  of  the 
attenuation  of  a  direct  shock  wave  by  rarefaction  waves  traveling  from 
the  bottom  of  the  reservoir  can  be  presented  on  the  basis  of  the  solu¬ 
tion  of  A. A.  Grib,  A. G.  Ryabinin,  and  S.A.  Khris tianovich,  developed 
in  §3  of  the  present  chapter. 
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§8,  PARAMETERS  OP  SEISMIC-EXPLOSION  WAVES  NEAR  THE  SURFACE  OP  THE  GROUND 
The  investigations  performed  shov/  that  the  ■  development  of  the 
physical  processes  accompanying  an  underground  explosion  is  greatly 
Influenced  by  the  presence  of  the  free  surface  of  the  ground.  When  the 
compression  wave  reaches  the  ground  surface,  the  ground  begins  to  move 
with  Increased  velocity.  And  for  the  same  reason  as  in  an  underwater 
explosion,  a  rarefaction  wave  is  produced  with  amplitudes  of  the  same 
order  of  magnitude  as  the  amplitude  of  the  direct  wave. 

As  is  well  known,  rocks  and  the  majority  of  ground  soils  can 
withstand  very  large  compression  stresses,  but  fall  readily  even  under 
insignificant  tension  stresses.  Consequently,  the  region  of  the  ground 
located  in  the  direct  vicinity  of  the  free  surface  of  the  ground,  be¬ 
comes  a  region  of  main  damage.  A  funnel  of  conical  form  is  produced, 

the  damensions  of  which  are  usually  determined  by  its  radius  R  and 
depth  H^. 

The  radius  of  the  funnel  can  be  determined  from  Boreskov's  empir¬ 
ical  formula 

=  (0,4  +  0, 6/^5),  (3.147) 

where  n  is  the  so-called  Horn  exponent,  frequently  also  called  the  ex¬ 
plosive  action  exponent;  H  is  the  depth  of  the  charge;  and  m  is  a  co¬ 
efficient  characterizing  the  type  of  the  ground. 

n  =  Ryn.  (3.148) 

According  to  G.  I.  Polcrovskly 

m  —  0,80  +  0,085A/,  ( ^  ^ 

where  N  is  the  strength  category  of  the  rock  (N  varies  from  1  to  l6  on 
the  1944  scale  of  unified  norms  for  production  and  wages). 

For  TNT  the  Boreskov  formula  can  be  written  in  dimensionless  co¬ 
ordinates  in  the  form 


-  238  - 


(3.150) 


R. 


6.75- IC^ 
mTl> 


Formula  (3.150)  gives  good  accuracy  for  the  range 

1  = 


The  depth  of  the  funnel  is  estimated  with  the  aid  of  the  empirical 
relation 


(3.151) 


On  the  "basis  of  theoretical  considerations  and  of  an  analysis  of 
modern  experimental  data,  G. I.  Pokrovskiy  proposed  for  the  calculation 
of  the  funnel  radius  an  equation  that  admits  of  wider  extrapolation 
than  Boreskov's  formula.  This  equation  has  the  form 

+  (3.152) 

where  7  is  the  specific  gravity  of  the  ground  in  kg/m^. 

The  volume  of  ground  expelled  vinder  optimum  depth  of  the  charges 
in  the  ground  reaches  one  or  one  and  a  half  cubic  meters  of  rock  per 
kilogram  of  explosive. 

As  was  already  mentioned  earlier,  the  values  of  the  normal 
stresses  in  soft  gro\xnds,  for  the  middle  zone  of  underground  explosion, 
is  calculated  from  the  formula 

=  (2.165) 

The  coefficient  F  depends  on  the  depth  of  the  charge.  Its  values 
are  listed  in  Table  17. 

In  the  case  when  the  depth  of  the  charge  and  the  depth  of  the 
measurement  point  do  not  exceed  10  radii  of  the  charge  we  have 


--- 

R' 


(3.153) 


In  Formulas  (2.165)  and  (3.153)  "the  coefficient  k  is  taken  in  ac¬ 
cordance  v:ith  the  data  of  Table  13- 
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TABLE  17 


1  1 

1  r.iyCmia  aa.io^Keiiiin  aapsiAa 

0 

3 

G 

0 

12 

15 

^iia'ieiiiie 

0,20 

O'-Hi 

0,67 

\86 

0,90 

1.0 

l)  Depth  of  charge  H;  2)  value  of  P. 


For  solid  rock  of  the  type  of  granite,  limestone,  and  marhle,  the 
value  of  the  maximum  stress  is  determined  hy  the  empirical  relation 
(2. l66) 

2 


=  +  1  kg/cm" 

L  J<  R-  ^  A'=‘  J 


In  the  same  way  as  in  an  unbounded  medium,  the  stress  and  the 
particle  velocity  are  linearly  related: 

(5.154) 


10'^  cra/sec . 

fU 


According  to  American  data*  the  acceleration  of  the  ground  par¬ 
ticles  at  the  free  surface  can  be  calculated  from  the  formula 


„  I'k 


3M-i0‘  o,i7.iua  o,;ii 

R*  R-  ~  R 


(3.155) 


where  A  is  the  acceleration  as  a  fraction  of  the  acceleration  due  to 
g 


gravity;  Rq^  is  the  radius  of  the  charge  in  meters;  p  is  the  density 

2/4 

of  the  ground,  kg-sec  /m  . 

In  the  far  zone  of  underground  explosions  (100  <  R  <  lOOO)  the 
main  interest  attaches  to  the  velocity  of  the  ground  at  the  surface. 
The  maximum  values  of  the  velocity  are  calculated  from  the  formula  of 
M. A.  Sadovskiy 


V/(") 


(3.156) 


where  f(n)  is  Horn's  exponential  function;  y  is  the  specific  gravity 
of  the  explosive  in  kg/cm^;  R  is  the  relative  distance. 

Horn's  exponent  is  approximated  by  the  following  approximate  rela- 
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tlons : 


I  1,7  for  /I  >'2 

V'fjn)  =  0,4  +  O.G//“  f  2  >.  «  >  1  (3.157) 

[  1  for 

For  TNT  (y  —  l600  kg/m^)  Formula  (3-156)  ass\ames  the  form 

D  19T22 —  cm/sec.  (3.I58) 

>//(«). 

As  a  result  of  the  propagation  of  the  wave  disturbances^  the  ground  in 
the  far  zone  executes  a  series  of  complicated  vibrations.  Usually  one 
separates,,  from  this  series,  the  principal  phase  characterized  by  the 
largest  ground  displacements-  In  the  principal  phase  of  the  vibrations, 
these  displacements  along  the  surface  can  be  determined  approximately 
by  the  relationship 

//  (0  =  A„e~’' s\n  wt  irrni,  (3  -  159 ) 

where  Aq  is  the  maximum  amplitude  of  the  ground-particle  displacement; 
63  =  27t/t  is  the  circular  frequency  of  the  vibrations;  a  is  the  damping 
coefficient. 

The  value  of  a  depends  on  the  period  of  the  vibrations  and  is  de¬ 
termined  from  the  data  of  Table  I8. 


TABLE  18 


1 

T,  CCK, 

0,111 

0,083 

•  0,067 

c. 

a,  CCK.“^ 

0,020—0,025 

0,030-0,040 

0,055—0,060 

1)  T,  sec;  2)  a,  sec 


The  period  of  the  vibrations  in  the  principal  phase  is  calculated 
from  the  form.ula  of  M.  A.  Sadovskiy 

r  =  Bee,  (3.160) 

v;here  is  a  coefficient  that  depends  on  the  physical  and  mechanical 

'1 

properties  of  the  ground  and  R  is  the  distance  from  the  center  of  the 
explosion  in  meters. 
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The  values  of  the  coefficient  for  some  types  of  ground  are 
listed  in  Table  19 . 


TABLE  19 


4 

5 

1)  Type  of  ground;  2)  coeffi¬ 
cient;  3)  water-saturated 
ground;  4)  solid  rock;  5)  clay^ 
loess. 

The  maximtmi  amplitude  of  ground  particle  displacement  is  deter¬ 
mined  from  the  formula 

=  (3-161) 

For  TNT 

/!o  =  24()4-^mm.  (3.162) 

Example .  Calculate  the  velocities  of  the  ground  at  the  free  sur¬ 
face  at  a  distance  of  500  m  from  the  center  of  explosion  of  a  TNT 
charge  weighing  50  tons  in  firm  ground  (sat-urated  clay,  N  =  12).  Find 
the  value  of  the  overload  at  the  same  distance. 

The  depth  of  the  charge  is  assumed  to  be  5  m. 

Solution.  We  determine  the  radius  of  the  equivalent  spherical 
charge  "the  relative  distance  of  the  investigated  point  from  the 

center  of  the  e^qDlosion,  and  the  relative  depth  of  location  of  the 
charge : 

3 _ 

/ioj  =  0,053  l/50-}0^  =  0,053 ■  10-3,08  =  1,05  m; 


To  estimate  the  maximum  velocity  we  use  the  formula  of  M.  A.  Sadov- 


1 

liiu  rpyiiij  ‘ 

?  KojiinliimnciiT 

1 

I'pyiiiu  uoAoiiacuwciiiiue 
CKa.ihiiue  iiopoAu 
r.iiiiia,  ai'i'i; 

1  0,13--0,15 

0,03-0,01 

o,oo-n,o'.):i 
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skly 


16300 


(3.156) 


^niax  *“  n _ 


■cm/ sec. 


For  this  purpose  It  is  first  necessary  to  calculate  Horn's  ex¬ 
ponent  n  =  According  to  Boreskov's  formula 

<3.150)  ' 


Substituting  in  it 

m  =  0,80  +  Q,QS5N  =  O.SO  +  0,0Sr>.  12  =  1,82 

and  the  indicated  value  of  R_,  we  obtain 

.„r  6,75.10^ 

l,82.2,~5G^~^--'  J  ■ 


(3-149) 


For  n  >  2  we  have 

y/w  =  1,7. 


and  therefore 


1 6  300 


^iiinx 


y  f(n)R'-' 


=  -T;™  =  2.n4  cm/sec 


We  determine  the  value  of  the  overload  by  means  of  Formula  (3.155). 
The  values  of  F^  k,  and  p  are  found  from  Tables  13  and  17 :  F  =  0.393; 
k  =  7000  kg/cm^j  p  =  215  kg-sec^/m'^. 

Substituting  the  initial  data  in  (3.155)7  wa  obtain 

r  38,4. lO*'.  0,17.10'-  ,  0,31  ] 

'  .  fRn  [  /<:*  i<-  i<  J 

6,3. 0.393. 7000  f  38,4.10'  0,17.10’  0,.31  "1  _ 

"  21.').  1.95  L  250*  ^  25(W  2.50  J 

=  41,2  [0,893. 10-*  -1-  0,026.10-’  -1-  0,121  .lO-’I  =  41,2.0,156.10-’  =  0,0643. 
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[Footnotes  J 


See,  for  example^  L. I.  Briggs,  J.  Appl.  Phys . ,  21,  721,  1950. 

A.  A.  Grib,  A.  G.  Rs'-abinin,  S.A.  Khris  tianovich.  On  the  Reflec¬ 
tion  of  a  Plane  Shock  V/ave  in  Water  from  the  Free  Surface, 
Applied  Mechanics  and  Mathematics,  Vol.  XX,  No.  4,  AN  SSSR, 

1956. 


When  n  =  7.15,  the  discrepancy  amounts  to  less  than  0.1^  for 
pressures  near  1000  atm. 

Here  and  throughout  the  exnosition  of  the  present  section  we 
follow  the  terminology  of  1....  olir Istianovich. 

In  the  Xj z  plane  the  front  of  the  pres sure -reduction  wave  is 
a  circle  of  radius  ^  with  centerline  on  the  free  surface  of 
the  liquid. 

The  second  root  of  the  equation  Z'^  =  p*  +  which  lies 

in  the  region  of  positive  Z  (in  the  upper  half  plane)  is  dis¬ 
carded. 

See,  for  example,  E.  Kamke,  Handbook  of  Ordinary  Differen¬ 
tial  Equations,  IIL,  1950. 

See,  for  example,  Ya.I.  Frenkel',  Kinetic  Theory  of  Liquids, 
AN  SSSR,  1945;  Ya.B.  Zel'dovich,  J.  Exptl.  Theoret.  Phys . , 

12,  525,  1942. 

The  first  term  in  the  brackets  is  a  consequence  of  the  as¬ 
sumption  that  the  pressure  is  zero  in  the  region  of  the  cavi- 
tatlonal  discontinuity. 

This  range  of  acoustic  ground  impedances  corresponds  to  a 
value  of  the  reflection  coefficient  ranging  from  —0.8  to 
+0.7  for  direct  incidence. 

The  Lame  constant  [i  is  equal  to  the  shear  modulus  G.  The  con¬ 
nection  between  the  constant  X,  the  modulus  of  longitudinal 
elasticity  E,  and  the  Poisson  coefficient  v  is  expressed  by 
the  relation 

J.- 

(l+v)(l-2v)- 


■  224 


As  already  mentioned  earlier,  the  connection  between  the  Lame 
constants  and  the  velocity  of  propagation  of  the  longitudinal 
and  transverse  waves  in  a  medium  is  expressed  by  the  rela¬ 
tionships  _ 
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[Footnotes  (Continued)] 


*Ye.I.  Shemyakln,  K. I.  Markova,  Propagation  of  Nonstationary 
Disturbances  in  a  Liquid  in  Contact  with  an  Elastic  Half 
Space,  Applied  Mathematics  and  Mechanics,  Vol.  XXI,  No.  1, 

1957. 

**Here  and  throughout,  foregoing  a  rigorous  exposition,  we  as¬ 
sume  the  amplitude  of  the  wave  to  vary  with  distance  not  as 
l/r,  as  would  follow  from  the  equations  of  acoustics,  but  as 

l/r^’^^,  as  would  follow  from  the  empirical  formula  (2.15O). 

J  See,  for  example,  Yanke  and  Emde,  Tables  of  Func¬ 

tions  with  Formulas  and  Curves,  OGIZ,  GITL,  1948. 

"The  Effects  of  Atomic  Weapons,"  New  York-Toronto -London, 

1950. 


[List  of  Transliterated  Symbols] 


OTp  =  otr  =  otrazhennaya  volna  =  reflected  wave 
$  =  f  =  front  =  front 

npefl  =  pred  =  predel 'noye  otrazheniye  =  limit  reflection 

3  =  z  =  zadannyy  =  given 

OUT  =  opt  =  optimal 'nyy  =  optimum 

ax  =  ak  =  akusticheskoye  prlblizhenlye  =  acoustic  approxi¬ 
mation 

MKceK  =  i,|j!sec 

xap  =  khar  =  kharakterlstikl  =  characteristics 
B.p  =  v.r  =  volna  razrezheniya  =  rarefaction  wave 
np  =  pr  =  pryamaya  volna  =  direct  wave 
kt/cm  =  kg/cm 

K  =  k  =  kavltatslya  =  cavitation 

pes  =  rez  =  rezul ' tlruyushcheye  davleniye  =  resultant  pressure 
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213 

aTM  =  atm  =  atmosfernoye 

protlvodavlenlye 

counterpressure 

215 

coyji;  =  soud  =  soudarenlye 

—  collision 

222 

=  d  =  dno  =  bottom 

226 

r  =  g  =  grunt  =  ground 

230 

Kp  =  kr  =  krlticheskiy  = 

critical 

234 

MceK  =  msek  =  mllllsekunda  =  millisecond 

235 

MKceK  =  [i,sec 

238 

B  =  V  =  voronka  =  funnel 

atmospheric 
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Chapter  4 

PRINCIPAL  ASPECTS  OF  THE  PROBLEM  OP  EXTERNAL  FORCES 
IN  THE  CASE  OF  AERIAL  AND  UNDERWATER  EXPLOSIONS 

§1.  CONCEPTION  OF  DIFFRACTION  PROBLEMS 

The  very  simple  "boundary-value  problems  of  explosion  theory  con¬ 
sidered  in  the  preceding  chapter  presupposed  that  the  surfaces  of  sep¬ 
aration  between  the  two  media  were  unbounded.  Such  an  assumption,  nat¬ 
urally,  cannot  be  regarded  as  justified  when  a  shock  wave  encounters  a 
partition  of  finite  dimensions.  In  this  case  there  occurs  along  with 
reflection  and  refraction  of  the  waves  also  a  process  wherein  the 
.shock  wave  bends  around  the  partition,  usually  called  diffraction. 

The  study  of  diffraction  phenomena  is  of  very  great  practical 
significance,  for  without  it  it  is  impossible  to  present  an  estimate 

of  the  external  forces  in  an  explosion. 

Very  useful  for  a  qualitative  under¬ 
standing  of  the  diffraction  process  is 
the  Huygens  principle,  which  consists, 
as  is  well  known,  in  the  fact  that  each 
point  of  the  wave  or  of  the  surface  with 
which  the  wave  Interacts  can  be  regarded 
as  an  elementary  source  of  wave  disturb¬ 
ances.  Using  this  concept,  it  is  easy  to 
construct  the  front  of  a  propagating 
wave  (Fig.  75)  and  to  indicate  the  main  qualitative  features  of  dif¬ 
fraction  phenomena.  Thus,  for  example,  if  a  plane  wave  encounters  a 
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•Fig.  75.  Construction  of 
wave  fronts  in  an  accord¬ 
ance  with  the  Huygens 
principle. 


screen  provided  with  a  small  aperture,  then  this  aperture  will  serve 
as  the  source  of  an  outgoing  wave  on  the  other  side  of  the  screen. 

A  mathematical  analysis  of  the  diffraction  problem  was  first  pre¬ 
sented  in  a  finished  form  by  Klrchhoff.  For  a  homogeneous  wave  equa¬ 
tion  in  three-dimensional  space,  he  obtained  a  rather  general  relation¬ 
ship,  which  determines  the  potential  at  any  point  of  space  in  terms  of 
the  values  of  this  potential  and  its  derivatives  on  an  arbitrary 
closed  surface,  enclosing  the  region  in  which  the  chosen  point  is  sit¬ 
uated. 


r  \  i)ii  )  a^r  dn  .  (It 


ds, 


(4.1) 


where  9(4,  t),  Cj  t )  is  the  potential  at  the  point  A{i,  t),  ^),  enclosed 
by  the  arbitrary  surface  s;  n  is  the  outward  normal  to  the  surface;  r 
is  the  distance  from  the  element  to  the  point  A(4,  4)* 

In  spite  of  the  completeness  of  the  mathematical  solution,  anal¬ 
ysis  of  diffraction  problems  with  the  aid  of  the  Kirchhoff  formula  en¬ 
counters  difficulties  of  principal  character. 

The  point  is  that  although  the  surface  on  which  the  values  of  the 
potential  and  its  normal  derivative  must  be  known  can  be  chosen  ar¬ 
bitrarily,  in  most  physical  problems  there  are  no  reliable  data  con¬ 
cerning  these  quantities  on  the  chosen  surface  until  the  problem  is 
solved.  It  therefore  becomes  necessary  to  make  additional  assumptions 
concerning  the  distribution  of  the  potential  and  its  derivatives  on 
the  boundary  surface,  which  in  the  best  case  leads  to  a  method  of  suc¬ 
cessive  approximations. 

It  must  be  added  to  it  that  the  surface  integrals  contained  in 
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(4.1)  cannot  be  evaluated  in  close  form  even  for  the  simplest  cases. 
Consequently,  one  uses  frequently  for  an  approximate  analysis  of  dif¬ 
fraction  problems  not  the  Klrchhoff  formula,  but  the  so-called  radia¬ 
tion  Integral,  which  represents  a  mathematical  form  for  writing  down 
the  Huygens  principle.  This  integral  has  the  form. 


S 


(4.2) 


where  is  the  normal  component  of  the  velocity  of  the  surface  ele¬ 
ment  ^  and  r  is  the  distance  from  ^  to  the  point  A. 

Its  use  is  possible  only  when  the  point  at  which  the  potential  is 
estimated  is  on  the  "line  of  sight"  with  respect  to  the  arbitrary  sur¬ 
face  element. 

•  Let  us  indicate  the  sequence  of  operations  connected  with  the  ap¬ 
plication  of  the  radiation  integral  in  diffraction  problems.  Assume, 
for  example,  that  it  is  necessary  to  find  the  pressure  field  in  a  liq¬ 
uid,  with  allowance  for  the  Influence  of  an  absolutely  rigid  plane  par¬ 
tition  of  specified  configuration.  In  this  case  one  first  calculates 
the  normal  components  of  the  particle  velocities  at  those  points  of 
the  liquid,  which  are  in  direct  contact  with  the  surface  of  the  parti¬ 
tion,  under  the  assumption  that  the  partition  Itself  is  missing.  The 
obtained  quantities  with  their  signs  reversed  are  substituted  in  the 
radiation  Integral. 

The  siun  of  the  potential  of  the  direct  wave  and  the  potential  ob¬ 
tained  by  this  method  determines  the  sought  pressure  field.  It  is  ob¬ 
vious  here  that  the  following  boundary  condition  is  satisfied  on  the 
surface  of  the  partition: 


The  foregoing  methods,  which  follow  from  the  general  theory  of 
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-the  wave  potential,  are  valid  only  for  an  analysis  of  linear  equations. 

The  propagation  of  aerial  shock  waves  cannot  as  a  rule  be  de¬ 
scribed  by  linear  equations.  Consequently,  there  is  likewise  no  rigor¬ 
ous  theory  of  the  diffraction  of  such  waves.  For  practical  estimates 
one  uses  the  approximate  representations  formulated  in  the  papers  of 
•Yu.B.  Khariton,  M.A-  Sadovskly,  and  many  other  authors. 

Diffraction  problems  pertaining  to  an  underwater  explosion  can 
likewise  not  be  scl;ed  in  many  cases  with  sufficient  accuracy  on  the 
basis  of  the  linear  equations  indicated  here. 

§2.  DIFFRACTION  OF  AN  AERIAL  SHOCK  WAVE  AROUND  A  PARTITION 

The  problem  of  the  diffraction  of  an  aerial  shock  wave  around  a 
partition  will  be  considered  under  the  following  assumptions: 

1)  a  plane  wave  of  constant  amplitude  Is  investigated; 

2)  the  wavelength  Is  infinite. 

When  such  a  wave  is  normally  incident  on  an  absolutely  rigid  wall, 
a  reflection  pressure  is  produced,  which  can  be  determined  from  the 
Crussard- Izmaylov  formula 

VoTp  =  2A/7^  +  -f'ypo  •  (1.221) 


The  reflection  pressxrre  remains  at  the  specified  point  of  the  par¬ 
tition  until  the  instant  when  the  rarefaction  wave,  moving  from  the 
edges  to  the  center,  arrives  at  this  point. 

The  pressure  will  then  be  determined  approximately  by  the  param¬ 
eters  of  the  stagnant  liquid  stream.  The  values  of  such  parameters  can 
be  readily  obtained  from  the  Bernoulli  Integral,  according  to  which 


a’ 


/i—  I 


+ 


v’  a* 

2  A—  1  ' 


(1.84) 


where  a*  denotes  the  value  of  the  velocity  of  sound  at  the  point  where 
the  gas  velocity  Is  equal  to  zero  (in  this  case,  on  the  wall). 

Recognizing  that  a*^/a^  =  p*p/pp*,  ^ve  can  represent  Eq.(l.84) 
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in  the  following  fashion; 


jei,_L=  I  4. 

no*  ~  2  ' 


(4.3) 


Here  p*  and  p*  denote  the  pressure  and  density  in  the  retarded 


stream. 


Using  the  adiabatic  condition  p/p^  =  const,  it  is  easy  to  elim¬ 
inate  the  parameter  p  from  Relation  (4.3).  As  a  result  we  obtain 


i  -r  2  ' 


(4.4) 


The  quantities  v  and  a  for  an  infinitely  long  wave  can  be  assumed 


on  the  basis  of  the  equations  of  dynamic  compatibility; 

/  I±J^  +  JL 

kl/±t±JL  +  l=l. 
y  2k  Pa  2A 


(1.  187) 


(1.189) 


After  elementary  transformations  we  obtain  ultimately 


p*^p\\+ - - 

1 


(4.5) 


The  last  relation  was  established  in  a  somewhat  different  manner 
by  Yu.B.  Khariton. 

After  the  complete  termination  of  the  diffraction  processes  and 
the  onset  of  the  steady-state  flow  mode,  the  force  acting  on  the  par¬ 
tition  will  be  determined  by  the  relation 


(4.6) 


where  c^.  is  the  coefficient  of  aerodynamic  force  and  S  is  the  charac- 

r 

teristic  area  of  the  surface  of  the  partition. 
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(1-192) 


pv’ 

•> 


=  2,5 


iP-P^V 
<jpo  +  p  ■ 


Resolving  this  total  aerodynamic  force  P  along  the  axes  of  the 
velocity  system  of  coordinates,  we  obtain 


Y^c^JLsv^, 

Z=--c^-^Sv-. 


(^.7) 


Here  c^  Is  the  coefficient  of  the  resistance  force,  c  Is  the  co- 
efficient  of  the  lifting  force;  and  c^  Is  the  coefficient  of  the  lat¬ 
eral  force. 

The  values  of  these  coefficients  are  generally  found  experiment¬ 
ally  In  wind-tunnel  tests. 

Figure  76  shows  a  comparison  of  the  reflection  pressure  Ap  ,  , 

OTyl* 

the  pressure  In  the  stagnant  flow  Ap*,  and  the  pressure  In  the  sta- 
tlonary  flow  ~  ^x^^  ^  rectangular  plate  located  along  the 

normal  to  the  flow  direction.  We  see  that  when  Ap  <  3.5  atm*  the  ratio 
Ap*/aPq^^  Is  approximately  equal  to  one  half. 

This  fact  enables  us  to  outline  the  following  approximate  scheme 
for  estimating  the  external  forces  produced  on  the  partition  In  the 
case  of  an  aerial  explosion. 

1.  The  reflection  pressvire  Is  approximated  by  a  triangular  pat¬ 
tern  (Plg.  77).  The  abscissas  represent  the  time  of  arrival  of  the 
rarefaction  wave  from  the  edge  of  the  partition  at  the  specified  point, 
to  = 

2.  The  ordinate  corresponding  to  the  abscissa  Iq  Is  bisected.  The 
resultant  point  Is  connected  with  the  point  on  the  abscissa  axis  cor¬ 
responding  to  the  time  of  the  positive  pressure  phase. 

If  the  problem  consists  of  constructing  the  function  Ap  =  f(t) 
not  for  one  point  but  for  the  entire  partition  as  a  v/hole,  then  the 
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Fig.  76.  Reflection  pressure  and 
velocity  head  as  compared  with  the 
pressure  in  the  stagnant  flow. 


ii>| 


Pig.  77.  Pressure 
pattern  at  a  speci¬ 
fied  point  of  a  par¬ 
tition  with  finite 
dimensions. 


Fig.  79.  Resultant 
load  on  the  shadow 
side  of  the  parti¬ 
tion. 


Pig.  78.  Resultant 
load  on  the  face 
side  of  a  partition 
of  finite  dimensions. 


Pig.  80.  Resultant 
load  on  a  partition 
of  finite  dimensions. 


average  pressure  is  determined  by  integrating  the  pressures  at  points 
with  various  distances  from  the  edges.  In  this  case,  owing  to  the  fact 
that  the  pressure  decreases  rather  rapidly  at  the  points  that  are 
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closest  to  the  edges^  the  curve  assioraes  the  form  shown  In  Fig.  78. 

On  the  first  section  0  <  t  <  t^^^,  the  pressure  pattern  is  approx¬ 
imated  hy  the  linear  relationship 

■if  =  (4.8) 

where  t^  =  ^obt  travel  time  of  a  sound  wave  (a  —  360-400 

m/sec)  along  the  smaller  of  the  dimensions  of  the  structure. 

On  the  second  section  it  is  likewise  perfectly  permissible  to  use 
the  linear  approximation 

Af  =  (4.9) 


where  t. 


’■+  -  ‘^obf 


The  pressure  on  the  surface  facing  the  side  opposite  the  explo¬ 
sion  center  can  be  approximately  regarded  as  equal  to  the  maximum  pres- 
sujre  on  the  wave  front  for  a  load  buildup  time  and  for  a 

linear  decrease  in  the  amplitude  (Fig.  79)- 

ThuSj  the  resultant  load  on  the  partition  is  characterized  by  the 
pattern  shown  in  Fig.  80. 

In  spite  of  the  rather  approximate  character  of  the  developed 
scheme;,  it  is  presently  accepted  as  the  main  scheme  for  the  estimate 
of  external  forces  acting  on  a  structirre  during  an  aerial  explosion. 

§3.  PROPAGATION  OF  AN  AERIAL  SHOCK  WAVE  IN  CHANNELS 


Among  the  important  problems  involved  in  the  estimate  of  external 
forces  occurring  in  aerial  explosions  is  the  study  of  the  influx  and 
propagation  of  shock  waves  in  channels  of  various  types. 

Rigorous  solution  of  this  problem  entails  great  difficulties.  At 
the  present  time  one  can  only  indicate ^  making  use  of  the  theory  of  a 
point  .explosion^  a  limiting  lav;  for  the  attenuation  of  the  amplitude 
of  the  plane  wave. 

In  accordance  with  the  solution  of  L. I.  Sedov  we  have 
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0 


(2.41) 


N 


2  -f  V  r*  ’ 


v;ith 


Pa  n-r'- 


Putting  V  =  1,  we  obtain 


"=-ri4 


£  1 


■Po  1/r^  ’ 


and  since 


■^4.— xttPoA^ 


(2.35) 


(4.10) 


(2.39) 


we  have  (•^•ll) 

The  experimental  study  of  the  propagation  of  aerial  shock  waves 
in  channels  of  constant  and  variable  cross  section  has  engaged  many 
workers.  The  latest  and  fullest  results  belong  to  M.A.  Sadovskiy,  Yu.N. 
Ryabinin;,  V.  N.  Rodionov,  and  Yu.S.  Vakhromeyev. 

We  present  below  the  final  relations  necessary  for  practical  cal¬ 
culations  . 

It  has  been  established  that  the  variation  of  the  pressure  on  the 
wave  front  as  the  wave  propagates  in  a  channel  of  constant  cross  sec¬ 
tion  is  characterized,  in  full  agreement  with  (4.11),  by  the  relation¬ 
ship 

=  (4.12) 

where  Ap^  is  the  excess  pressure  in  the  wave,  measured  at  a  certain 
section  of  the  tube  and  chosen  as  the  initial  value;  is  the  dis¬ 
tance  from  the  center  of  the  charge  corresponding  to  Ap^;  and  x  i-s  the 
variable  distance  from  the  section  l^. 

Frequently  one  assumes  for  the  initial  values  of  Ap^  and  the 
excess  pressure  APq  of  the  wave  at  the  inlet  and  the  distance  rQ  from 
the  center  of  the  charge  to  the  inlet  to  the  channel. 
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In  view  of  the  fact  that  the  formation  of  a  plane  shock  wave  oc¬ 
curs  in  the  channel  after  the  entrance  into  the  channel  of  a  v;ave  of 
spherical  form  and  that  such  a  process  depends  essentially  on  the 
value  of  the  pressure  on  the  fronts  a  correction  to  Formula  (4.12)  is 
introduced.  One  chooses  for  not  the  distance  from  the  center  of  the 
charge  to  the  inlet  to  the  channel^  but  some  smaller  quantity  1^, 
equal  to 

(4.13) 

The  values  of  the  experimentally  obtained  coefficient  a  are  shown 
in  Fig.  8l. 


it 


Fig.  8l.  Dependence  of  the  coefficient 
a  on  the  pressure  on  the  front  of  a 
shock  wave  at  the  inlet  section  of  the 
channel,  l)  for  log  APq<0;,  ct=l. 

The  value  of  APq  Is  calculated  by  the  formula  (2.145)  of  M.A. 
Sadovskiy  with  r  =  rQ.  Usually  the  inlet  to  the  channel  has  a  reflect¬ 
ing  sur'face.  The  presence  of  such  a  surface  Increases  the  pressure  in 
the  inflowing  wave. 

Yu.N.  Ryabinin  and  V.  N.  Rodionov  presented  an  approximate  esti¬ 
mate  of  the  coefficient  Q,  taking  into  account  the  Influence  of  the 
reflecting  surface,  w’lth 

Q  =  APq/Ap^, 
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(4.14) 


where  Ap^  is  the  pressxrre  before  the  entrance  into  the  channel  and  Ap^ 
is  the  pressure  at  the  beginning  of  the  channel  v;hich  has  a  reflecting 


surface. 

They  basea  their  calculations  on  the  following  assumptions: 
the  wavelength,  and  consequently  also  the  thickness  of  the  com¬ 
pressed-air  layer,  is  much  larger  than  the  diameter  of  the  inlet  chan¬ 
nel; 


the  reflecting  surface  has  infinite  dimensions. 

It  is  then  possible  to  indicate  four  zones  corresponding  to  def¬ 
inite  states  of  the  gas  at  the  Initial  period  of  the  inflow  of  the 

wave  (Pig.  82): 

1)  zone  "a"  —  undist\Arbed  air; 

2)  zone  "b"  —  air  in  the  channel 
through  which  a  shock  wave  has  passed; 

3)  zone  "c"  —  air  flowing  into  the 
channel; 

4)  zone  "d"  —  air  compressed  by  the 
reflected  wave. 

The  transition  of  the  gas  from  state 
"a"  into  state  "b, "  is  through  a  nonsta¬ 
tionary  strong  discontinuity  surface  (shock 
wave  front).  Zone  "b"  is  separated  from 
zone  "c"  by  a  contact  discontinuity.  In 
zones  "a"  and  "d"  the  pressure  £,  the  density  p,  and  the  velocity  of 
the  particles  v  are  known. 

The  problem  reduces  to  determining  the  six  quantities  p^,  p^,  v^, 
Pg,  p^,  and  v^. 

io  estimate  these  quantities  we  can  use  the  following  equations: 


inflow  of  a  shock  wave 
into  a  channel  of  con¬ 
stant  cross  section. 
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Pig.  83.  Dependence  of  the  coefficient  Q. 
on  the  pressure  on  the  shock-wave  front 
at  the  inlet  section,  l)  for  log  Ap^<Oj 
f!=0.  5- 

\ 

=  I 


from  the  condition  on  the  contact  surface; 

"p?  '•  Pfi  (k.+  \)  +  pn  —  n  I 
Pa  Pai^  —  !)+/’«(*+!)'  I 

(Pc- P.){-~-j;)  \ 


from  the  dynamic  compatibility  conditions  on  the  front  of,  the  shock 


wave ; 


2k  Pr 


/’a 


Pu 


on  the  basis  of  the 


Bernoulli  integral; 

/V  _  /  Pr  y 
Pa  '  V  Pn  / 


from  the  adiabaticlty  of  the  process. 

Prom  the  solution  of  this  system  x^re  can  obtain  the  value  of  Ap^;, 
and  consequently  also  the  coefficient  Q  =  APq/ap-j^. 

The  results  of  the  corresponding  calculations  are  shovm  in  Pig.  83. 

In  addition  to  the  foregoing  factors,  the  attenuation  of  the 
shock  wave  in  the  channel  is  influenced  also  by  losses  to  friction 
connected  with  the  roughness  of  the  walls. 

Generalization  of  the  experimental  data  enables  us  to  arrive  at 
the  following  conclusions: 
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l)  the  influence  of  the  v/aii  roughness  Is  determined  approximately 
by  the  relation 

(4.15) 

where  k  is  a  coefficient  that  depends  on  the  relative  roughness;  d  is 
the  channel  diameter;  and  x  is  the  path  covered  by  the  wave  along  the 


channel; 

2)  the  ratio  of  the  coefficient  k  to  the  hydraulic  coefficient  of 
friction  ^  is  approximately  constant  and  equal  to  O.4.* 

The  character  of  the  dependence  of  the  hydraulic  coefficient  of 
friction  on  the  relative  roughness  of  the  channel  wall  and  on  the 
Reynolds  number  is  shown  in  Fig.  84.  In  the  self-similar  region  one 
can  recommend  the  following  approximating  formula: 


where  d/2k  is  a  quantity  inverse  to  the  relative  roughness;  d  is  the 
diameter  of  the  channel;  k  is  the  height  of  the  roughness  projection. 
Gathering  together  the  estimates  obtained^  we  arrive  at  the  following 
final  relationship  for  the  pressure  in  the  propagation  of  a  shock  wave 
in  a  channel  of  constant  cross  section: 


An  _  ±PtSk±I}L 


(4.18) 


or^,  in  the  particular  case  when  =  0  (the  inlet  section  of  the  chan¬ 
nel  is  regarded  as  the  starting  point) 


Ap  = 


2  (o/'o  "i" 


d 


(4.19) 


The  value  of  APq  is  calculated  by  Formula  (2.145)  for  a  distance 
equal  to  r^.  The  coefficients  a  and  Q  are  picked  off  the  curves  on 
Figs.  8l  and  83. 

For  an  appreciable  attenuation  of  the  shock  wave  in  a  channel  of 
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Fig.  84.  Dependence  of  the  co-  t 
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number  and  on  the  relative  t 

roughness 


2 


4 


:30.C 


•  =  CO.O 


^  =  120 
2* 


5- 


2/t 


252 


e 


"2* 


507 


short  length,  various  types  of  protective 
devices  are  used.  One  of  the  most  widely 
used  protective  dev'i''‘'=s  is  an  expansion 
chamber. 

The  wave -suppress ion  ability  of  the 
chamber  is  estimated  by  means  of  the  ex- 

Fig.  85.  Scheme  of  in¬ 
flow  of  a  shoclc  wave  tine t ion  coefficient  y,  which  is  equal  to 

into  an  expansion 

chamber.  the  ratio  of  the  pressure  of  the  shock  wave 

in  a  channel  of  constant  cross  section  to  the  pressure  behind  the  ex¬ 
pander,  taken  in  both  cases  at  an  equal  distance  from  the  charge  and 
for  identical  cross  sections  of  the  linear  supply  portions  of  the  chan¬ 
nel. 

It  has  been  experimentally  established  that  the  extinction  coef¬ 
ficient  is  not  connected  directly  with  the  volume,  but  depends  strongly 
on  the  diameter  of  the  chamber,  increasing  with  the  latter,  and  varies 
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as  a  function  of  the  Intensity  of  ohe  snoclc  wave  entering  into  the  ex¬ 
pander. 

An  approximate  method  of  calculating  the  coefficient  of  extinc¬ 
tion  of  an  expansion  chamber  was  developed  by  Yu.N.  Ryabinin  and  V.  N. 
Rodionov.  The  gist  of  the  method  is  as  follows. 

Consider  a  wave  of  infinite  length  and  of  high  intensity.  As  be- 
fore^  v:e  investigate  four  regions  of  the. state  of  the  gas  (Fig.  85). 

On  the  basis  of  the  mass  conservation  law  we  have 

=  (4.20) 

On  the  contact-discontinuity  line  we  have 


Pc  —  /^C> 


(4.21) 


The  escape  of  gas  from  the  narrow  channel  into  a  wide  one  occurs 
adiabatically,  and  consequently 


/’r  fr  )  ■ 


(4.22) 


Thus 


(4.23) 


Equation  (4.23)  is  a  solution  of  the  problem  formulated.  It  yields 
the  connection  between  the  quantity  Ap^  and  the  section  S/Sq  for  a 
specified  pressure  at  the  inlet  to  the  expander  Ap^^,  and  also  the  de¬ 
pendence  of  Ap^  on  Ap^^  for  a  specified  ratio  of  the  expander  cross  sec¬ 
tion  to  the  inlet  channel  Sq. 

Inasmuch  as  the  values  of  the  velocities  v  are  uniquely  deter¬ 
mined  by  the  pressure  on  the  front  we  can  plot  the  function  vp  ^  = 

=  f(p)  (Pig.  86). 

With  the  aid  of  the  plot  (Fig.  86)  the  coefficient  of  extinction 
of  the  expansion  chamber  is  calculated  in  the  following  sequence: 

1)  the  specified  pressure  p^  at  the  inlet  to  the  expander  is  used 
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Fig.  86.  Auxiliary 
plot  for  the  calcula¬ 
tion  of  the  extinc¬ 
tion  coefficient  of 
an  expansion  chamber. 


Fig.  87.  Extinction 
coefficient  of  ex¬ 
pansion  chambers. 


to  determine  v.  =  f(p,); 

d  d  d 

2)  the  obtained  value  is  divided  by  the  ratio  of  the  cross  sec¬ 
tion  areas  S/Sq  and  determined;  from  this  value 

(also  x-xlth  the  aid  of  Fig.  86)  one  calculates  p-j^  and  the  excess  pres¬ 
sure  Ap^  =  P^  -  P3J 

3)  in  order  to  change  over  to  the  pressiure  in  the  channel  behind 

the  expander,  is  necessary  to  take  into  account  the  transi¬ 

tion  of  the  wave  from  the  broad  tube  into  the  narrow  one,  which  is 
characterized  by  the  coefficient  Q  =  Ap^/Ap'^.  This  coefficient  is 
picked  off  the  plot  of  Fig.  83; 

4)  the  extinction  coefficient  of  the  expansion  chamber  is  calcu¬ 


lated  as  the  ratio  of  the  initial  pressure  to  the  pressure  behind  the 
expansion  chamber  y  =  Ap^/Ap'-j^. 

For  approximate  estimates  one  can  use  an  even  simpler  relation. 
Calculations  show  that  approximately 


V  ~  M....  _  7  -v  Y” 

^  \  ^0  J 


(4.24) 


The  dependence  of  the  extinction  coefficient  on  the  ratio  of 
cross  section  areas  of  the  channel  and  expander  is  shown  in  Fig. 


the 


57. 
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Usiiig  this  plot,  it  is  possible  to  determine  immediately  the 
sought  coerficient  v/ithout  resor’cing  to  intermediate  derivations. 

It  must  be  borne  in  mind,  however,  that  although  is  practi¬ 
cally  independent  of  ‘^Pnach’’  extinction  coefficient  y  is  connected 

with  this  quantity  via  the  coefficient  Q. 

The  length  of  the  expansion  chamber  should  be  approximately  three 
times  larger  than  the  diameter.  A  further  increase  of  the  length  is 
ineffective. 

§4.  PRINCIPLES  OR  THE  DESIGN  OF  STRUCTURES  TO  WITHSTAND  THE  ACTION  OF 
AN  AERIAL  SHOCK  WAVE 

In  choosing  the  scheme  for  designing  a  structure  to  withstand  the 
action  of  a  shock  wave,  great  Importance  is  attached  to  the  ratio  of 
the  period  of  the  natural  oscillations  of  the  structure  Tq  to  the 
length  of  the  compression  phase 

If  the  ratio  is  'T^^Tq  «  1,  the  design  is  based  on  impulse;  if 
■X  /t^  »  1  it  is  based  on  maxlm'um  pressure.  When  the  quantities  and 
Tq  are  of  the  same  order  of  magnitude,  it  is  necessary  to  take  into 
account  the  character  of  the  time  variation  of  the  pressure. 

B.A.  Olisov  has  shown  that  when  the  load  is  approximated  by  the 
linear  relation  F  =  replacement  by  the  instantaneous 

Impulse  S  =  jF(t)dt  leads  to  an  exaggeration  of  the  calculated  values  of 
the  strains  and  stresses;  this  exaggeration  is  the  larger,  the  greater 
the  ratio  'T_^/Tq.  Thus,  when  =  0.33  the  error  in  estimating  the 

strains  amounts  to  +12^,  when  t_|_/Tq  —  0.25  it  is  approximately  +7^, 
and  when  r_|_/TQ  =  0.  l6  it  is  less  than  +3^* 

It  follows  therefore  that  the  assumption  that  the  action  of  the 
shock  wave  in  an  aerial  explosion  has  an  Impulse  character  can  be  as¬ 
sumed  as  practically  acceptable  if  <  0.25  Tq. 

The  "static"  character  of  the  action  of  the  shock  wave  should  be 
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observed  according  to  the  theory  when  exceeds  Tq  by  a  factor  of  ap¬ 
proximately  10. 

In  Table  20  are  listed  the  values  of  the  natural  periods  and  de¬ 
structive  loads  of  typical  structural  elements. 


TAB31E  20 


1 

?KiipniiMiiwe  CTeiiKii 

>Ke.i^o- 
CcToiiiiaa 
CTCiia 
0,25  M 

4nope- 

7 - 

d 

KoiiCTpyKUiin 

3 

Ann 

KitpniiMn 

5 

no.iTopa 

KiipiiiiMa 

KpWTMJf 
no  At*pe» 
nannuM 
On.TKa.M 

JlerKiie 

iiepero* 

pOAKI! 

SacrcK- 

,10 1!  lie 

9 

riepiiojl  coOcTDCii- 
iiux  Ko.ie6aiiri(t, 
To  ceK 

0,01 

0,0).') 

0,0)5 

0,3 

0,07 

0,02—0,04 

10 

CraTiiMecKan  iia- 
rpyaua,  f-'KijcM- 

0,45 

0,25 

3,0 

0,10-0,16 

0,05 

0,05—0,10 

11 

Msinyabciiaa  tia- 
rpyaita, 
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l)  Structure;  2)  brick  walls;  3)  two 
bricks;  4)  one  and  a  half  bricks;  5)  rein- 
forced-concrete  walls  0.25  Hi;  6)  decks 
supported  by  wooden  beams;  7)  light  par¬ 
titions;  8)  glazed  structure;  9)  period 
of  natural  oscillations;,  Tq;,  sec;  10) 

static  load;,  P,  kg/cm^;  11)  impulse  load;, 

/  2 

Sj  kg-sec/m  . 

Comparing  the  natural  period  of  the  structure  with  the  time  of  ac¬ 
tion  of  the  positive  phase  of  the  shock  wave,  it  is  easy  to  establish 
whether  any  of  the  indicated  computation  schemes  can  be  employed.  In 
the  case  of  explosion  of  charges  of  ordinary  explosive  substances, 
cases  of  purely  impulsive  or  purely  static  action  of  the  load  are  ex¬ 
ceptions.  It  then  becomes  necessary  to  take  into  account  the  time 
variation  of  the  pressure.  The  approximate  construction  of  the  pres¬ 
sure  pattern  for  partitions  of  finite  dimensions  is  then  carried  out 
by  the  method  Indicated  in  §2. 

As  regards  the  structure,  it  is  reduced  as  a  rule,  with  the  aid 
of  the  Lagrange  method,  to  a  dynamic  system  with  one  or  several  degrees 
of  freedom.* 
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Fop  simplicity  let  us  consider  the  computation  scheme  for  an  elas¬ 
tic  system  v/ith  one  degree  of  freedom. 

The  differential  equation  of  motion  of  such  a  system  in  the  time 
interval  0  <  t  <  t^^^  will  in  accordance  with  (4.88)  be 

(4.25)  ' 


where  M  is  the  reduced  mass;  _z  is  the  displacement  of  the  reduction 
point;  k  is  the  reduced  stiffness  coefficient;  and  is  the  time  of 

flow-around  (the  travel  time  of  the  sound  vrave  along  the  smaller  of 
the  dimensions  of  the  structure). 

Its  general  solution  is 


z  =  CiSinuji;  +  c,cosu)j!  +  ^-(h  (1  .  (4.26) 

or,  after  determining  the  arbitrary  constants  from  the  initial  condi¬ 
tions  (2=0  and  z  =  0  when  t  =  0), 


(4.27) 


The  velocity  of  motion  of  the  reduction  point  is 

z  = |iu  sin  - — cosiu/;)|.  (4.28) 

In  Formulas  (4. 26)— (4. 28)  oo  denotes  the  natural  frequency  of  the 
system 

0)2  =  b/M.  (^.29) 

Starting  with  the  instant  of  time  t  =  the  value  of  the  load 

varies  as  (4.28). 

The  motion  is  determined  by  the  differential  equation 

yWz  +  A2  =  A/?*,  (4.30) 

which  is  integrated  under  the  following  initial  conditions:  at  the  in¬ 
stant  t  =  t^^^  we  have 


Z 

Z 


(4.31) 
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The  solution  of  Eq.  (4.30)  will  be 

z  =  z,  cos  0)  (/■  —  -f  sin  U)  (/— + 


+  ■;&{  1  V  sin  “  W  - 

^ - ^OTp  )  ^ 

'’^+  ^OTp  /  * 


(4.32) 


i  =  —  ?1<U  sin  U)  (if  — 4aj)  +  cos  U)  (^  —  4^^)  ~ 

(4.33) 


Putting  z  =  0  and  calculating  from  (4.33)  the  corresponding  val¬ 
ues  of  t*j  we  can  readily  obtain  the  maximum  displacement  from 

Relation  (4.32)  where  we  substitute  t  =  t*. 

The  displacement  of  the  reduction  point  uniquely  determines 

rn.3.x 

the  maximum  strains  and  stresses  of  the  system. 

In  principally  the  same  manner  one  solves  more  complicated  prob¬ 
lems  in  the  dynamic  design  of  systems  that  are  deformed  in  the  elasto- 
plastic  zone. 

Example.  Establish  the  limiting  TNT  charge  that  can  be  exploded 

without  danger  of  breaking  the  glass  windows  in  a  house  located  1000  m 

from  the  planned  center  of  e:xplosion. 

Solution.  On  the  basis  of  the  data  of  Table  20,  the  static  load 

that  the  windows  can  withstand  is  approximately  0.05  kg/cm  . 

Since  this  pressure  is  equal  to  the  reflection  pressure,  we  as- 

2 

sujiie  for  the  direct  wave,  with  some  margin,  Ap^  =  0.02  kg/cm  . 

In  accordance  with  Sadovskiy’s  formula  for  an  explosion  on  the 
earth's  surface 


3_  3_ 

^p  =  0,95  3^^  +  3,9  +  13,0  -j- , 

'  r  r**  r‘ 


Putting  Ap  =  0.02  and  solving  this  equation  v;ith  respect  to^o/r, 
we  obtain 


3_ 

VO 


=  0,018, 
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Frorn  this  v/e  obtain  fon  the  specified  value  t  =  1000  m  the  sought 
weight  of  the  charge 

G  =  5800  kg. 

The  time  of  action  of  the  shock  wave  v;ill  be 

=  1,7. 10-5-4, 2-31, 6  =  0,226  seC  . 

This  time  is  approximately  10  times  greater  than  the  natural 
period  of  the  glass  v7indows. 

Consequently,  the  estimating  scheme  employed  is  perfectly  accept¬ 
able  . 

§5.  SIMPLEST  DIFFRACTION  PROBLEMS  IN  THE  THEORY  OP  UNDERWATER  EXPLOSIONS 
Let  us  consider  first  the  simplest  case  of  the  diffraction  of  a 
shock  wave  around  an  absolutely  r'igid  disk. 

V/e  shall  solve  the  problem  in  the  linear  formulation.  To  estimate 
the  hydrodynamic  fields,  we  use  the  radiation  integral. 

The  potential  characterizing  the  propagation  of  the  direct  wave, 
in  the  case  of  motion  with  spherical  symmetry,  can  be  represented,  as 
is  well  known,  in  the  form 

=  R),  (4.34) 

where  for  the  sake  of  convenience  R  denotes  the  dimensionless  distance 
R  =  v/Rq^^  while  T  stands  for  the  dimensionless  time 

=  (^-35) 

The  value  of  the  normal  component  of  the  velocity  in  the  parti¬ 
tion  plane  will  be  (Pig.  88) 


<ltf  d<f  _d/\' 

1)11  OR  On 


R  ' 


(4.36) 


If-  R 

The  boundary  condition  will  be  satisfied  if  one  places  at  the 
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Fig.  88.  Comparison  of  the  character 
of  variation  of  the  presstire  in  the 
case  of  an  explosion^  with  allowance 
for  the  presence  of  a  rigid  disk^ 
using  the  incompressible  liquid 
fdash)  and  compressible  liquid 
(solid)  schemes.  B)  Point  of  explo¬ 
sion  of  a  TNT  charge  weighing  75  kg; 
C)  measurement  point,  l)  Using  the 
compressible  liquid  scheme;  2)  using 
the  incompressible  liquid  scheme. 


points  of  the  disk  hydrodynamic  sources  such  that  the  flow  velocities 
due  to  these  sources  turn  out  to  be  equal  and  opposite  to  the  velocity 
determined  by  Relation  (4.36). 

As  already  mentioned,  such  a  result  is  attained  with  the  aid  of 
the  radiation  integral,  which  in  this  case  is  conveniently  written  in 
the  form 

j'  rdrd^,  (4.37) 

0  0 


where  R*  is  the  distance  from  the  point  of  the  disk  to  the  point  C 
( see  Fig.  77) . 

Considering  the  case  of  axial  symmetry,  we  obtain  on  the  basis  of 


(4.36) 


V(’  -  li  ■■  - 

0 

r, 

_  l' 

"■  ■^0  1 


(4.38) 
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We  introduce  the  substitution 


where 


then 


/?  4  /?*  =  A-, 

/?■*  =  •+•  z-‘ , 

±__J _ -J<S=J<L.. 

~HR-  ’  A-  ~  A!  +  /^*  ~  ^5-.’**  ’ 

rdr  =  RR^  ■  v  ~  --  dx- 
25-2“ 

=  /?  -  R*-,  +  A  =  2/^: 

zl  —  z*‘  4-  X-  =  2Rx, 

(2;^  -  +  x^y  =  4R'X=. 

«  4a»  ’ 


,,  (T  -  /h-  )  .c/r : 


»«+j" 


>{' (t  —  A) 

R^R' 


—  A')  Z^/?* 


f/A‘ 

A’ 


P,+^* 


-  A) 


(t  -^; )  jq  (t  —  A) 
+  A=) 


A'd.V. 


In  perfect  analogy 


/<== 


.  («'  +  «) 


(^(T-/^-/^)So(^-«-/^“)l 


A'Vv'* 


rdr  — 


(c|-  (t  —  A)  So  (s  —  A)1  rfA 

j  *’5  -  +  A^ 

j-.+i* 


Thus,  the  potential  at  the  point  C  will  be 


<^{X—  X)  Jq  (■=  —  X) 
[4-Z'‘  +  A’/ 


xdx  — 
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(4.39) 


(4.40) 


•I-J-Ct— X)) 


Integrating  by  parts,  we  get 


B  —  o  'i'  —  -y)  ”0  ("t  —  X) 


I 

1  ’ 
z,4-f 


(4.41) 


or,  returning  to  the  previous  notation. 


a  —  Or  f  ■}' (t  —  .yo  —  2")  gp  (f  —  Zq  —  z») 

0  I  2zo  (Zo  +7n 

_ 

2  K  /-jj  +  z^  (Kr^  +  Zo  +  Kr^  +  z«’  )  °  “  ° 

-K^fq:^)}.  (4.42) 

If  we  add  to  the  potential  (4.42)  the  potential  of  the  direct 
wave  and  use  the  well-known  relation  p  =  p^fScp/^r),  then  we  obtain  the 
values  of  the  pressures  at  the  point  lying  on  the  symmetry  axis: 

P  (0,  z'*)  =  Po  [<>  (-C  —  ^0  +  z*)  Zj  (t  —  ^0  +  «*)]  + 

+  Po -,)T  -  ■'o  -  5o  (^  -  ^0  ~  2**)]  ~ 

- 7T:;ir7f?7K-iTT^  ^  *'  -  - 

~V  rl-+  z^'j  .Ca{x  —  V  rl-\-  zl  —  Vrl  +  z*’)^ .  (4.43) 

We  see  that  the  first  two  terms  of  (4.43)  are  the  same  as  if  the 
partition  were  to  be  infinite.  They  determine  the  direct  and  reflected 
waves. 

The  third  term  determines  the  rarefaction  waves  traveling  toward 
the  point  from  the  edges  of  the  disk  and  due  to  the  increased  velocity 
of  the  flow  of  liquid  through  the  edge  of  the  partition.  The  wave  pat¬ 
tern  in  the  case  of  diffraction  around  a  disk  is  shown  for  the  sake  of 
clarity  in  Fig.  88. 

V/e  can  obtain  analogously  the  pressure  at  the  points  of  the  sym¬ 
metry  axis,  located  behind  the  disk.  It  v;ill  be  determined  by  the  equa- 
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tion 


i»(0, 


y  ro  +  r'u-i-  ^1+  y'  rl  +  ;*'  J 

-  y  r'i  +  2*'}  c„  [-  “  K^TTfj  “ 


-i-  (t  ~  J//-^  +  25  — 
+  z'“‘) .  (4.44) 


(4.44) 


It  is  of  interest  to  solve  the  same  problem  under  the  assumption 
of  incompressibility  of  the  medium. 

The  final  formulas  can  in  this  case  be  obtained  both  as  a  result 
of  going  to  the  limit  to  infinite  velocity  of  sound  in  (4.43)  and 
(4,44) j  and  by  direct  examination  of  the  potential 

Under  the  foregoing  assumptions  the  radiation  integral  (4.37)  is 
rewritten  in  the  form 


9.^  = 


2r. 


rdrd'^. 


(4.46) 


This  integral  can  be  obtained  in  closed  form  .if  the  point  A  lies 
on  the  axis  z  =  0. 

After  simple  transformations  we  obtain 


9  (0. 2*)  =  (•')  — 


y  Zn  4-  'T. — -a  y  'Ti 


_ _ '*■^'5'' 

-i‘)  (y  ‘ii  4-  '',■)) 


(4.47) 


Recognizing  that  p  =  Pq(6cp/6t),  we  arrive  at  the  conclusion  that 
the  presence  of  a  partition  of  finite  dimensions  in  the  liquid  leads 
to  a  proportional  change  in  the  values  of  the  pressure  at  the  speci¬ 
fied  point.  The  proportionality  coefficient  depends  only  on  the  geo¬ 
metrical  characteristics  of  the  problem. 

Figure  88  shows  a  comparison  of  the  character  of  variation  of  the 
pressure  in  the  case  of  an  e:xplosion,  with  allowance  for  the  presence 
of  a  rigid  disk^  using  the  incompressible  and  compressible  liquid 


schemes.  We  see  that  the  resultant  impulse  is  the  same  in  both  cases. 
The  assvimption  that  the  medixim  is  incompressible^  in  full  accordance 
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with  the  physical  pictujre  of  the  phenomenon,  gives  only  a  certain  re¬ 
distribution  of  the  pressures.  This  circumstance  makes  it  possible  in 
individual . cases  to  employ,  when  the  resultant  impulse  is  of  decisive 
significance,  the  shnpler  incompressible-liquid  scheme  for  the  approx¬ 
imate  calculations. 

An  estimate  of  the  values  of  the  pressures  at  an  arbitrary  point 
of  space  entails  much  more  serious  difficulties.  Such  a  problem  has 

been  solved  so  far  only  for  a  plane  wave. 

Without  dwelling  on  the  derivations  and  transformations,  which  are 
essentially  close  to  those  presented  above,  v;e  shall  formulate  only 
the  final  conclusions: 

1)  in  the  case  of  the  flow  of  a  shock  wave  around  a  disk,  a  rare¬ 
faction  wave  is  produced,  propagates  from  its  edges,  and  distorts  the 
pattern  of  the  direct  wave; 

2)  at  points  situated  in  front  of  the  disk  and  having  projections 
on  it,  the  portion  of  the  pressure  pattern,  containing  the  fronts  of 
the  direct  and  reflected  waves,  remains  the  same  as  in  the  case  of  an 
infinite  partition.  The  diffraction  distorts  only  the  remaining  part 

of  the  pattern,  reducing  the  pressure; 

3)  when  a  direct  shock  wave  flows  in  behind  a  disk,  its  front 
collapses  and  the  maximum  pressure  at  the  points  behind  the  disk 
greatly  decreases,  with  the  exception  of  the  points  lying  on  the  sym¬ 
metry  axis  of  the  disk. 

When  the  diffraction  wave  arrives  at  these  points,  the  curvature 
of  its  front  greatly  increases  and  a  pressure  Jump  again  appears  on 
the  symmetry  axis,  of  a  size  close  to  the  maximum  amplitude  of  the  di¬ 
rect  wave; 

4)  the  pressures  at  points  that  had  no  projections  on  the  disk 
are  distorted  by  the  positive  and  negative  waves  emerging  from  the 
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surface  of  the  disk  and  from  its  eage; 

5)  analogous  phenomena  should  occur  also  in  the  case  of  the  dif¬ 
fraction  of  a  direct  shock  wave  aro'und  flat  partitions  of  other  forms. 

A 


Pig.  89.  Pressure  patterns  at 
points  located  ahead  of  the  disk. 


Pig.  90.  Press'ure  patterns  at  points  lo¬ 
cated  behind  the  disk. 


The  experimental  data  confirm  the  possibility  of  estimating  the 
diffraction  fields  vj’ith  the  aid  of  the  radiation  integral. 

By  way  of  illustration.  Pig.  89  shows  the  pressure  patterns  at 
points  located  ahead  of  the  disk,  while  Fig.  90  shows  the  patterns  be¬ 
hind  the  disk.  In  both  cases  good  agreement  is  observed  between  the 
theory  (dashed  lines)  and  experiment  (solid  lines). 

However,  the  method  developed  here  is  not  always  the  most  effec- 
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tive  for  the  study  of  diffraction  fields.  It  is  possible  to  use  for 
this  purpose  other  methods,  which  we  now  proceed  to  develop. 

Let  us  consider  the  following  problem.  Assirme  that  an  absolutely 
rigid  stationary  plate  of  infinite  length  and  zero  thickness  is  im¬ 
mersed  in  water  to  a  depth  T.  The  lower  edge  of  the  plate  is  parallel 
to  the  free  surface  of  the  water. 

A  plane  shock  wave  of  rectangular  form  with  unit  amplitude  and 
with  time  of  action  t  Is  incident  on  the  plane  of  the  partition  at  an 
angle  6.  When  the  direct  wave  reaches  the  lower  edge  of  the  partition, 
a  diffraction  field  is  produced,  and  at  each  point  of  space  around  the 
partition  there  is  produced  a  pressure  whose  duration  of  action  de¬ 
pends  both  on  the  value  of  t  and  on  the  time  when  the  wave  reflected 
from  the  free  surface  arrives  there. 


It  is  required  to  determine  the  distribution  and  the  tlm.e  varia¬ 
tion  of  the  pressures  on  the  partition. 

We  shall  first  consider  a  wave  of  unit  amplitude  and  of  infinite 
time  of  action.  We  assume  that  the  front  of  the  direct  wave  is  paral¬ 
lel  to  the  edge  of  the  partition  and  arrives  at  the  latter  at  the  in¬ 
stant  of  time  t  =  0.  Then  for  the  jjnstant  of  time  t  >  0  the  pattern 
shown  in  Fig.  91  will  be  valid,  where  OE  stands  for  the  partition,  NE 
and  AB  for- the  fronts  of  the  direct  wave  at  different  Instants  of  time, 
CD  for  the  front  of  the  transm.itted  v*ave,  EF  for  the  front  of  the  re- 
flec:-  wave,  and  KDGFK  for  the  diffraction  region. 

By  definition,  a  unit  wave  is  one  v;lth  unity  pressure  behind  its 
front  and  zero  pressure  ahead  of  its  front.  Therefore  the  pressure  is 
equal  to  zero  ahead  of  the  fronts  CD  and  NE  and  outside  the  arc  DK, 


Lnd  the  front  CD  and  outside 


line  DGFEN. 


j_n  the  region  EKF  the  pressure  is  doubled,  since  the  vxave  re¬ 


flected  from  the  partition  is  superimposed  here  on  the  direct  v;ave . 
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By  virtue  of  the  assiomed  absolute 


stiffness  of  the  partition,  the  boundary 
condition  on  it  should  be 

V  *=a  0. 

«  on 

We  shall  find  it  convenient  to  use 
this  condition  in  a  different  notation. 
Since  Scp/3n  =  0  on  the  screen  and 


Fig.  91-  Pattern  of 
diffraction  of  a  shock 
wave  around  the  edge 
of  a  serai-infinite 
partition. 


since  in  accordance  with  the  Lagrange  equa¬ 
tion 


from  which 


f)p  d  r  do  d 


we  should  have  on  the  screen 


(4.48) 


Thus,  the  problem  reduces  to  the  solution  of  the  wave  equation 


d'‘p  , _ i*/?.  -i _ L 

£)/•■'  r  dr  r'‘  do’ 


_ L<21^.  =  o 


(4.49) 


in  a  circle  of  radius  agt  under  the  boundary  conditions 


|0  0<a<0 

/'(«o.A«)=  1  0<a<2--6  (4.50) 

*  2  21^  —  6  <  a  ^  271 


8p/8n  =  0  on  both  edges  of  the  cut  OK. 

¥e  present  directly  the  solution  of  (4.49)  with  boundary  condi- 

I 

tions  (4.50):* 


J  ■»  1/2  ill!  -4  cos  f  -  j/  ”4  ■ 

—  arc  tg  ■ 

■  1  +  cos  0  —  cos  o 


‘IsL 

r 


(4.51) 


The  minus  sign  corresponds  to  the  points  behind  the  plane  of  the 
partition,  and  the  plus  sign  to  the  points  ahead  of  it. 
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We  put 


/(8,«.^0 


■  arc  fg 


2  V2  sin  CO!  ~ 


r 


- 1  +  cos  0  —  cos  a 

r 


(4.52) 


then  the  pressure  at  the  point  behind  the  partition,  in  accordance 
with  Fig.  91,  will  be 


/?,■=  |oo[^— -^cosCa'  — 0)]  — oo  (^  — “)j  00(2  — 0)  + 

+  [1— /(5. «, nO]®o  — -)],  (^-53) 

where  the  first  and  second  terms  determine  the  pressure  at  the  point 
before  and  after  the  arrival  of  the  diffraction  wave,  respectively. 

We  furthermore  denote  by  a'  the  angle  of  the  investigated  point, 
measured  clockwise  from  the  partition. 

For  points  behind  the  plane  of  the  partition  a'  —  a,  while  for 
points  ahead  of  it  a ’  =  fw  —  a. 

The  press\ire  Pjj  at  the  point  ahead  of  the  plane  of  the  partition 
will  be 


+  [1  )«o(2-t:). 


(4.54) 


The  first  term  of  this  formula  determines  the  action  of  the  di¬ 
rect  wave,  while  the  second  determines  the  action  of  the  reflected 
-■rave  and  the  third  determives  the  pressure  at  the  point  after  the  dif 


fraction  vrave  arrives  at  it. 

Combining  the  expressions  for  Pj  and  Pjj  we  obtain  a  formula  for 
the  determination  of  the  press-ure  at  any  point  near  the  screen,  for 
the  propagation  of  a  xvave  of  unit  amplitude  and  of  infinite  time  of 
action; 

f I (0  =  n  —  / C^. '■-Ol  l^o («')  —  =0 (“'  —  ^)]  + 
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(4.55) 


+  [J  +  /(®.  r,  /)]  0.3  (^  —  -^)  Oo  (“  —  ‘^)  + 

4"  [“« ~  ~  °))  ~  ®i>  ~  -J-)]  °o  -  0)  + 

+  [=0  (^—  -^  cos  (“'  —  2"  +  0)]  — 

To  abbreviate  the  notation  we  put 

Piit)=F(fi,a,r,t).  (4.56) 

It  Is  obvious  that  to  solve  the  problem  of  the  diffraction  of  a 
rectangular  wave  of  duration  t  around  the  edge  of  a  seml-lnf Inlte 
screen  It  Is  necessary  to  add  to  Solution  (4.56)  also  the  solution  of 
the  problem  of  the  diffraction  of  the  unit  rarefaction  wave  (Fig.  92). 

Such  a  solution  can  be  written  In  the  form 

(4.57) 

ThuSj  If  we  disregard  the  Influence  of  the  free  surface  near  the 
partition,  the  sought  field  will  be 

p{t)=^f{fi,a,r.t)—F{<^,a,r,  (4.  58) 

Going  over  to  an  account  of  the  influence  of  the  free  surface,  we 
shall  assume  the  diffraction  v/aves  to  originate  at  the  point  0.  Then, 
using  the  method  of  mirror  images  of  the  sources  and  sinks,  we  obtain 
without  difficulty  (see  Fig.  92): 

/’a (0  =— «i.n,  0  +  /"(o, h.  i—^)-  (4.59) 

The  sought  solution  will  assume  the  form 

p{t)=^F  (0,  a,  r,  t)  —  /=’(0,  a,r,t  —  -.)  — 

.  (4. 60) 

A  generalization  of  the  obtained  solution  to  include  a  wave  of 
arbitrary  form  can  be  effected  with  the  aid  of  the  Duhamel  integral. 

An  analysis  of  the  foregoing  relations  enables  us  to  draw  the 
following  conclusions: 

1)  the  diffraction  field  reduces  the  pressure  at  the  points  be¬ 
hind  the  partition  as  compared  with  the  press-ure  in  the  direct  wave. 
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the  more  considerable  this  reduction; 


The  smaller  the  angle  a', 

2)  at  the  points  determined  by  tl.e  angles  a'  <  B ,  the  pressure 
Jump  vanishes  and  Is  replaced  by  a  gradual  Increase  In  pressure. 

As  the  angle  a'  Increases  from  zero  to  0,  the  Increase  In  pres¬ 
sure  becomes  steeper  and  steeper,  and  when  a’  =  0  a  pressure  Jxmp  ap¬ 
pears,  which  Is  retained  with  further  Increase  In  the  angle  a'; 

3)  the  time  of  action  of  the  pressure 
at  the  points  behind  the  partition  can  be 
larger  than  In  the  direct  wave.  This  Is 
explained  by  the  fact  that  the  partition 
excludes  the  direct  Influence  of  the  free 
surface. 

In  spite  of  the  highly  schematic  rep¬ 
resentation  of  the  phenomena,  the  formulas 
presented  can  be  used  for  tentative  prac¬ 
tical  estimates. 

We  note  further  that  A.N.  Patrashev  developed  an  energy  method 
for  solving  diffraction  problems  In  the  nonlinear  formulation.  Its 
practical  utilization,  however,  presents  considerable  difficulties. 

§6.  HYDRODYNAMIC  FIELD  DUE  TO  TRANSLATIONAL  DISPLACEMENT  OF  A  PLATE. 

GENERALIZATION  OF  THE  CONCEPT  OF  APPARENT  MASS 

In  addition  to  the  diffraction  problems  considered  above  In  most 
general  outlines,  serious  difficulties  In  the  estimates  of  the  external 
forces  arise  In  connection  with  the  need  for  taking  Into  account  the 
variation  of  the  pressxire  resulting  from  the  displacement  of  the  struc¬ 
ture  Itself. 

A  study  of  the  forces  acting  on  a  solid  that  moves  In  unsteady 
motion  Is  carried  out  In  hydromechanics,  as  Is  well  known,  with  the 
aid  of  the  apparent  masses.  The  liquid  Is  then  regarded  as  Incompress- 


Flg.  92.  Diagram  of  dif¬ 
fraction  of  ■underwater 
wave  at  edge  of  plate 
suspended  in  water,  l) 
Free  surface. 
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ible.  In  the  problems  under  consia-^ration^  such  an  assumption,  however, 
cannot  be  regarded  as  fully  acceptaole:  it  is  necessary  to  take  into 
account  here  the  compressibility  of  the  medium  and  the  finite  propaga¬ 
tion  velocities  of  the  disturbances - 

Let  us  consider  such  a  problem  using  as  the  simplest  example  the 

translational  motion  of  a  round  disk  v/ith  velocity  2;(t). 

In  accordance  with  Eq.  (4.37),  the  potential  at  an  arbitrary 


point  of  the  disk  is  determined  by  the  relation 


2ic  a  rf  f 

j  rr-m  ' 
21 


rd''^ciR, 


(4.61) 


where  R  is  the  distance  from  the  point  A  to  the  disk  and  a  is  the 
radius  of  the  disk. 

The  value  of  the  pressure  at  this  same  point  will  be 

=  (4.62) 

The  resultant  hydrodynamic  force  is  determined  from  the  relation 

\  prdr.  (4.63) 

0 

After  rather  cumbersome  derivations  and  transformations,  we  obtain 


F  =  2rt='aoPo  {  x  - 


7k 


sin  2  sin  >{')  sin 


(4.64) 


Taking  the  transition  to  the  limit,  we  can  show  that  when  the 
velocity  of  sound  is  infinite  we  have 

(4.65) 

a*-- 

which  coincides  with  the  well-known  result  characterizing  the  value  of 
the  apparent  mass  in  the  translational  displacement  of  a  disk  in  the 
direction  normal  to  its  surface. 

The  relation  (4.64)  can  be  represented  in  a  different  form  by  ex- 
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we  have 


F  =  2rt’«oPo  ( -f  i (0  °o  (0  -  -T  CO  =0  CO  + 

t  "o  r  "V*  (—>)",  2/1  .  .\'‘d’'z{t)  .  I 

+  -T  J  ^  ^  '-f)  -JUr  s‘n  + 


'^(-  D"  /2/i\"//"z(0„„ 
+  Sarto Po  ,i!  (a,/  2 


r(n+2)  0v‘  /I.'’ 


(4.66) 


where 

9,  =  arc  sin  ^  [oo  (0  -<>0  (^-2  -^)  ] ;  (4.6?) 

r(n)  is  the  gamma  fiKictlon. 

As  is  well  known j  if  n  is  an  integer  we  have 

r  (ft)  ==.  /;! 

f'(^  +  4-)  =  ^«"C2rt-l)!! 

Consequently,  the  last  term  of  (4.66)  can  he  readily  calculated. 

It  can  he  shown  that  as  soon  as  the  product  taQ  exceeds  2a,  the 
generalized  force  becomes  approximately  equal  to 

g  =  4  poa’z(0, 

It  follovrs  therefore  that  the  unsteady  process,  in  the  study  of 
which  it  is  necessary  to  take  into  account  the  finite  velocities  of 
propagation  of  the  disturbances,  has  in  the  present  case  a  duration 
equal  to  twice  the  travel  time  of  the  sound  wave  from  the  center  to 
the  edge  of  the  disk.  After  the  lapse  of  this  time  interval,  an  ac¬ 
count  of  the  influence  of  the  displacement  of  the  partition  on  the  hy¬ 
drodynamic  fields  should  he  carried  out  in  the  same  way  as  for  the 
case  of  an  incompressible  liquid,  i.e.,  by  introducing  the  apparent- 
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mass  coefficient. 


Calculations  show  that  during  the  first  period  of  motion  (t  < 

<  2a/aQ),  one  can  confine  oneself  with  good  approximation  to  an  ac- 
co-unt  of  only  three  terms  of  the  series  (t  <  2.b./b.q)  ,  so  that  the  prob¬ 
lem  of  the  displacement  of  a  body  under  the  influence  of  a  shock  wave 
changes  from  a  problem  involving  integration  of  integral-differential 
equations  into  a  problem  of  integration  of  ordinary  differential  equa¬ 
tions. 

The  resultant  hydrodynamic  force  is  determined^  accurate  to  thirv^ 
order  derivatives,  on  the  basis  of  Formulas  (4.66) -(4.67) ,  by  the  rela 
tion 


A  =  { /:, -f  ?,al  +  +  k\ai  + 

(4.68) 

Fig.  93.  Plot  of  the 
coefficients . 


where 


(4.69) 

4:— (4.T2) 

A  plot  of  the  coefficients  k^,  k'^,  k"^, 


and  k"'  is  shown  in  Fig.  93- 
z 

The  qualitative  deductions  obtained  on  the  basis  of  an  analysis 
of  the  hydrodynamic  fields  due  to  the  translational  displacement  of  a 
round  disk  can  be  extended  to  include  also  the  case  of  motion  of  plates 


of  other  configurations  in  the  liquid. 

§7.  ENTRY  OF  UNDERWATER  SHOCK  WAVE  INTO  A  CHANNEL  OF  CONICAL  CROSS 
SECTION 

Closely  related  with  diffraction  problems  is  the  question  of  the 
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entry  of  an  underwater  shock  wave  into  a  pipe  or  a  channel.  Let  us  con¬ 
sider  hy  way  of  an  example  the  wave  pattern  occurring  during  the  prop¬ 
agation  of  a  shock  wave  in  a  channel  of  conical  cross  section.  The 
v/alls  of  the  channel  will  he  assumed  absolutely  rigid.  The  solution 
will  be  developed  in  the  acoustic  approximation.* 

As  is  well  known^  the  potential  of  the  direct  wave,  in  the  case 
of  m.otion  with  spherical  symmetry^  can  be  written  in  the  form 


9  =  — — /?),  (4.73) 

where  t  =  taQ/RQ^  is  the  dimensionless  time  and  R  =  ^/^03 
mensionless  distance. 

In  order  to  make  use  of  the  boundary  condition  of  the  problemxj 
according  to  which  the  value  of  the  normal  component  of  the  liquid 
flow  velocity  should  be  equal  to  zero  on  the  wall^  let  us  calculate 
the  value  of  this  component  on  the  surface  of  the  cone.  To  this  end  we 
make  use  of  a  geometrical  interpretation  of  the  reflection  process, 
the  gist  of  which  can  be  readily  explained  with  the  aid  of  Pig.  94. 

Actually,  if  we  construct  a  family  of  cones  with  vertex  angles 
(21  +  l)ctQ  and  consider  a  straight  ray  crossing  the  sxnrfaces  of  these 
cones,  then  the  lengths  of  the  ranges  of  the  reflected  waves  will  be 
characterized  by  the  quantities  R^  and  the  zones  of  double  and  multiple 
reflections  by  the  quantities  L^. 

The  values  of  R^  and  can  be  readily  obtained  from  a  direct  ex¬ 
amination  of  the  reflection  pattern.  If  i  <  (tt  -  2Pq  -  2aQ)/2aQ  (the 
ray  Rq^^  crosses  the  generatrices  of  the  cone),  then 


r  _ _ Zq  sin  3o _ , 

'  sin  + 


(4.74) 


/?o/  —  VL-J  +  zI  —  2z^L,  cos  (21  -f  1 )  Kq  = 

_  *0  sin  (-/  +  1 )  *>0 

sill  +  1  j  ”ol  * 


(4.75) 


where 


-  28l 


(4.76) 


.  Zg  sin  sq 


Fig.  94.  Pattern  showing  the  entry  of  a  shock  wave  in  an 
absolutely  rigid  cone. 


When 


i> 


r.  -  - 


we  have 


( the 


RqI  =  ^0  —  22o^CI  cos  (/■/  +  1 )  “0 

ray  Rq^  emerges  from  the  cone). 

Returning  to  the  potential  (4.73)^  ws  obtain  for  the 


(4.77) 

(4.78) 

value  of  the 


normal  velocity  component  on  the  surface  of  the  cone 


till  '  ORi  On 


—  [•]>  (t  -  ■Jo  h  -  ^i)l  1 

(iHt  ----- 


(4.79) 


But  the  expression  dR^/Sn  is  the  cosine  of  the  angle  between  the 
direction  of  motion  of  the  wave  and  the  surface  of  the  cone.  For  Rq, 
•this  angle  is  equal  to  9C  -  Pq  -  Uq  changes  by  2aQ  in  each  suc¬ 

ceeding  reflection. 

Thus 


^  =  cos{90  — ?o  — (2^+  l)«o}  =  sm((2^+  l)ao  +  ?o}. 
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but  according  to  (4.75) 


consequently^ 


sin  [Po  +  (2^+l)«ol“s^sin(2^4-  l)a„, 


■=  5?  -  sin  (2/  +■  1 )  oo  -%  I  =0 


(4.80) 


Comparing  (4.80)  with  (4.36)  we  note  that  the  expression  for  the 
normal  component  of  the  velocity  on  the  surface  of  the  cone  differs 
from  that  for  the  disk  only  in  the  presence  of  the  factor  sln(2i4-  l)aj. 

To  estimate  the  potential  at  the  vertex  of  the  cone^  we  use  the 
radiation  integralj  which  in  this  case  is  v;ritten  in  the  form 


,  t  —  I,) 


%  —  Ri  —  ^i)  + 


+  - - - 1  ,  (4.8: 


(4.81) 


where  and  are  continuously  varying  distances.,  determined  by  ex¬ 
pressions  analogous  to  (4. 75) ~(4. 74) : 

,  Zt,  sin  ?o  . 

“  sin  1,%  +  a]  > 

n  _  ^0  sin  n 

“  sin  (fi„  +  aj  > 

(2;+  I)a<,<a(2/  +  3)  ao. 

Calculation  of  this  integral  is  carried  out  in  the  same  way  as  in 
the  cases  previously  considered.  We  therefore  write  here  the  final  ex¬ 
pression  for  the  pressure  at  the  vertex  of  the  cone,  with  allowance 
for  both  the  reflected  and  the  direct  waves: 


=  —  Po  ^  'M-  —  2^0)  =>0  (y  —  2^0)  — 


s'/ _ 

'.w\  r,(!  — 


cos  (2/  +  1)  "1,1  ‘■® 


'ST'I'Ct  — 2;o)  Oo  (f— 2^0)  — 


)Sln(2/«f  I)ao 


_ T  W  "0 _ IL  dj  rr _  P  _ 

*  ^^0/ 1  —  ^0  (2/  +  1 )  “ol  ‘  ^ 

("  ^ot  ^l))- 


(4.82) 


In  perfect  analogy  we  can  consider  the  problem  of  estimating  the 
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potential  at  the  top  of  a  truncated  cone.  A  geometric  Illustration  of 
this  process  of  reflection  of  the  waves  Is  shown  In  Pig.  95.  Unlike 
the  preceding  case^  some  of  the  waves  will  emerge  In  this  case  from 
the  truncated  cone  without  participating  In  f\irther  reflection.  For¬ 
mally  this  fact  can  be  taken  into  account  in  simplest  fashion  by  char¬ 
acterizing  the  zones  of  multiple  reflections  not  by  the  quantities 
but  by  the  differences 
As  before  we  have 

‘  + (27+17^1'  (4.74) 

If 

V  ^r.-‘2?o-2ao 
^  2'.^ 

and  L.  =  L^_,  when 

1  O'*  2a„  • 


As  regards  the  segments  we  have  so  long  as 

cos(2j;+ l)s>  A 

or,  what  Is  the  same. 
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As  soon  as 


arc  cos  — ^  —  «c 
_ ^0 _ 


arc  cos  - qq 


we  get 


C=3  :  p  ^ 

cos  I  (2/  1)  ag  —  arc  cos  -^J 


(4.83) 


Making  use  of  the  preceding  scheme  of  solution,  we  can  obtain  the 
final  result  In  the  form 

A/  ■=  —  Po  77  ■>  —  ■'o)  Oo  (-f  —  ^o)  — 

i=/l 

'  _ %' I _ roSln(2/  +  l)ao _  y 

^  '  rot  [roi  +  lot  —  ■To  cos  (2/  +  1)  "ol 
(=0 

k  Po  TT 4/)  “o  (“  ^oi  4j)  ““ 

_ Zo  sill  (71  +  1)  ao _  ^ 

/^o/  [P^o/  —  ^0  (2/  +  1 )  “ol 

X  Po  '1'  ('  ~  f^oi  —  4)  °o  —  1/)}  .  (4.84) 


where 

foi  ” 4?  +  ^0  —  2Vo/ cos  (2J  +  1 ) “o-  (4.85) 

Example .  Calculate  the  pressure  at  the  top  of  a  truncated  cone 

under  the  following  Initial  data: 

=  77.5  m,  =  19-5  m,  i  =  6,3  m. 


Qq  =  0.301,  Pq  =  0.1, 


G  =  5000  kg. 


The  explosive  Is  TNT.  Construct  the  pressure  pattern. 

Solution.  To  determine  the  coefficients  of  the  functions  charac¬ 
terizing  the  variation  In  pressure,  we  must  calculate  the  following: 

i,  -  ^  ^0  .  ( h.  7 h.) 


, _ Zgsln  Sq  . 

^  13o  -t-  (2;  -f-  1)  Oo)  ' 

Ro,  =  Vlf+  7f-2Zo/.t  cos  (2/  -H)=o; 


cos  1^(2/  -t-  1 )  a,  —  a  rc  cos  4  J 


(4.78) 

(4.83) 
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/ 0/  ^0/  ^0  —  cos  (2/  "i"  U  ®o  ! 

jj  ^  -ZoSln  (2/ +  l)ao _  _ 

^  ^01  l^ot  “T"  ^ot  —  *^o  COS  {'2i  4-  1}  oq]  ' 


.  ^ _ 2oS\r,  (21  +1)^0  _ 

*  Roi  IRj/  ■i'  ^ I  —  ■^0  COS  (2;  -j-  1)  Oj]"  * 


TABLE  21 


.v» 

n/n. 

n  ' 

OSooiiaHeiiiiH  De.niMiiiiu 

/  =  0 

1 

1=1 

1  =  2 

1  =  3 

1 

(‘2/+  !)«„ 

IS- 30' 

55°  30' 

92°  30 

129°C0’ 

2 

cos  (21  +  I)  Oj 

0.94S 

0,500 

—0,044 

-0,030 

3 

?o  +  (21  +  1)  “o 

24'>30' 

01°30' 

9S''30' 

135°30' 

•1 

sin  [^0  +  (2i  1)  floj 

0,415 

0,879 

0,989 

0,700 

1  5 

1 

,  Z,  sin  ?o 

"-1-  sln[?,4-(21+  l)aoJ 

19,0  . 

9,20 

8,15 

11,5 

6 

2Z|,Z.;  cos  (2/  +  1)  aj 

2780 

800 

— 57 

—  1135 

7 

j.]  +  4 

0300 

0035 

6000 

0132 

8 

(6)- 

-(7) 

3580 

5279 

0123 

7207 

9 

Roi  =  ]/(8) 

59,7 

72,5 

78,4’ 

85,2 

10 

cos  J^arc  cos  - (21  +  l)o|,J 

0,383 

0,870 

0,992 

0,717 

11 

“1  "  (10)' 

0,3 

0,3 

0,35 

3,8 

12 

2ZqIqi  cos  (2/  1) 

920 

552 

-43 

-eoo 

13 

lo/  +  Zq 

0040 

0010 

GOlO 

C078 

14 

(13)- 

-(14) 

5114 

5188 

0083 

691-1 

15 

r„  r-.  J/(14) 

71,5 

74,0 

77,9 

83,3 

16 

sin  (21  +  1)  ao 

0,317 

0,824 

0,999 

0,772 

17 

Zo  sin  (21  +  1)  ag 

24,0 

03,8 

77,5 

59,8 

18 

Zq  cos  (2;  +  1)  ^0 

73,5 

43,8 

-3,4 

—19,4 

■  19 

rot  +  lot 

77,8 

80,3 

84,2 

92,1 

20 

(19)- 

-(18) 

4,3 

30,5 

87,0 

141,5 

21 

rot  (20) 

307 

2800 

0810 

ll  770 

22 

A.=i^ 

'  (21) 

0,080 

0,023 

0,0114 

0,0051 

23 

Rot  +  /./ 

78,7 

81,7 

60,0 

90,7 

24 

(23) -(18) 

5,2 

37,9 

90,0 

MG,1 

25 

Rot  (24) 

310 

240 

7050 

1 2480 

20 

(25) 

0.079 

0,023 

0,0110 

0,0048 

1)  Designation  of  quantity. 


Calculation  of  the  indicated  quantities  is  summarized  in  Table  21. 
We  obtain  the  relative  distances  characterizing  the  different  re¬ 
flection  regions. 
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The  radius  of  the  equivalent  spherical  charge  is  equal  to  = 
=  0.053  =  90.6  cm. 

The  quantities  r^^.  +  ^Oi  ^Oi  ^Oi  taken  from  Table  22. 


TABLE  22 


^06o3uaMeiinfl 

Beaumin 

^  AOco/imiibfe 
paccToniism 

'  OTHOcnie;itHwc 

pacCTOHIIIItl 

4KHTepBa;:i4  BpeMCHH 

MOKAy  noAxoAOM  doa- 
noBbix  cncTCM 

D  Bepiunny  Koiiyca 

77,5 

85,5 

0 

^00  +  /(XJ 

77,8 

85,9 

0,4 

78,7 

86,8 

1,3 

/"oi  +  /oi 

80,3 

88,6 

3,1 

81,7 

90,1 

4,6 

f oa  'J"  ^oa 

84,2 

92,9 

7,4 

86,6 

95,5 

10.0 

^03  +  ^03 

92,1 

103,5 

18,0 

-f  ^3 

96,7 

114,0 

28,5  I 

1)  Designations  of  the  quantities;  2)  ab¬ 
solute  distances;  3)  relative  distances; 

4)  time  intervals  between  arrival  of  wave 
systems  at  the  top  of  the  cone. 

We  measure  time  from  the  instant  of  arrival  of  the  direct  wave  at 
the  top  of  the  cone. 

VJe  change  over  to  dimensionless  time  and  distances  (r  =  r/R^^) 

T  =  taQ/RQ^). 

The  pressure  on  the  front  of  the  direct  wave  at  the  top  of  the 
cone  will  be^  in  accord  with  (2.I5I), 

=  14700  =  96.4  kg/cm^. 

The  change  in  pressure  at  this  point/  calculated  by  Formula 
(2.105)^  is  summarized  in  Table  23. 

Further  calculations  are  elementary  and  are  combined  for  simplic¬ 
ity  v;ith  the  graphical  construction. 

First  to  arrive  at  the  top  of  the  cone  is  the  direct  wave.  The 
pressure  in  it  varies  in  accordance  with  the  data  of  Tables  22  and  23. 

After  a  time  Interval  equal  to  0.4  (see  Table  22),  a  compression 
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TABLE  23 


0 

0,5 

1.0 

'  1,5 

2.0  . 

3,0 

1  p,  KljCM^ 

9G,-5 

G0,l 

55.^ 

^1,S 

30,1 

20.7 

5.0 

7,0 

10,0 

l.'i.O 

20,0 

-:o,o 

1  p, 

1H,0 

0,0 

2,7 

O.SO 

0,3'J 

2 

1)  Icg/cm  - 


wave  from  the  zone  of  the  first  reflection  arrives  at  the  point  (it  is 
characterized  by  coordinates  r^Q  +  Zqq  and  by  a  coefficient 
pressxire  at  the  point  is  made  up  of  the  pressures  in  the  direct  and 
reflected  waves,  the  amplitude  of  the  latter  also  varying  in  accord¬ 
ance  with  the  law  given  by  Table  23,  with  a  coefficient  k^/l/zQ  = 

=  0.080-77.5  =  6.2. 


/  t.vj^3JfCetiL’sr 


Pig.  96.  Calculated  pressure  pattern  at  the  top  of  a  trun¬ 
cated  cone.  Solid  line  —  pressure  at  the  point  with  allow¬ 
ance  for  the  entry  of  the  shock  wave  into  the  cone;  dashed  — 
pressure  at  a  point  of  the  free  liquid,  l)  First  reflection 
zone;  2)  second  reflection  zone;  3)  third  reflection  zone; 

4)  fourth  reflection  zone. 

After  a  lapse  t  =  1.3  from  the  initial  Instant,  a  rarefaction 
wave  (second  term  of  Formula  (4.84),  characterized  by  the  coordinates 
Rqq  and  Lq  and  by  the  coefficient  arrives  at  the  top  of  the  cone. 

The  pressure  will  be  determined  by  the  superposition  of  the  three 
wave  systems. 
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Further  development  of  the  process  is  perfectly  similar  to  that 
described  above.  The  results  of  the  calculations  are  presented  in  Fig. 
96. 

It  is .easy  to  see  that  as  a  result  of  the  multiple  reflections^ 
the  pressirre  produced  when  a  shock  wave  enters  into  a  cone  may  turn 
out  to  be  much  higher  than  in  the  free  liquid. 

§8.  GENERAL  CONSIDERATIONS  IN  THE  DYNAMIC  DESIGN  OF  STRUCTURES  TO 
WITHSTAND  THE  ACTION  OF  AN  UNDERWATER  SHOCK  WAVE 

The  strength  of  any  particular  structure,  designed  to  withstand 

the  action  of  an  explosion,  is  determined  in  final  analysis  by  the  . 

■!>' 

propagation  of  the  elastoplastic  waves  arising  in  the  structure  as  k 
result  of  reflection  and  refraction  of  the  shock  wave.  This  process^? 

■C‘‘ 

therefore  depends  on  the  structure  itself.  We  shall  consider  here  the 

c. 

simplest  structure,  made  up  of  plates. 

According  to  the  general  theory,  when  a  shock  wave  is  incident  on 
a  plate,  there  arise  in  addition  to  the  direct  and  reflected  waves 
also  three  other  types  of  waves:  longitudinal,  transverse,  and  surface. 
Owing  to  multiple  reflection  and  interaction,  the  over-all  wave  pat^ 
tern  becomes  so  complicated,  even  in  the  study  of  the  simplest  cases^ 
that  the  known  methods  of  mathematical  analysis  afe  incapable  of  ans¬ 
wering  the  question  of  strength  estimate  when  so  formulated.  It  is 
therefore  necessary  to  Introduce  many  simplifying  assumptions  in  the 
solution  of  practical  problems. 

As  a  rule,  the  structures  are  regarded  as  mechanical  systems  with 
one  or  several  degrees  of  freedom.  The  wave  character  of  the  process 
is  disregai’’ded.  The  external  load  is  replaced  by  a  generalized  force 
acting  in  accordance  with  some  definite  law. 

We  shall  show  in  what  follows  that  in  many  cases  such  an  approach 
to  the  solution  of  the  problem  is  permissible. 
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At  the  same  time,  the  folloiving  factors  must  be  taken  into  ac¬ 
count. 

1.  The  magnitude  and  ciiaracter  of  the  external  load,  perceived 
by  the  structure,  depends  not  only  on  the  pressure  fields  produced  by 
the  explosion  in  the  free  liquid,  but  also  to  a  considerable  degree  on 
the  elastoplastic  characteristics  of  the  structure  Itself.  The  de¬ 
formation  of  the  structure  due  to  the  action  of  the  shock  wave  leads 
in  tiirn  to  a  change  in  the  pressure  fields.  The  considerable  acoustic 
impedai:ice  of  water  makes  this  mutual  Influence  most  essential. 

2.  Under  certain  conditions  the  interaction  between  the  shock 
wave  and  the  deforming  partition  in  the  liquid  can  give  rise  to  cavi¬ 
tation  regions,  the  influence  of  which  calls  for  appreciable,  correc¬ 
tion  of  the  estimate  of  the  external  forces. 

3.  The  pressure  fields  are  influenced  in  a  complicated  manner  by 
the  free  surface  of  the  liquid.  As  was  mentioned  in  §§2  and  3  of  Chap¬ 
ter  3,  the  presence  of  the  free  surface  leads  to  a  change  in  all  the 
parameters  of  the  underwater  shock  wave;  pressure  on  the  front,  dura¬ 
tion  of  the  positive  phase,  and  form  of  the  pressure -time  pattern. 

4.  Even  more  complicated,  as  is  obvious  from  the  materials  of  the 
preceding  chapter,  is  the  estimate  of  the  pressure  fields  when  the 
bottom  of  the  reservoir  exerts  a  noticeable  influence.  In  addition  to 
everything  else,  it  is  necessary  to  take  into  consideration  the  dif¬ 
ference  in  the  times  that  the  individual  wave  systems  arrive  at  the 
structiu'e . 

5.  In  most  cases  the  final  judgment  regarding  the  strength  of  one 
structure  or  another  under  the  influence'  of  an  explosion  can  be  made 
by  considering  not  only  the  elastic  but  also  the  plastic  deformations. 
It  is  frequently  necessary  to  take  into  consideration  the  strengthen¬ 
ing  of  the  material  under  large  strain  rates.  At  the  present  time,  even 
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static  calculations  in  the  plasticity  zone  entail  serious  difficulties 
and  cannot  be  regarded  as  a  question  that  has  been  given  due  study. 

The  difficulties  presented  by  the  problem  under  consideration  are 
therefore  clear. 

There  is  an  extensive  literature  devoted  to  the  action  of  noncon¬ 
tact  underwater  explosions  on  structures.  Even  a  brief  exposition  of 
the  available  material  would  call  for  a  separate  book.  We  therefore 
develop  below  only  some  particular  problems  in  this  field,  without  any 
pretense  whatever  to  completeness,  aimed  merely  at  giving  a  general 
idea  of  the  subject  considered. 

§9.  ]y[ETHOD  OF  GENERALIZED  COORDINATES  AS  APPLIED  TO  THE  PROBLEM  OF 
DYNAMIC  CALCULATION  OF  STRENGTHS  OF  STRUCTURES  UNDER  NONCONTACT 
UNDERWATER  EXPLOSIONS 

To  solve  the  dynamic  problems  under  consideration,  it  is  advan¬ 
tageous  to  use  the  Lagrange  equations  of  the  second  kind,  usually  writ¬ 
ten  in  the  form 


oi/j  <^‘ij 


-Qj, 


(4.86) 


where  T  is  the  kinetic  energy  of  the  system,  q^  is  the  generalized  co¬ 
ordinate,  and  Qj  the  generalized  force  corresponding  to  the  coordinate 


^J- 

To  determine  the  value  of  the  generalized  force  Qj  one  usually 
employs  one  of  the  two  following  methods: 

1)  the  generalized  force  is  determined  from  the  coefficient  of 

the  generalized  displacement  6q.  in  the  expression  for  the  elementary 

J 

work  performed  by  the  specified  forces  in  the  aggregate  of  the  pos¬ 
sible  displacements  of  the  system,  or 

2)  the  value  of  is  determined  from  the  partial  derivative  of  • 
the  potential  energy  of  the  system  with  respect  to  the  generalized  co^ 
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ordinate : 


(4.87) 


The  Lagrange  method,  as  applied  to  dynamic  design  of  ship  struc¬ 
tures  was  developed  by  Yu.  A.  Shimanslciy. 

Considering  systems  consisting  of  elastic  bodies,  and  noting  that 
in  this  case  the  number  of  degrees  of  freedom  is  generally  Infinite, 


Shimanskiy  shows  that  if  the  form  of  the  oscillations  is  known  the 


problem  reduces  to  a  study  of  a  system  with  a  finite  number  of  degrees 
of  freedom,  since  an  oscillation  of  specified  formi  rs  determined  com.- 
pletely  by  some  single  generalized  coordinate,  for  example  the  dis¬ 


placement  of  a  chosen  point  of  the  body.  Such  a  point  is  called  the 
reduction  point  by  Shimanskiy. 

The  displacement  of  the  reduction  point  can  be  determined  by 
choosing  the  form  of  the  oscillations  (the  form  of  the  deflection)  and 
(jg -j^Q the  SO— called  reduced  mass,  the  reduced  stiffness  coeifi— 

cient,  and  the  reduced  force. 

Let  us  illustrate  this  by  means  of  an  example. 

Let  f(x,  y,  z)  be  a  function  of  the  coordinates  of  the  points  of 
the  body,  determining  the  form  of  the  oscillation  of  the  body  under 
consideration.  For  the  reduction  point  we  shall  assume  that  f  =  1;  let 
m(x,  y,  z)  be  a  function  of  the  distribution  of  the  mass  of  the  body, 
F(x,  y,  z)  a  f-unction  of  the  distribution  and  of  the  intensity  of  the 
external  load;  and  9  =  9(t)  the  equation  of  motion  of  the  reduction 
point. 

The  equation  of  motion  of  an  arbitrary  point  of  the  body  will  ob¬ 


viously  be  9  =  9(t)f(x,  y,  z). 

Let  us  calculate  the  reduced  mass. 

The  kinetic  energy  of  motion  of  the  body  is  determined  by  the 
equation 

7  j  j  I  (0  /=  {X,  y,  z)  dxdydz  = 

^^^'\t)\\\>npdxdydz. 
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In  order  for  the  reduction  point  to  have  the  same  kinetic  energy 
it  must  obviously  have  a  reduced  mass 

•^np  =  ]  f  f  mpdxdydz.  ( •  89  ) 

Consequently,  the  reduced  mass  is  equal  to  the  sum  of  the  products 

of  the  masses  of  all  the  points  of  the  body  by  the  squares  of  their 
displacements,  assiiming  the  displacement  of  the  reduction  point  equal 
to  unity. 

As  is  well  known,  the  stiffness  coefficient  k  is  called  the  coef¬ 
ficient  of  proportionality  between  the  strain  (the  displacement  cp)  and 
the  value  of  the  force 

p  =  k9.  (4.90) 

Since  the  potential  energy  of  the  elastic  couplings  is 

=  (4.91) 

we  have 

k  =  2V/cp^.  (4.92) 

Thus,  the  reduced  stiffness  coefficient  is  equal  to  twice  the 
value  of  the  potential  energy  of  the  body  subjected  to  a  displacement 
corresponding  to  unity  displacement  of  the  reduction  point. 

Let  us  determine  now  the  reduced  force. 

It  is  obvious  that  when  the  reduction  point  is  displaced  by  an 
amount  Acp,  the  other  points  of  the  system  are  displaced  by  amounts  Acpf 
and  the  external  forces  applied  to  them  perform  work 

\\\^9{t)fi.x,y,z)F{x,y,z)  dxdydz  = 

^L'^i^yi'dxdydz.  (4.93) 

Equating  this  work  to  the  work  of  the  reduced  force  applied  to 
the  reduction  point  and  equal  to  we  obtain 

'I'„p  =  J II  /7 dxdydz.  (4.94) 

Consequently,  the  reduced  force  is  equal  to  the  products  of  the 
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displacements  of  the  point  of  the  tody  corresponding  to  unity  displace¬ 
ment  of  the  reduction  point  hy  the  forces  applied  to  these  points. 

The  calculation  of  the  potential  and  kinetic  energy  of  different 
elastic  systems  does  not  entail  any  serious  difficulties.  This  (Jues- 
tlon  was  considered  in  sufficient  detail  for  various  dynamic  problems 
in  the  already  mentioned  work  by  Yu.  A.  Shimanskiy  "Dynamic  Design  of 

Ship  Structures." 

m  the  analysis  of  the  action  of  an  underwater  explosion  on  a 
structure,  it  is  only  the  generalized  forces  that  are  estimated  dif¬ 
ferently.  Ih  addition  to  the  forces  of  resistance  to  the  deformation, 
characterized  by  the  reduced  stiffness  coefficient,  it  is  necessary  to 
determine  the  hydrodynamic  forces  in  this  case  also.  These  can  be  rep- 

resented  by  the  following. 

1)  the  forces  acting  in  an  underwater  explosion  on  the  structure 
regarded  as  an  absolutely  rigid  partition  of  finite  dimensions; 

2)  the  forces  resulting  from  the  deformation  and  displacement  of  ■- 

the  partition  itself. 

Previously  we  have  already  become  acquainted,  by  means  of  simple 
examples,  with  methods  of  estimating  the  hydrodynamic  forces  of  both 
the  first  and  second  category. 

It  should  be  pointed  out  that  the  need  to  account  for  the  Influence 
exerted  on  the  hydrodynamic  fields  by  the  deformations  and  the  displace¬ 
ment  of  the  partition  Itself  leads  to  a  solution  of  the  Integral-dif- 
ferential  equations. 

Indeed,  let  us  calculate  the  reduced  mass,  the  reduced  stiffness 
'coefficient,  and  the  generalized  hydrodynamic  force  of  the  first  cate- 
gory,  for  the  incidence  of  a  plane,  wave  on  a  round  plate.  Then,  in 

accord  with  (4.64),  the  equation  characterizing  the  deformation  of  the 
plate  at  the  initial  period  of  motion  under  the  influence  of  an  under- 
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water  shock  wave  Is  written  in  the  form 

Mz  {t)  +  F  {z,  i)  =  Q,  +  I  =o  (0  -  “  ^  (0  ~r 

+  'i'/ ^  I  ( ^  •  95 ) 

0  / 

The  sought  function  is  under  the  Integral  sign  in  the  right  half 
of  the  equation. 

Serious  mathematical  difficulties  arise connected  with  the  solu¬ 
tion  of  the  integral-differential  equation  (4.95)^  as  a  result  one 
usually  makes  from  the  very  outset  supplementary  simplifying  assump¬ 
tions,  with  the  aid  of  which  it  is  possible  to  get  rid  of  difficulties 
of  this  type.  We  shall  dwell  on  this  problem  briefly  later  on.  At 
present  we  proceed  to  an  estimate  of  the  hydrodynamic  forces  of  the 
first  category  in  the  simplest  cases  of  horizontal  and  vertical  parti¬ 
tions  . 


§10.  GENERALIZED  HYDRODYNAMIC  FORCES  ON  AN  ABSOLUTELY  RIGID  VERTICAL 
OR  HORIZONTAL  PARTITION  IN  AN  UNDERWATER  EXPLOSION 

In  underwater  explosions  near  the  free  surface,  the  main  elements 

of  the  shock  wave,  apart  from  the  relative  distance  depend  on  the 

depth  of  the  charge  H  and  on  the  depth  of  the  measurement  point  h: 


4  =  4  (r,  H,  h). 


(4.96) 


The  form  of  the  pressure  vs.  time  curve  also  changes  appreciably. 

Considering  a  region  that  is  remote  from  the  center  of  the  explo¬ 
sion  and  regarding  the  distance  r  and  the  depth  H  of  the  charge  as 
specified,  ^^’■e  can  expand  the  functions  p^^^  and  t_^  in  a  Taylor  series 
about  h  =  C.  We  then  obtain 


(h  H,  h)^p^  {r,  H,  0)+h  4-  A*  . .. 


4  (r,  H,  h)  =  4  (r,  H,0)  +  h 


1/1=0 


+  -4  A’ 


f!l±. 

0h'‘ 


/l=0 


+  . 


With  good  approximation  we  can  asstime  in  the  majority 


(4.97) 

(4.98) 

of  cases  of 
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practical  interest  that  if  the  range  of  variation  of  the  depths  of  the 

measurement  points  is  given  by  the  interval  0  <  h  <  h^^^  then  the  av- 

eraere  value  of  the  pressure  in  this  range  of  depths  amounts  to  p  = 

sr 

=  p^(r,  H,  h^/2). 

As  regards  the  duration  of  the  compression  phase,  since  t_j_  =  0  on 
the  free  surface  we  obtain  on  the  basis  of  (4.98),  discarding  terms  of 


ClSlotHSI 


higher  order  of  smallness. 


where 


Fig.  97.  Diagram 
showing  location  of 
plate  fcr  an  esti¬ 
mate  of  result¬ 
ant  loac  the  case 

of  norm  incidence 
of  the  1)  Free 

surface 


(4.99) 


(4.100) 


The  simplest  and  most  convenient  form  of 
analytic  approximation  of  the  pressure  vs. 
time  curve  near  the  free  siuface  is 


(4.101) 


where  p^  -  the  pressure  on  the  front,  is  the  time  of  action  of  the 
positive  -lase  of  the  pressure,  and  t  is  the  running  time,  reckoned 
from  the  instant  of  arrival  of  the  shock  v/ave  at  the  specified  point 

(4  <  t^). 

The  exponent  n  is  in  the  general  case  a  function  of  r,  H,  and  h. 
However,  for  specified  r  and  H  vie  can  approximately  assume  for  the  co¬ 
efficient  n  a  constant  value  calculated  for  the  center  point  of  the 


plate. 


In  accordance  with  the  foregoing,  we  find  that 

(-ir)"]  K  (0  -  it -Ah)], 


(4. 102) 


Let  ...  find  the  resultant  force  'acting  in  normal  incidence  of  a 
wave  on  tn  absolutely  rigid  vertical  plate  immersed  in  a  liquid  as 
showm  i^t  Fig.  97,  under  the  assumption  that  the  presstire  field  is  spec- 


-  296  - 


Ifled  by  means  of  Eq.  (4.102).* 

We  assimie'  that  the  coefficient  of  reflection  from  the  partition 
is  equal  to  /c.  We  then  get 

^  J 

(1  + ’<)  f  [^1 — (•;^)  J  I®o(0—°o(4 — Ah)\dh.  (4.103)  ’ 

a 

After  simple  transformations  we  have 

Q,  =  (1  +  X) {i  [l -f  ^(-3^)"]  K  (0  -  ®o  (^ - - 
- «  [l  +  (i  "]  K (0  - ®o  [(^ - ^•«)]  + 

+  ‘TT:^  (4. 104) 

Formula  (4.104)  is  valid  for  all  n,  including  n  =  1. 

In  this  latter  case 

Q,  =»  ( 1  +  x)  lp„  {[i _  In  41]  K  (0  -  ®o  (^  -  ^'^) ]  - 

—  [a—^\n~\  [oo(0  — »o(^  — + 

+  -^M(-Ad)-c,{t-Aa)]).  (4.105) 

An  estimate  of  the  load  on  the  horizontal  plate  differs  somewhat 
from  the  case  considered  here.**  This  difference  is  due,  first  of  all, 
to  the  lack  of  a  reflected  wave  and,  second,  to  the  fact  that  as  a  re¬ 
sult  of  the  gliding  of  the  wave  along  the  partition  the  load  first  in¬ 
creases  gradually  and  then,  if  the  partition  is  longer  than  the  wave¬ 
length,  it  becomes  constant  and  then  decreases  (Fig.  98). 

It  is  important  to  note  that  in  the  second  case,  as  can  be  seen 
from  Fig.  98,  the  value  of  the  constant  load  does  not  depend  on  the 
dimensions  of  the  partition,  and  is  determined  only  by  the  length  A.  of 
the  shock  wave. 

The  value  of  the  pressure  at  an  arbitrary  point  of  the  plate  with 
coordinate  I  is  determined  by  the  relation 
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P’=P„, 


I  X" 


t  — 

_ £o 

t*  1 


(4.106) 


Integrating  (4.106)  over  the  area  we  obtain  after  simple  trans¬ 
formations  the  component  of  the  general  force,  dependent  on  the  length 
of  the  plate 

5--”»»{[x-(;4T)7;(7rr']  K(')— .(^-4)1  + 


+ 


1- 


/—  • 


.flo 


(4.107) 


It  is  necessary  to  add  to  this  component,  which  takes  into  ac- 
coiint  the  nonstationary  nature  of  the  wave  advancing  on  the  plate,  a 
constant  component  which  can  be  readily  obtained  by  integrating  the 
load  with  respect  to  the  wavelength 


Qi^p^m  I  [l -(A) 

(4.108) 


where 


./+</</+ 4- 


Pig.  98.  Diagram  showing  the  gliding 
of  a  shock  wave  along  a  horizontal 
plate. 


Thus,  we  obtain  ultimately 


■«o< 

^  ( 

.  h 

{n  +  l)h\ 

lil-J  ][°(0-°o(^-^+)]  + 


(n+  1) 


7,i4r^)  )[".«- 


Calculation  performed  with  the  aid  of  Formulas  (4. 102) -(4. 109) 
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enable  us  to  draw  the  following  conclusions. 

1.  The  generalised  force  on  a  vertical  rigid  partition  can  be 
calculated  approximately  on  the  basis  of  the  plane-wave  hypothesis. 

The  pressure  pattern  must  in  this  case  be  assumed  for  the  center  point 
of  the  plate. 

2.  When  estimating  the  generalized  force  on  a  horizontal  partl- 
tlon^  it  Is  necessary  to  take  Into  account  the  gradual  advance  of  the 
wave  on  the  partition. 

The  character  of  bhe  time  var/a  tlon  of  t:  .e  general!  rzed  force  dif¬ 
fers  essentially  frciri  the  press'ire  pattern  In  a  free  llquil. 

Example  1.  Calculate  the  generalized  fc’^ce  rroduced  on  tl --  ver¬ 
tical  absolutely  rigid  partition  upon  Incidence  of  -/aves  with  triangu¬ 
lar  ard  parabolic  profiles  (n  =  1  and  n  =  2  for  the  following  Initial 
data ; 

submerged  depth  of  upper  edge  of  plate  a  =  2.1  m, 

submerged  depth  of  lower  edge  of  plane  b  =  6.3 

coefficient  of  pj.-’oportlonallty  between  tne  time  of  action  of  the 
positive  pressuT'e  phase ^  t_._,  and  the  depth  of  the  measiarement  pointy  h, 
is  assumed  to  be  A  =  0.2-10“'^  scc/m. 

Compare  the , generalized  force  wltn  the  change  in  load  at  the  cen¬ 
ter  point  of  the  plate. 

Solution.  The  calculation  of  the  generalized  force  for  exponents 
n  =  2  and  n  =  1  is  carried  out  with  the  aid  of  the  formulas 

<?,  =  (1  +  X)  ip„  I  *  [i  +  -Tflrr  {-M /]  ~  ~ 

- +  T^T  (4r)"] + 

+  "  (4.104) 

Q,  =  (1  +  x)  lp,„  —  -x'"  — ’O  (<  —  — 

—  - ^  In  alij (0  —  «o  (<  — +■ 

+  (4.105) 
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TABLE  24 


M0-», 

sec 

1  1 

Ab 

t 

Ab 

(-1)“ 

1  l  +  (5) 

i.(0) 

Aa 

1  b  —  a 

1 

2 

3 

4 

.8 

1  6 

7 

1  8  1 

0,1 

0, 2.3.8 

1,26- 10-> 

0,07‘Jl 

0,00632 

1,006 

6,-338 

0,-12-10-“ 

0,'J 

0, 2.3,8 

1,21).  !0-» 

0,1.39 

0,02-33 

1,02.) 

6,13 

0,-12- JC-’ 

0,3 

0,238 

1,20.10-“ 

0,238 

O.OjIiC 

1,037 

6,06 

0,-12 -.■0-“ 

0,1 

0.238  , 

1,20- 10-“ 

0,317 

0.100 

1,100 

0,03 

0,-l2-l0-> 

0,5 

0,238 

•1,20-10-“ 

0,.3U7 

0,1.38 

1,1.38 

7,29 

0,-12.10-“ 

0,6 

0,238 

1,26-10-“ 

0,-170 

0,227 

1,227 

7.73 

0,42-10-“ 

0.7 

0,238 

1,20-10-“ 

0,,3.')0 

0,309 

1,309 

8,2-1 

0,42-10-“ 

0,8 

0,238 

1,26-10-“ 

O.CU'. 

0,-103 

1,-103 

8,82 

0,-52-10-“ 

0,9 

0,238 

1,20-10-“ 

0,7M 

0,310 

1,.310 

9,51 

0,42-10-’ 

1,0 

0,238 

1,26-10-“ 

0,79 1 

0,:.3l) 

)  ,030 

10,28 

0,42-10-“ 

1.1 

0,238 

1,20-10-“ 

0,873 

0.722 

;.762 

11,10 

0,-12.10-“ 

1.2 

0,238 

1,26-10-“ 

0.9:1 ! 

0,912 

1,912 

12,10 

0,42-10-“ 

i  3 

0,238 

1,20-10-“ 

1.03 

1,001 

2,06 

13,00 

0,42-10-“ 

TABLE  23 


M0-. 

sec 

1 

/ 

A 

\:h.  : 

o- 

,  .46 

-i-CS) 

i-(6) 

i  —  a 

1  1  2  . 

3  1 

4 

5 

6 

7 

01- 

0,238 

C.5 

12.6 

2,53-1 

1,205 

3.035 

J 

■3.2 

0,238 

1.0 

0.9 

1,8-11 

1,841 

4,4.39 

•  0,.? 

0,238 

1.5 

•1.2 

1 ,435 

2,150 

4,15 

'  0,4 

0,238 

2.0 

3,15 

1,147 

2,290 

‘1,00 

0,.5 

0,238 

2.5 

2.52 

0.32-1 

2,310 

3,90 

0.5 

0,238 

3.0 

2,10 

0,742 

2,220 

4,08 

o,r 

0,238 

’3 

Wn.> 

1,80 

0,578 

2,060 

4,24 

0.8 

0,238 

.',0 

!,.58 

0,454 

1,816 

4,48 

0.238  ' 

4.5 

1,40 

0337 

1,510 

4,73 

1.0 

0.238 

5.0 

1 

0.22' 

1,155 

5,15 

l.l 

0,238 

5,5 

1,15 

0,135 

0,744 

5,50 

0,238 

O.C 

1,0.') 

0,0-19 

0,294 

0,0' 

1.3 

0,238 

Go 

1  0^j7 

1 

-C0305 

-0,108 

0,50 

1 

Choosing  as  i.he  time  interval  At  =  0.1  10~^  sec,  we  carry  cut  the 
calculations  xn  tabula.,  form  (Tables  24  and  25). 

The  result.a  of  the  calculations  are  presented  in  Pigs.  99  and  100. 
The  same  figures  show  '' dashed)  the  change  in  pressxire  at  the  center  of 
the  plate  (h  =  (a  +  b)/2  =  4.2  m),  obtained  wich  the  aid  of  Relation 
(4.102)  (Table  26).. 

Example  2.  Calculate  the  general  force  arising  when  a  shock  wave 
glides  against  a  horizontal  plate  under  the  following  initial  condi- 
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t 

(9)’ 

I  +(I0) 

0(11) 

!(7)-(12) 

_Lo 

A 

(7)-{I4) 

Qi  = 
=■..(2)  .(15) 

1  c, ---  1 

1  9 

10 

II 

12 

13 

14 

15 

10 

1  17 

0,238 

0,036G 

1,056 

2,217 

4,121 

_ 

0,900 

0,476 

0,226 

1.226' 

2,580 

3.87 

— 

— 

0,920 

0,714 

0,510 

1,510 

3,170 

3,49. 

—  • 

— 

— 

0,8:!0 

0,954 

0,908 

1,908 

4,000 

2,93 

— 

— 

— 

0,698 

— 

— 

— 

5,0 

2,29 

0,546 

-- 

__ 

— 

— 

— 

6.0 

1,73 

0,412 

— 

__ 

_ 

— 

— 

7,0 

1,24 

0,295 

—  • 

_ 

__ 

— 

_ 

— 

8,0 

2,82 

0,195 

— 

— 

— 

9,0 

0,51 

0,122. 

— 

— 

— 

10,0 

0,28 

0,067 

— 

— 

--- 

11,0 

0,10 

0,024 

— 

— 

12,0 

0,05 

0,012 

— 

—  . 

— 

— 

...  , 

— 

'  13,0 

•  0,00 

0,000  ' 

An  ^ 
t 

■  ,  Aa 

In  — 

4(9) 

a  -  (10) 

l(7)-(n) 

! 

=  (2).(!2) 

(7)-(,3) 

O’,  = 
=(2)  ■'!.;) 

8 

9 

10 

11 

12 

13 

14 

13 

4,2 

1,4,35 

0,717 

1.383 

3,632 

0,86,8 

1 

1  - 

2.1 

0,74? 

0,742 

l,.3-8 

3,100 

0,736  . 

— 

1,4 

0,337 

0,514 

1,586 

2,504 

0  60,3 

— 

— 

1,05 

0,049 

0,098 

2.002- 

2,00 

0  476 

— 

— 

— 

— 

— 

— 

_ 

~ 

1,460 

o,:m3  , 

— 

— 

— 

— 

— 

— 

1,0,80 

0,257 

— 

~ 

— 

— 

— 

— 

0,740 

0,176 

1  — 

, 

— 

— 

— 

— 

0,,|,vo 

0,114 

— 

— 

— 

- 

— 

— 

0,290 

O.OGSS 

— 

— 

- 

— 

— 

— 

0,145 

0,0345 

— 

— 

- 

'  — 

— 

— 

0,056 

0,0133 

— 

— 

— 

- 

j 

— 

0,005 

0,00119 

— 

1 

— 

— 

i 

— 

0,0.1 

0,0-) 

tlons : 

time  of  action  of  the  compression  phase  =  1.27-10  sec, 
wave  length  X  =  1.9  ni, 
length  of  plate  —  4.2  m. 

The  exponent  n  is  assximed  equal  to  zero. 

Solution.  Calculation  of  the  generalized  force  is  hy  means 


Formula  (4.109) 


e  us  us  m  Sts  us  us  sjs  us  us  w  us  us 


mm 


‘7rTTT,-["-<'-'<>— — i)]  + 


h 


X 

{rt  +  t)/i 


X 


■rABLE  26 


M0'», 

sec 

A/i 

t 

Ah 

P 

Pm 

;2  =  2  '  rt  »»  1 

0,1 

0.84 

0,1  !G 

0,0  m:’. 

0,080 

0,881 

0,2 

0,34 

0,2:18 

0,0.'l0.; 

rv>(4 

0,702 

0,0 

0,84 

o,:).'.7 

0,127 

0.373 

0,043 

0,4 

0,84 

C.ITI) 

0,7213 

0,774 

0,524 

0,5 

0,84 

0,.5‘J(1 

0,.8r,.5 

0,1)4.") 

0,404 

0,(3 

0,84 

0,7  i' 

0,511 

0,489 

0,285 

0-7 

0,84 

0,.''.'w 

0.S06  ■ 

0,305 

0,166 

0,8 

0,34 

C.0.52 

0,906 

0,004 

0,048 

j  0,84 

0.84 

1,000 

1,000 

0,000 

COOO 

Choosing  c  time  interval!  At  =  0.2*10”^  sec^  we  carry  out  the  cal 
culatio;as  it"'  tahalar  form  (Table  27). 

The  results  of  the  calculations  are  presented  on  Fig.  101. 


Fig.  101.  Plot  of  generalized  hydrodynamic 
force  on  a  rigid  horizontal  partition  for 
n  -  2 
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TABLE  27 


i 

1,27- 10-» 

(2)* 

0,151 -(3) 

h 

li 

T 

Jb 

Of 

/-(7) 

sec 

I 

2 

3 

4 

5 

0 

7 

8 

0,2 

0,-1 

0.0 

0,0 

1,0 

1.2 

.'i.O 

;i,2 

;j,4 

'5,0 

■1,0 

O.l.VS 

o,:ii.5 

0,47.1 

o,r,;to 

0,7117 

0,‘.)4.J 

0,00387 

0,0313 

0,100 

0.2.S) 

0,500 

0,844 

0.0005K4 

0,00173 

0,011/1 

O.OH/.S 

0,070^1 

0,127 

0.0714 

0.143 

0,1’ 14 

0,2.'<li 

0.357 

0,428 

o,o:o,8 

0,135 

0,1‘W 

0,210 

0,281 
.  0,301 

O.IXV’O 

O.iHVllO 

0.1X1052 

O.IKXISO 

0,0012 

Continuation 


(8> 

0 151. (lOj 

'a' 

(12)-(11) 

1  -  (13) 

Q=0,:W2  +  '.14) 

1  ..  1  to  1  n  1? 

13  . 

14 

15 

n.ir.7 

»♦.  ) 

0.‘)  i*j 

0,00387 

(>.•,313 

0.0  1 

0.2.50 

O.S  1 1 

0.100,581 

0.(1 113 

o.oioi 

0.0377 

0,128 

i.or 
i.i  1 

1.21 

I.2S 

1.43 

l.fXV.) 

1,135 

1,100 

l,2-i2 

1.302 

—  O.Oi’.O 

—  0,135 
— O.IO'J 
—0,2  12 
—0,302 

0,2: 13 

0,1 1>7 

0,103 

0.0.  iO 

0,001) 

§11.  THE  DIRECTION  BETVJEEN  A  SHOCK  WAVE  AMD  A  PART  IT' OF  FINITE 

THICSHffiSS 

As  already  mentioned  ear^’ ier,  an'est^jrate  of  uhe  displacements 
and  the  strain,.  "  -Islt!:  1'  a  str,:.otvre  in  the  case  of  an  tmde.r..-jater 
exx-ioslon  sav,  he  ner^or.ae.  tn  the  taels  .r  an., lysis  of  the  propagation 
of  elastoplastic  waves. 

Anotner  approach  to  the  solution  of  this  i:  ,'c,.le.i  is  ct].-.o  possiolc, 
wherein  the  structure  is  regarded  as  a  mechanical  a^stem  with  def 


inite  number  of  degrees  of  freedom  and  the  motion  is  studied  :!Ui  gen¬ 
eralized  Lagrange  coordinates.  This  approach  presupposes  that  the  ve¬ 
locity  of  propagation  cf  the  elastoplastic  waves  is  infinitely  large, 

so  that  these  are  excluded  from  consideration. 

The  motion  >>f  the  system  is  determined  by  its  mechanical  param¬ 
eters  (mass,  stiffness)  and  by  the  external  Toad  produced  by  the  shock 
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wave.  It  Is  essential  to  clarify  the  difference  In  the  final  results 
obtained  by  using  the  indicated  two  methods ^  and  to  establish  what  er- 
ro.r  arises  In  the  case  when  the  struct-ure  is  regarded  as  a  mechanical 
system, 

¥e  shall  Investigate , this  problem  using  as  a  simple  example  nor¬ 
mal  incidence  cf  a  plane  shoch.  wave  on  an  -uaibotinded  plate  of  finite 
thickness . 

As  is  well  known,  a  reflected  and  a  refracted  wave  are  formed  at 
the  instant  when  a  wave  encounters  a  boundary  separating  two  media. 

The  amplitudes  cf  these  waves  are  determined  by  the  relations 

i2lL  =  IdunM!. .  (1.241) 

p  f-lPi  f  PlOs 

.hi  „  Jp2£i _  ( 1  240  ■) 

'  p  ( J.;  -  ’ 

where  pg  and  a.g  a're  the  density  and  velocity  of  sound  in  the  second 
medium,  p-  and  are  the  density  and  velocltj’-  of  sound  in  the  first 
medium. 

We  introduce  the  notation:  fcr  the  coefficient  of  reflection 

of  the  wave  in  the  first  medium  from  the  second  medium  and  k^2 
coefficient  of  refx action  from  the  first  medium  into  the  second  medium. 

W'i  then  obtain 


) 


(4.110) 


The  refracted  wave  propagating  in  the  second  medium  causes  on 
reaching  the  separation  boundary  between  the  second  and  third  media 
the  formation  of  two  additional  waves,  one  reflected  and  the  other  re¬ 
fracted  (Fig.  102). 

In  this  case,  obviously. 


P.1^3  — 

+  pt<7. 


(4. Ill) 


where  k22  is  the  coefficient  of  reflection  of  the  wave  in  the  second 
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meditim  from  the  third  medium; 


f'j'lj  + 


■-  ifvA^P, 


(4.112) 


HanpaSMHue 
facnpocapoHCHun 
tppoHmi  npuhtai 
tjhptiau  lOMU 
1 


Where  is  the  coefficient  of  refraction  of  the  wave  from  the  second 

mediuJTi  Into  the  third  mediui.i. 

i  ! 

The  wave  reflected  from  the  boundary 
/  separating  the  second  and  third  media 

_ _ _  produces  in  tu.rn,  on  reaching  the  bound- 

Hanpa6.m'je  "" 

ZZTT/S  '  ary  between  the  second  and  first  media, 

pSopi-isa  iojiHii 

i  a  refracted  wave  which  propagates  in  the 

first  medium,  as  vrell  as  a  wave  reflected 

J  S 

in  the  second  medium. 

Pig.  102.  Diagram  showing  ^ 

thi  reflection  and  re-  '  Let,  us  determine  the  parameters  of 

fraction  of  a  shock  v/ave 

in  the  case  of  normal  in-  these  waves. 

fiSte^thickness?^lt°Li-  LLe  pressure  in  the  refracted  wave, 

tb^f^Sht^orthi^direSt"''  propagating  in  the  first  medium,  will  be 


iii 


Pig.  102.  Diagram  showing 
the  reflection  and  re¬ 
fraction  of  a  shock  v/ave 
in  the  case  of  normal  in¬ 
cidence  on  a  partition  of 
finite  thickness,  l)  Di¬ 
rection  of  propagation  of 
the  front  of  the  di?'ect 
shock  wave. 


•7--?  _ 

i^np  ^  ^OTp  p^r-  H- 


(4.113) 


whece  Ic-n  is  ^--he  coefficient  cf*  refraction  from  t’^'e  second  medium  into 
ciX 

one  first. 


The  ore'sure  in  the  reflected  wave  is 


p2-.  =  „:i-3  = /e 

^OTp  f  OTP  c,ai  pjr?}  *'  ’ 


(4.114) 


where  1522  is  the  coefficient  of  reflection  of  the  wave  in  the  second 
medium  from  the  first  medium. 

The  subsequent  de.velopment  of  the  wave  process  will  be  analogous 
to  that  already  conslde-^^ed. 

The  pressuz’e  on  the  surfaces  of  the  plate  will  change  abruptly  at 
tlme  Intervals  eqaal  to  the  duration  during  which  the  wave  travels 
through  double  the  thickness  of'  the  plate. 
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Using  the  foregoing  considerations;,  let  us  calculate  the  pressure 
on  the  surface  of  the  plate.  ITie  law  governing  the  variation  of  the 
pressure  in  the  direct  wave-  will  be  assuried  exponential: 


P=Pnfi 


At). 


(4.115) 


Denoting  by  t-  =  5/ap  the  travel  time  of  the  wave  through  the 
thickness  of  the  partition,  we  obtain 

[p.„e  ''  +kt,P„fi  +f«:*  “  Oo(^“  2/,)  + 


Pi' 


±  -  r  - 

^Pm^  "At^llPilP  /  ®C  U  )  "t 

„  <-■ «■  „  Izl' 

+  *  9o  (^  —  4/‘i)  +  “  =0  (^  —  ^ty)  + 

(-iff/,  1 

+  (A,X,)'’'’e  "  o,{t.-2nt, )+...] 


(4  116) 


We  introduce  the  additional  notatim: 


(4.117) 


we  rewrite  (4.1l6)  in  the  form 


Ff 


P,n  (1  +  ‘h)  +  (  4  118) 


or,  summing  the  series, 

f .  ==  A.  (1  +  An)  ’0  (^-  2t,),  (4.119) 


Where  n  is  an  integer  determined  in  accordance  with  the  time  interval 

under  consideration  from  the  inequality 

2/nj  <  X  <  {2n  +  2)  x,. 

A  formula  of  this  type  was  obtained  by  B.V.  Zamyshlyayev  and  K.V. 
Lopukliov  for  the  resultant  load  induced  by  an  underwater  shock  wave  on 
a  partition  of  finite  thickness. 

The  first  term  of  Formula  (4.119)  represents  the  summary  pressure 
of  the  direct  and  reflected  waves.  In  the  case  when  the  acoustic  im¬ 
pedance  of  the  plate  exceeds  the  acoustic  impedance  of  the  first  and 


-  307  - 


third  media,  the  remaining  parts  of  Eq.  (4.119)  characterize  the  pres¬ 
sures  of  the  rarefaction  waves  that  emerge  in  succession  from  the  sec¬ 
ond  mediimi  into  the  first.* 

Arguing  in  similar  fashion,  we  can  readily  obtain  the  pressure 


behind  the  plate: 


+  [t  -  (2/;  _  1)  X,]  +  . . .)  = 

(2/:-  1)xJ. 


;4.120) 


or,  putting  ^  sximmlng  the  series  (4.120) 


_Y  °o  ~  •'•'i). 


(4.121) 


with 

(2«— l)t,  <t<(2«+  1)tj. 

Of  great  practical  interest  is  the  determination  of  the  param¬ 
eters  of  the  wave  behind  the  partition,  when  both  the  first  and  the 
third  medium  is  water.  The  solution  of  this  problem  is  equivalent  to 
estimating  the  shielding  properties  of  solid  partitions  of  specified 
thickness. 


In  this  case 


p,(Tj  =  f.,a,  =  Po«o; 

_ 2poflQ  ^ _ . 

*  is  23  ^  ^  Pjj(7.j  (Po^^O  * 


.  (  Po^Q  —  N  ' 

\  Po'^O  +  P2^3  / 


(4.122) 

(4.123) 


From  a  comparison  of  (4.122)  and  (4.123)  we  arrive  at  the  conclu¬ 
sion  that  a  -f-  7  =  1. 

In  accordance  with  (4.121)  and  (4.178),  the  value  of  the  impulse 


of  the  n-th  portion  of  the  pressure  pattern  is  equal  to 

4  =  I 


(4. 124) 


or.  Inasmuch  as 
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we  have 


(2/1- >, 


.  (e*’-  - 1)  {(t  V"’’  -  2 )  ^ 


2nt,l 


(4.125) 


■  The  total  Impw.lse  can  be  obtained  by  suinmlng  the  expressions 
(4,125)  from  n  =  1  to  n  =  oo: 

/  ==  V  /„  =  -  1)  V  (^•-  _  ..  ■ 


■  t  I  -  - e- 


.-2t: 


,) _ 

,  V  (,  „^)(1 


(4, 126 j 


or^  canceling  our  anc  recognizing  ttuat  a  =  1  —  7.,  we  obtain  ultimately 

'^PJ.  (4.127) 

ThuS;  independently  of  the  acoustic  properries  and  the  thickness 
of  the  elastic  partition,  the  Impulse  of  the  pressures  behind  the  par¬ 
tition  is  equal  to  the  total  impulse  of  the  direct  shock  wave.  The 
role  of  the  partition  reduces;,  as  it  were^  to  an  increase  in  the  time 
of  action  of  the  positive  phase  of  the  pressure  while  decreasing  the 
value  of  the  maximum  pressrtne,  which  depends  linearly  on  the  coeffi¬ 
cient  a.  Therefore;,  in  order  to  reduce  appreciably  the  maximum  pres¬ 
sure  it  is  necessary  to  construct  partitions  with  acoustic  impedances 
that  are  much  smaller  than  the  acoustic  Impedance  of  the  surrounding 
mediiom. 

Let  us  return  to  the  estimate  of  the  resultant  pressure  on  the 
front  surface  of  the  plate. 

We  have  shown,  earlier  that  this  pressure  is  determined  by  the 


expression 
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Pi 


k,,)  e-'., «  4-  »o(-20.  ( 4 .  119  ) 


We  obtain  an  analogous  relation  by  considering  the  plate  as  a 
mechanical  system  with  one  degree  of  freedom.  Assuming  the  plate  to  be 
absolutely  rigid  (Ug  =  =-1),  we  shall  take  in.to  account  only 

its  inertial  properties. 

As  soon  as  the  front  of  the  plane  shock  wave  touches  the  surface 
of  the  plate,  the  latter  begins  to  move  like  a  solid,  with  velocity 
dz/dt.  This  displacement  ■  causes  the  form.ation  of  a  pressure  field  be¬ 
hind  the  partition,  which  in  the  acoustic  approximation  is  character¬ 
ized  by  the  quantity 

(4.128) 


dz 

P%  di  • 


The  equation  of  motion  of  the  plate  is  vrritteii  in  the  form 

tn~=.-  p (?)  +  (0 -p.,  (0,  ( ^  ) 

Where  m  is  the  mass  of  the  plate  oer  unit  surface,  p(t)  the  pressure 
in  the  direct  wave,  Potr^"''-’  ores-’are  in  the  re-elected  wave,  and 

P2(t)  the  pressure  in  uhe  wave  behind  the  plate. 

The  pressxU'Te  in  ^he  dirrot  and  rellected  waves  are  related  by  the 
condition  that  the  velocities  cf  the  cartic  2.as  u  the  first  medium 
must  on  the  surface  of  the  partition  be  equal  to  :he  velocity  of  the 
partition  itself.  As  a  result  of  this 


(4.130) 


Thus 


m  —  2/)  (0- 


For  a  wave  with  exponential  profile  we  have 

(Ps  ,  I  ^  dz  n  „  „  ~  n 

y/j  ■+■  +  f  3^s)  yf  — 

A  general  solut.Lon  of  (4.132)  is 

31c  - 


(4.131) 


(4.132) 


Z  ==  C,  -{-  CjC 


-?4 


-T 


where 


3  =  ^  Pj'^a  n 

The  integration  constants  c_  and  Cp  are  determined 
ditions : 

when  t  =  0  and  z  =  0  we  have 

dz/dt  =  0. 

After  elementary  transformations,  we  obtain 

7p, 


r  M 

I  0  11^  6  G  -  9 


hence 


Th.e  resultant  pressTrre  on  the  front  surface  of  the 


JL  =  _2£5..._. 
dt  — i; 


to 


Pl=P  (t)  +  Porp  (0  ^P  (0  -  Pl«I  7? 

((i^— I)g  "  "“Pi  ■•^1-7 -7  ’+Plrt|7^ 


or,  putting. 


we  obtain 


Pi«i  m  =  Pi: 

P,-fP,  =  P: 

»  D 

—  ^3» 


n  =s  ^Pnx 

P\^jzrx 


^[p.e  *]. 


The  pressTrre  behind  the  plate  is 

P.  =  Pa^a  ~  =  P,«,  4-  [r  e"  ■ 


(4.133) 

(4.134) 

from  the  con- 

(4.135) 

(4.136) 

plate  is  equal 

(4„137) 

(4.138) 

(4.139) 

(4. 140) 

(4.141) 

(4. 142) 
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Ill  the  case  v/hen  the  acoustic  Impedance  of  the  third  medium  is 
much  smaller  than  that  of  the  first  ( when^  conse¬ 
quent  ly^  we  have  in  Ixeu  of  (4.l4l) 


-E 


(4.143) 


It  can  he  shown  that  the  approximate  solution  (4.137),  which  does 
not  take  into  accoimt  the  wave  character  of  the  propagation  of  the  dis¬ 
turbances,  gives  for  the  overwhelming  ma1orit;i:'  of  practical  problems  a 
result  v/hich  is  close  to  the  accurate  one,  and  has  a  much  simpler  form. 

For  the  reason  indicated,  one  customarily  uses  Relations  (4.137)- 
(4.142),  in  spite  of  the  fact  that  Formulas  (4.119)  and  (4.120)  take  a 
fuller  account  of  the  wave  processes  that  occur  in  the  finite-thickness 
partition  itv'^elf. 

Example  1  Calculate  the  pressure  on  the  front  surface  of  a  steel 
plate  for  the  incidence  .;f  a  plane  shcick  wave  of  exponentia?  form  The 
plate  separates  air  ;,rom  wa;3r.  The  shock  v;ave  is  produced  underground. 

Solve  the  problem  ’'^•Lth  rhe  aid  of  the  approximate  and  exact  rela¬ 
tions  . 

For  the  initral  data  assui'>e  the  folio vin^r 


2  4 

p  =  102  kg  sec  /  i 
2/4 

p,^  •=  800  kg-sec  /m  , 

2/4 

p„  ==  0,  125  Kg-sec  /m  , 


a^  =  1500  m/sec, 
ag  =  55<10  m/sec 
a^  =  340  m/sec. 


—5 

The  exponential-atten'iation  constant  is  0  =  1.82*10”-^  sec.  The  p' es- 
sure  on  the  front  is  =  100  Icg/cm  .  The  tV',.;.cl;  no'^s  of  the  prate  is 
6  =  0,5  cit  o 

Solution.  We  calculate  the  values  of  the  coefficients  contained 


'?n  Formula  (f-.ll8) 


1,  P’j'Jj  ■  800  5500 —  102. 1500 

P-:  +  pk; SOC- 5500  -1-  102- 1500  “ 

^  Pj«j--pr-j  0,;25.3-10  — R00.5500  _ 

pl«>  ”  C,12o.3-!C  +  800.5500  “  '  ' 


_  _  Piffj  — pjOj _ 10^  1500  —  600-5500  _  _q  gg^, 

p^a^  +  P:;<i2  102*  1500  +  60*0*5500 

y  es  ^21' ^-*5  —  0;033; 


Aji  = 


2pifl 


1 _ _  , 


2 -600 .5500 
5500  +  102.5 

2.102.1500 


^  2p5<Is  _  _ _  ^ 

“  p.flj  +  p,<?,  “  Too .  5500  +  102.5500,  ’  ’ 


Pj£Jj  +  p2^2  102. 1500  +  800. 5500 

S  =  A„.*jj.*2,  =  1,935—  1,00.0,0073  =  -0,130; 


=  0,0673;  ' 


It  8  0,5 

“  0  “  fljO  “  5500. 10-.  1,82. 10-‘ 


=  0,05. 


After  substituting  these  values  in  (4.118)  we  obtain 

p,  =  p„.  1,933s-'<To  (t)  +  Pm  (—0.130)  c,  (t  -  2t,)  + 

+  p„(— 0,130)  0.933£.-''-^'>hj(,_4x,)  + 

+  p„,(— 0.130)  0,87  Ic-*'"*^'''’  Oo  (t  — Of,)  +  ... 

Calculations  by  means  of  this  formula  are  conveniently  carried 
out  in  tabular  form,  choosing  as  the  time  :...r)5erval  the  quantity  t  = 

=  2t^,  as  is  done  in  Table  28.  After  such  a  time  Interval,  rarefaction 
waves  will  arrive  at  the  front  surface  of  the  plate,  and  the  pressures 
will  vary  abruptly  (Fig.  103). 


of  finite  thickness  in  accordance  with 
the  exact  equationj  IV)  pressure  on  a 
plate  of  finite  thickness  in  accordance 
with  the  approximate  equation. 

We  now  solve  the  sam.e  problem  using  the  approximate  method,  re¬ 
garding  the  plate  as  a  mechanical  system  with  one  degree  of  freedom. 
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Let  us  calculate  the  parameters  entering  into  Formula  (4.143): 


mi-mr  -  o.iis-s-^o 


:d-»  = 


2-100 


a,,-0.6«5T. 


D  5- - -  (e~''  —  0,C85e 

1  —  0,C85  ' 

The  results  of  the  calculations 


635  — 0,685#- (4.143) 

are  given  in  Table  28. 


table  28 


n 

■c=2/rc| 

#-■'-1.93 

I"-’ 

(5) -a 

(3) -(8) 

P,  =  035-{9) 

?■= 

P  =  370.(13) 

2 

3 

S 

6  ! 

7 

8  1 

0 

10  1 

II 

12 

13 

14 

0 

0 

I.OO 

1,03 

— 

cl 

0.685 

0,315 

2,00 

0 

1 

0 

0 

1 

0,10 

0,001 

1,74 

1,000 

—0,130 

0.0685 

0,640 

0,264 

1.68 

22,2 

0 

0,20 

0,-820 

138 

0,033 

—0,126 

0.137 

0,7>1H‘) 

0,224 

1,43 

0,274 

0,760 

o,ri60 

3 

o.;iri 

0.7-10 

1.43 

0,871 

—0.113 

0.205 

0.557 

0.183 

1,17 

' 

3^1,4 

■1 

0,10 

0,671 

1.27 

0,SI2 

— 0,1055 

0.274 

0,521 

0,130 

0,056 

0,518 

0,57S 

0,003 

O.-OO 

0,606 

1,17 

0,758 

—0,0085 

0,342 

0,480 

0.120 

0,765 

_  41,2 

0 

0,i>) 

o.r>.'.o 

1,00 

0.708 

—0,0020 

0,412 

0,-134 

0,006 

0.612 

0,822 

0,430 

O.Ill 

0,70 

0.-106 

0,057 

0,662 

—0,0860 

1 0.-17S 

0,425 

0.071 

0,454 

42,8 

8 

0,.'-0 

0,-150 

0,808 

0,017 

-0,0fO3 

0,318 

0,396 

0,05! 

0,311 

1 ,095 

0,334 

0,116 

It 

.  1'* 

O.'.tO 

1,00 

0,-106 

0.368 

0,78-1 

0,716 

0,5  i 

0,537 

— 0,0746 

—0.000.8 

'  0,616 

1 

;0.GS5 

0,370 

0.310 

0,030 

0,022 

0,220 

0,1 -:o 

1,37 

0,254 

0,114 

42,2 

I 

1  " 

1  *' 

1 ,20 

0.33-1 

0,20s 

0.6-lJ 

0,572 

0,501 

0.403 

— 0,C650 

— O.C300 

0.751 

0.823 

0,322 

0,301 

0.012 

—0,005 

0,0765 

—0,0320 

1,6-1 

0,104 

0,102 

36,8 

13 

1,"0 

0,273 

0,326 

0,-136 

— 0,Cw  j-j 

!  O.COl 

0,231 

— O.COS 

—0,0510 

i-i 

i,:o 

0,218 

0,-i73 

0,-107 

— O.OV.O 

L 

0.2G2 

—o.ci-; 

— o-,-::; 

1,02 

0,1-15 

0,101 

37,3 

! 

i _ 

1,50 

0.223 

0.-T3 

0,3:0 

— 0,C.2- 

i  1.023 

1 

0.2-'.5 

—0,022 

— O.I-'.O 

— 

-  - 

- - - 

A  comparison  of  the  data  obtained  hy  these  two  methods  is  shown 
in  Fig.  103. 

Exa.mple  2.  Determine  the  pressure  behind  a  steel  plate  of  thick- 
riess  6  --=  0.5  cm^  immersed  1ji  water^  acted  upon  by  an  underwater  shock 
wave  with  maximum  press^u  ^  =  100  kg/cm^  and  an  attenuation  time  con¬ 

stant  6  =  1.82“ 10  ^  sec. 

Compare  the  results  of  the  calculations  obtained  wich  the  exact 

and  with  the  approximate  formulas. 

Solution.  Vie  calculate  the  coefficients  7  and  ^^htained  in 
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Formula  (4. 128)  : 


AlJAJJ  = 


_ ^  ^Pi^iPa^a  ^ 

Pa‘^3  +  Pi'*t  Pi^i  +  Pa'^a  (pi^i  +  Pa'^aP 

'i.102.1500.800.5500 
“  (102'  1500  +  800- 5500)’ 

V  =  *  yf  =  .?i!!!?_M?  Pifli  —  Pa^a  ^  fp|g|  —  pafla)^  ^ 

^  ”  ”  PaOj  +  p-.<la  ’pi<Ji  +  pa^a  (Pi^l  +  Pa^a)’ 

(Iff-’.  i-)00  -  80o.r.soo)>  __ 

“  (102.1000  +  80U-5000)'’~ 

Since  the  time  interval  t  =  2nT^  remains  the  same  as  before,  we 
can  use  the  results  of  the  calculations  given  in  Table  28  for  the  cal¬ 
culation  of  the  pressure  pattern.  The  pressure  behind  the  plate  occurs 
after  the  shock  wave  covers  a  distance  equal  to  the  thickness  of  the 
plate,  and  will  then  change  abruptly  every  2nT^. 


Fig.  104.  PressTxce  behind  a  plate:  solid 
line  -  using  the  exact  formula;  dashed  - 
using  the  approximate  formula. 

An  approximate  estimate  of  the  character  of  pressure  variation 
can  be  made  using  Eq.  (4.142),  and  in  our  case 

3  =  Ml  0  ^  1,82. 10-'  =  0,685; 

<J,81 .  lO’" 

?  =  pi  +  ?a  =  2?i  =  1,37, 

therefore 

P.  = 2P„  [?-■'  —  =  370  [ff— '  —  . 

P‘  .1,37  —1,00  ^ 

Calculation  by  means  of  this  formula  is  made  in  Table  28, 

The  results  of  the  comparison  of  the  data  obtained  by  the  two 
methods  are  shown  in  Pig.  104. 

§12.  DYNAMIC  DESIGN  OF  A  SYSTEM  WITH  ONE  DEGREE  OP  FREEDOM  FOR  THE 
ACTION  OF  AN  UNDERWATER  SHOCK  WAVE 

The  solution  of  the  problem  of  dynamic  design  of  a  system  to  with¬ 
stand  the  action  of  an  Tonderwater  shock  wave  is,  as  already  mentioned. 
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very  difficult  in  the  general  formulation.  We  therefore  consider  here 
the  follov/ing  two  limiting  cases: 

1)  the  dimensions  of  the  structure  are  so  large  that  the  time  of 
arrival  of  the  diffraction  wave  from  the  edges  of  the  partition  exceeds 
the  duration  of  the  compression  phase  of  the  direct  shock  wave; 

2)  the  dimensions  of  the  structure  are  so  small  that  the  time  of 
arrival  of  the  diffraction  wave  from  the  edges  of  the  partition  is  ap¬ 
preciably  shorter  than  the  duration  of  the  compression  phase  of  the 
direct  wave. 

Ln  the  former  case  we  can  neglect  the  diffraction  phenomena.  Us¬ 
ing  the  reduction  inethod,  we  obtain  the  differential  equation  of  motion 
of  the  system  In  the  form 

+  (pi^i +  p8'’'s) W ~ (4.144) 

Equat.lon  (4.144)  differs  from  (4.13?)  only  in  the  term  that  takes 
into  account  the  stiff.ness  of  the  structure. 

Of  basic  principal  interest  is  the  case  when  air  is  located  be¬ 
hind  the  -over  or  behind  a  plate.  In  this  case  and  with¬ 

out  Hoss  of  practical  accxiracy  we  have  in  lieu  of  (4.144) 

+91^1^  ■  (4.145) 

Ihe  pr'.’blem  In  this  formulation  was  considered  in  detail  by  V.  V. 
Novozhllovj  D.A.  Aleksandrin,  and  M.N.  Lefonova. 

We  put 

(4,146) 

Pc*  ’ 

p  =  (4.147) 

‘  Pc* 

and  then  we  obualn 

2  +  4- i  =  %■  n 

‘  a  ‘  Pc*  . 

The  general  solution  of  Eq.  (4.148)  is 
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(4.148) 


z  —  cx 


2/L-?L _ l-c' 


,  _  ^  ♦ _ 'IJJf ' _  -- 

+  c~e  -i-  (1  _  <1  +  Pc' 


where 


a,  =  4-(i+Kr=F); 


subjecting  Eq.  (4.149)  to  the  initial  conditions  z 
when  t  =  0,  we  obtain 

z - ^ — [—‘(i  — 

+  (1  —  «()  e  *  +  (®i  —  “i)®  i* 

In  most  practical  cases  «  1-  We  can  therefore 

a,_a,  =  p(l--4$’). 

Substituting  these  values  of  and  in  (4.153) 
into  consideration  the  fact  that 


0?(o5  = 


4  » 


we  obtain 


,  as  ^  1 _ ^  -  (l  -  4-  ^0 

TTTTBi  ?4-4)'  ^  ^ 

+(i.— p)ff  *+ p(i— 4  ^0^  1’ 

Differentiating  this  expression,  we  have 

7rn:’^ 


-p-r 
e  + 


(4.149) 

(4.150) 

(4.151) 

(4.152) 

=  dz/dt  =■ 0 


(4.153) 

assume 

(4.154) 

(4.155) 

,  and  taking 


(4.156) 


(4.157) 


-  317  - 


Equating  z(t)  =0  and  determining  from  the  resultant  transcenden¬ 


tal  equation  the  time  _t,  we  can  obtain  the  following  approximate  ex¬ 
pression  for  the  maximum  value  of  the  displacement,  valid  for  p  >  5: 


(4.158) 


Let  us  now  consider  a  second  case,  when  the  dimensions  of  the 
structure  are  small  compared  with  the  length  of  the  shock  wave.  In 
this  case  the  diffraction  waves  from  the  edges  of  the  partition  will 
rapidly  eliminate  the  pressure  in  the  reflected  wave.  The  displace¬ 
ments  of  the  structure  itself  lead  to  a  change  of  the  hydrodynamic 
llelds,  which  can  be  taken  into  account  with  good  approximating  by  in¬ 
troducing  the  apparent  mass  coefi'lclent.  Therefore  the  differential  equa¬ 
tion  of  ir.otion  of  the  system  will  in  this  case  have  the  form 

m'i  +  kz  ^  p  {t),  (4.159) 

where  m  is  the  sum  of  the  mass  of  the  plate  and  its  apparent  mass,  per 
unit  surface. 


Since  equations  of  the  type  (4.159)  with  an  exponential  function 
in  the  right  half  have  been  investigated  in  gz^eat  detail,  further  cal¬ 
culations  will  be  carried  out  under  the  assumption  that  the  form  of 


the  shock  wave  is  specified  by  the  hyperbolic  relation 


f  V'l  Pm 


t  ■‘’a  1 

L  V  «0.1  . 


fjjh. _ il) 

'  I  / 


(4.160) 


As  vras  already  mentioned  earlier,  such  a  specification  of  the 
function  P\,t,  r)  Is  no  less  accurate  than  the  exponential  form,  and  in 
individual  cases  it  is  more  convenient. 


Taking  as  the  initial  instant  of  time  the  time  of  arrival  of  the 
shock  wave  at  the  structure,  v/e  obtain 
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Z-h«>’Z=^ 


(4.161) 


where 


A  solution  of  this  equation  (4.l6l)  will  he 


I 

2  =  _L  r  — t). 

"’“Jr'’  ^■'+ O' 

0  L  J 


d^. 


We  introduce  a  change  of  variable 


X  Rn 


We  have 


_  Pm  r 

-I 


sl„ru./_x  +  --2?)  ■ 
_ 2£2Ldx. 


(4.162) 


(4.163) 


(4. l64) 


For  convenience  we  write  for  the  dimensionless  combination 

+  =  (4.165) 

We  then  obtain  in  lieu  of  (4.164) 

( 

f  ^Ji(i=^dx.  (4.166) 

a-ur,  J  x‘  ' 


Differentiating  with  respect  to  t,  we  obtain 


e 

f  S2i(ipi]ax. 


(4.167) 


The  integrals  in  the  right  halves  of  (4.166)  and  (4.167)  are  d.e- 
termined,  as  is  well  known^,  with  the  aid  of  special  functions,  the  in¬ 
tegral  sine  and  cosine. 

After  simple  transformations  we  have 
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whore 


Ci-O  4 


j  -  i ,  - 

L  / 


(c;j  ' 


(4.168) 


Pjs^K 


-f-  sin 


0>jcOSi[<I>,  (0]  + 


(4.169) 


«>i(0-^-  +  si4; 

<!>,(?)  =i‘l5_ci 


(4.170) 

(4.171) 

(4.172) 


To  determine  the  argument  which  corresponds  to  the  instant  of 

the  extremum  of  z  in  Eq.  (4.168);,  ±t  is  sufficient  to  set  _z  equal  to 

zero.  Vife  then  arrive  at  the  transcendental  equation 

cos  8®,  (C)  +  sin  (C)  — ■  cos  4'I>j  (?)  +  sin  (;), 


where  denotes 


(4.173) 


(4. 174) 


An  arbitrarily  assigned  parameter  ^  corresponds  to  an  Infinite 
set  of  values  of  which  turn  Eq.  (4.173)  into  an  Identity.  In  the 
physical  sense  of  the  problem,  we  ax'-e  interested  in  the  value  of  i 
that-  is  closer'^  to  ^  and  satisfies  Eq.  (4.173)*  In  addition,  we  should 
obviously  ha  e  4  >  C-  Equation  (4.173)  is  solved  by  a  grapho-analytic 
method.  If  we  substitute  the  function  1(C)  obtained  in  this  manner 
into  Eq.  (4.l68),  we  obtain  the  extremal  value  of  z: 

-ff  {  sin  ?  (C)  [<I>,  (C)  - [KQ  ] ]  - 


-cose(c)  [KQ]]}, 


or,  since 


we  haTJ-e 


P. 


Carta 


(4.174) 


(4.175) 
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ThuS;,  the  coefficient  2^/(^  +  2.4)  is  the  dynamicity  coefficient. 
At  large  charge  radii  or  at  high  frequencies  co  we  have 


i.e._,  the  effect  of  a  suddenly  applied  constant  load  is  obtained. 

To  the  contrary^  at  small  co  and  dynamicity  coefficient 

can  be  as  small  as  desired. 

Example  1.  Calcu3-ate  the  maximum  deflection  of  a  steel  plate  in 
the  outer  hull  of  a  ship  with  the  following  initial  data: 

=  102  kg-sec^/m^j  a^  =  1500  m/sec; 

Pg  =  800  kg-sec  /m  ^  a2  =  5500  m/sec. 

The  pressure  on  the  front  of  the  underwater  shock  wave  is  p^  = 

=  120  kg/cm^. 

The  thickness  of  the  plate  is  6  =  0.8  cm. 

The  stiffness  coefficient  is  k  =  l40  kg/cm^,  and  the  exponential 

-4 

damping  constant  is  0  =  2.5*10  sec. 
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Solution.  We  rind  the  I'requenc^  ol"  occillation  of  the  plate: 

l/seo^, 

U  =  4,6G.!0»  l/sec  . 

We  calculate  the  coefficients  p  and  ? 

ja  _  _  4.2,5^-10-^--1.GC»-!(>!  _  q 

The  maximum  deflection  of  the  plate  is  determined  from  the  formula 

fioi 

‘  2  '  J 


2.120.2, 5. 10-‘  I 

102.1500  I 


[  -Lo.l5r6.o(l— 

irvt  *  * _ i= _ i _  '  ■  "■■  '  ■  > 


=0,392.0,19.1°'^’  =  0,244  cm. 

Example  2.  A  copper  membrane  50  mm  in  diameter  and  3  nim  thick  is 
located  at  a  distance  of  100  m  from  the  center  of  the  charge,  and  was 

subjected  to  a  deflection  of  6.5  ram. 

Eindthe  weight  of  the  charge  if  the  following  are  specified:  the 
stiffness  coefficient  of  the  membrane  k—  25O  kg/cm^;  mass  of  the  mem¬ 
brane  per  uni'"  surface,  with  allowance  for  the  apparent  mass  of  the 

liquid,  =  4.2*10“  Itg-sec  / cnP . 

Solution.  He  obtain  the  frequency  of  the  natural  oscillations  of 


the  membrane: 


«  =  |/A  ^  |/ .  7, 7. 10' l/sec . 


Accordi.ng  to  ^4.175)  we  have 


X  B  _ =  -Oa. - 

/(  ;  +  2,4  k  ■  wW, 


ica  +  2,4 

fli.a 


with 


r  \i.'3  ‘ 
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Thus 


2 

-L  <^0^ 

^  *  “/?0)  ,  n  <  ’ 

(-/^ol) 

Since  the  distance  r,  the  stiffness  coefficient  the  deflection 
of  the  membrane  Z^,  and  the  oscillation  frequency  w  are  specified,  the 
last  equation  enables  us  to  determine  the  radius  of  the  equivalent 
spherical  charge  Rqs* 

After  substituting  the  numerical  values,  we  obtain 

„7.7-10V^,. 

H  700  1  1500-0,27 

0,«5  a  250*  7,7-lU^«„,  ,  ^  , 

W  1500^27-^ 

1!8  I9/4i 

"  /^v'.w  19«|)3  +  '2,A  • 

W-Jo.' 

Solving  this  equation,  we  get 

The  weight  of  the  TNT  charge  will  be 

a  =  Ro3/( 0.033)-  =  (1.1-10^)/150  =  735* 10^  kg  =  7.35  m. 

§13.  APPROXIMATE  ACCOUNT  OF  CAVITATIONAL  PHENOMENA  IN  THE  INTERACTION 
BETWEEN  AN  UNDERWATER  SHOCK  WAVE  AND  A  PLATE 


The  very  simple  schemes  of  interaction  between  a  shock  wave  and  a 
partition,  considered  in  the  tvro  preceding  sections,  did  not  take  into 
account  the  cavitational  phenomena  in  the  liquid.  Yet  such  phenomena 
can  occuT  in  many  cases  of  practical  interest. 

Let  us  illustrate  this  by  using  as  an  example  the  motion  of  a 
free  plate.  We  shall  assume  that  on  the  one  side  of  the  plate  there  is 
vrator ,  and  on  the  other  there  is  anr.  The  acoustic  impedance  of  air 
can  be  neglected  compared  with  the  acoustic  Impedance  of  water. 

Under  such  conditions,  the  differential  equation  of  motion  of  the 
plate  will  be 


H 


(4.180) 


Its  solution  is  (see  §11) 
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m?  (;s  —  i)  L 


\ _ 0  . 


1  “h  e. 


|V 

■l( 


■  be 


d7 

at 


Hi  (,S  -  1.)  L 


,  / 
■•’T 


(4.135) 

(4.136) 


where 

g  _  0  ( 4 .  l8l ) 

The  ina:xiinum  dlsplaceraent  of  the  plate  does  not  depend  on  its  in¬ 
ertial  properties  and  is  determined  by  the  equation 


=  lim  z 


0/,  0 


I  -> 


Po^o 


(4. 182) 

The  resuD. tsnt  pressure  on  the  plate  consists  of  the  pressure  i.n 


the  direct  and  reflected  waves: 

P^ci  ”/^np  "t  PiiTpi 

With 


(4.183) 


PoTp  P 


oTp  tPnp  Po^O 
t 


dz 


n  .n  £>■"^'4.0/7  — 

^  Po^O  ^  ^  Po"o  .7,  _  1) 

?  -r  1  . 


2p„,0  Cl 


»  i3  -T*  1  /»  ** 


/'h 


If  we  take  into  account  ■♦'he  x^rave  character  of  propagation  of  the 
disturbances  and  consider  for  the  sake  of  simplicity  a  plane  wave^ 
then  the  pressure  at  an  arbitrary  point  of  the  liquid  ahead  of  the 
plate  will  be  the  result  of  the  superposition  of  two  wave  systems,  the 
direct  and  reflected  X’^aves. 

Reckonin.g  the  time  from  the  instant  of  arrival  of  the  wave  at  the 


plate,  we  have 


P  PC3  (■ 

~  .V,  t)  =  (—  t)  0,  }- 

i  Jllfl  , 

“  i  ^  +  v) 

r  (-  -a 

3  4*  1  H  » 

23 


(4.185) 
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The  structure  of  the  obtained  equation  enables  us  to  plot  the  ra- 
tio  in  space-time  coordinates  for  a  fixed  value  of  the  param- 

eter  p.  In  the  limiting  case  as  0-^  0  we  have  an  absolutely  rigid  wall_, 
and  when  p  “  we  have  the  free  siorface  cf  the  liquid.  Figure  IO5 
shows  the  lines  of  equal  presstires  as  functions  of  the  coordinates  and 
the  time  for  p  =  4.0  and  p  —  83. 

It  is  easy  to  note  that  at  some  definite  Instant  of  timOj  even 
for  plates  of  relatively  large  inertia  (p  =  4.0),  the  resultant  values 
of  the  pressures  in  the  liquid  become  negative. 


Fig.  105.  Resultant  pressure  ahead  of  the 
plate  in  coordinates  x  and  t.  1)  Front  of 
reflected  wave. 


If  the  absolute  values  of  the  pressures  turn  out  to  be  larger 
than  the  sum  of  the  cavitation  and  hydrostatic  pressures,  then  tensile 
strecso'-  can  arise  in  the  liquid,  capable  of  producing  a  cavitational 


discontinuity. 


The  formation  and  development  of  the  cavitation  under  interactions 
between  and  underwater  shock  wave  and  a  plate,  were  first  considered 
by  Schauer  and  Kiricvrocd.  Schauer's  theory  is  based  on  the  assumption 
that  starting  vrith  the  Instant  when  the  resultant  pressure  is 

equal  to  the  cavitation  pressure 
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where  Is  the  instant  of  occurrence  of  cavitation. 

The  velocity  of  motion  of  the  plate  at  the  Instant  t  =  t^  willj 
in  accord  with  (4.136),  be 


I  r  '”3 

\l—l  1  a 


(4.136a) 


The  kinetic  energy  o-^  the  free  plate  is  absorbed  by  the  work  of 


the  atmospheric  counterpr’ess'ure  forces. 

Schauer’s  theory  as  'applied  to  problems  involving  the  interaction 
between  an  underwacer  shock  wave  and  ship  str'uctures  was  developed  in 


the  v;orks  of  D.A.  Aleksandrin. 

Kirkwood,  unlike  Schauer,  supposed  that  the  maximum  displacement 
of  the  plate  is  determined  not  only  by  the  value  of  the  kinetic  energy 
which  is  imparted  to  it  by  the  shock  wave  by  the  Instant  of  formation 
of  the  cavitation' region,  but  also  by  the  energy  of  the  cavitated 


layer  of  liquid. 

Kirkwood's  researches  were  continued  by  B.V.  Zamyshlyayev.  The 
scheme  of  development  of  the  cavltational  processes  as  the  plate  moves 
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under  the  action  of  the  shock  wave  tiirns  out  to  be  quite  close  to  that 
described  previously  in  §4  of  Chapter  3-  The  only  difference  is  that 
in  the  study  of  the  reflection  of  the  wave  from  the  free  surface  one 
could  assume  that  the  formation  of  the  cavitation  discontinuity  coin-, 
cides  in  time  with  the  Instant  of  arrival  of  the  front  of  the  reflected 
wave . 

For  an  approximate  estimate  of  the  characteristics  of  the  motion 
of  the  cavitational  layer  and  of  the  plate,  we  make  use,  as  before,  of 
the  laws  of  conservation  of  energy  and  momentum.  Let  us  consider  a 
system  consisting  of  a  plate  and  several  cavitational  layers  of  thick¬ 
ness  h^. 

By  the  Instant  t^  when  the  i-th  layer  has  separated,  such  a  sys¬ 
tem  acquires  a  momentum  equal  to  the  Impulse  of  the  pressure  forces 
acting  from  the  instant  of  arrival  of  the  front  of  the  shock  wave  at 
the  plane  — h^  (t  =  — h^/a^)  : 

<1  h 

K  -  )'  (^)  +  f  Porp  (0  dt  =  /,p  (i)  +  /„p  (i),  ^  ( 4 . 187 ) 

_  '!L 

<Io 

where  and  are  the  Impulses  of  the  pressures  in  the  di¬ 

rect  and  reflected  waves,  reckoned  from  the  instant  of  arrival  of 
these  waves  at  the  point  h^  to  the  Instant  of  formation  of  the  cavita¬ 
tional  discontinuity. 

After  the  i-th  layer  is  separated,  the  system  under  consideration 
is  acted  upon  only  by  the  forces  of  atmospheric  pressure  from  the 
plate  (the  saturated-vapor  plate  from  the . 1-th  layer  can  be  neglected). 

For  this  reason,  the  momentum  of  the  system  at  some  instant  of 
time  t  >  t^  will  be 

(.0  =  ^1,  (4)  -- A.T..  {(  —  (,).  ( 4 .  ISS ) 

Assuming  that  the  cavitational  layers  and  the  plate  move  with 


-  327 


(4.189) 


It  Is  obvious  that  this  quantity  should  be  equal  to  the  energy  of 
the  direct  and  reflected  waves^  transferred  to  the  system,  after  sub¬ 
tracting  the  work  done  by  the  forces  of  atmospheric  pressure.* 

The  energy  of  the  direct  wave  is  determined  by  the  equation 

A/ 


The  energy  of  the  reflected  wave  is 


I'l 


a* 


(4.192) 


The  work  done  by  the  forces  of  atmospheric  pressure  is  approxi¬ 
mately  equal  to 

(0  — (4.193) 

Gathering  together  the  obtained  estimates,  we  arrive  at  the  rela¬ 
tion 

—  A  (4.194) 

which  is  equivalent  to 

zj  (/)  =  (i)  _  (i)  (/)  _  (4.195) 

The  value  of  z^(t^)  can  be  readily  expressed  in  terms  of  the 
parameters  of  the  direct  and  reflected  waves.  . 


Since 


/^OTp  Pa^  Po^O  I 


we  have 


j  Po^o  j  Po'^o 

hi 

**57 

_  Aip  (0  ^OTp  (0 

Po^o 


(4.196) 


Thus;,  to  determine  the  displacement  of  the  plate  z^(t)  we  have 

^np  (0  ^OTp  (0  J  ^tip  (0  -  ^OTp  (0 

rCTM 

(4.197) 


^.(0^ 


Po^o 


2p» 


Let  us  calculate  the  maximum  displacement  of  the  plate 

liiS-X. 

To  this  end  it  is  necessary  to  determine  the  number  of  cavita- 
tional  layers  N  which  have  had  time  to  attach  themselves  to  the  plate 
by  that  time,,  and  equate  the  velocity  z^(t)  to  zero. 

According  to  (4.l89)j  the  instant  of  time  at  which  the  maximum 
displacement  is  reached;,  is  equal  to 


Aip  (^)  +  Ltp  (^) 


(4.198) 


with  the  N-th  layer  becoming  attached  to  the  system  when  its  displace¬ 
ment  turns  out  to  be  equal  to  the  displacement  of  the  plate  (with  the 
N  —  1  layers  adjacent  to  it). 

The  displacement  of  the  plate  is  determined  by  Eq.  (4.197)  in 
which  the  index  i  is  replaced  by  the  index  N. 

The  displacement  of  the  N-th  layer  can  be  calculated  from  the  re¬ 
lation 


(0  =  (i'w)  — 


fnpW-JcTpW  2/).,p  (:V)  +  1  Pa  1  +  To 
- - 1 - — -  V  ~  ^NJ- 


(4.199) 


Po^^o  '  Po^o 

Equating  the  velocities,  we  arri'^'e  at  a  quadratic  equation  in  the 
ujclmown  instant  of  time.  Solving  this  equation,  vje  obtain 

— +  ^N  +  Vb]j  + Cn  ,  (4.200) 
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where 


(U. 201) 


(4.202) 


An  estimate  of  the  cavitational  layers  can  he  carried  cue  hy  com¬ 
paring  t*^^  and  t^. 

Equating  these  instants  of  time,  we  obtain  the  following  transcen¬ 
dental  equation 

'  ■£'np  (A')  —  £'otp  (AO  =  ^  [S/’np  (A^)  +  I/’*  I  +  /’o]  X 

X  14p  (A)  4-  /oTp  (A)].  (  4 . 203 ) 

In  addition^  we  previously  had 

Ppc,  =  /Ap  (A)  +  (A)  =  -  ( 1  |  +  ;?,).  (4.204) 

These  two  equations  include  two  unknown  quantities  h,,  and  t^T,  and 
once  these  are  determined  it  is  easy  to  calculate  the  momenta  and  the 
energies  in  the  direct  and  reflected  waves ^  determining  by  the  same  • 
token  all  the  elements  of  motion. 

According  to  (4.197),  the  maxlm\im  displacement  of  the  plate  will 
be 


Ap  W  ^OTp  (AO  ,  £„p  (N)  -  (A') 


(4.205) 


The  results  obtained  can  be  extended  to  the  case  of  a  plate  which 
is  part  of  the  whole  structure.  In  this  case  it  is  necessary  to  esti¬ 
mate  in  addition  the  value  of  the  potential  deformation  energy^  which 
is  determined  X'/ith  the  aid  of  the  known  methods  of  structural  mechanics. 

Without  dwelling  on  the  details  of  this  problem,  we  note  in  con¬ 
clusion  that  an  account  of  cavitational  phenomena  leads  to  an  Increase 
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in  the  maximum  deflection  of  the  plate  as  compared  with  design  in 
which  cavitation  is  not  taken  into  account. 
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281 
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297 

308 


[Footnotes ] 


In  the  case  of  great  excess  pressures  at  the  front  of  the  air 
shock  wave^  supersonic  gas  flow  occurs  and  a  compression  wa¬ 
ve  is  formed  about  the  partition.  The  concept  of  stagnant 
flow  parameters  takes  on  new  significance. 

As  is  well  known^  the  hydraulic  friction  factor  can  be  used 
to  express  the  resistance  of  the  tube  in  teimis  of  the  Impact 
pressure:  a  _  r  ^  IlL 

For  further  details  on  the  application  of  the  lagrange  method 
to  problem.s  of  dynamic  structural  strength^  see  §9* 

The  result  discussed  below  is  taken  from  K.  V.  Lopukhov. 

We  will  leave  out  the  structure  of  the  solution^  since  it  is 
completely  analogous  to  the  solution  presented  in  the  book  by 
A.  A.  Kharkevich,  "Nonsteady- state  Wave  Phenomena." 

This  problem  was  examined  by  us  Jointly  with  0. G.  Fayans. 

Here  xve  neglect  the  defraction  of  the  shock  wave  from  the 
plate  edges. 

The  terminology  "vertical"  and  "horizontal"  partitions  that 
we  employed  is  som.ewhat  conditional^  in  more  rigohous  form¬ 
ulations^  we  speak  of  the  case  in  which  the  shock  wave  drops 
along  the  normal  to  the  surface  or  slides  along  the  surface. 


The  coefficient  a  has  the  same  sign  as 

ct  0.  af  p^a^  ^  82^2"^ 
ct  “C  0 if  p^a^  22^2"^ 

the  coefficient  y.has  the  sign  of  the  product  ( P3-3  -  P2^2^  ^ 
X  ( P2_^j_  82^2^  * 

It  is  appropriate  to  emphasize  that  the  time  of  formation  of 
the  i-th  cavitational  layer  does  not  coincide,  generally 
speaking,  --.'Ith  the  instant  of  arrival  of  the  reflected  wave 

at  the  plane  h^. 
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It  must  be  borne  in  mind  that  whereas  the  direct  wave  brings 
some  energy  into  the  system^  the  reflected  wave,,  to  the  con¬ 
trary,,  carries  energy  away.  Consequently,  the  system  will 
have  an  energy  Epp(i)  - 


*  /pea  =•  (I/’k  I  +/’e)  =  2/)„p  —  , 


[List  of  Transliterated  Symbols] 

OTP  =  otr  =  otrazheniye  =  reflection 
(|)  =  f  =  front  =  front 

pes  =  rez  =  rezul ' tiruyushcheye  davleniye  =  resultant  pres¬ 
sure 

2  2 
kt/km  =  kg/cm 

o6t  =  obt  =  obtekaniye  =  travel 
3aT  =  zat  =  zatukhaniye  =  attenuation 
adKfl  =  abed 
adKfl  =  abed 

Kan  =  kan  =  kanal  =  channel 
Hav  =  nach  =  nachal 'nyy  =  initial 
KOH  =  kon  =  konechnyy  =  final 

p  =  r  =  rasshiritel 'naya  kamera  =  expansion  chamber 
np  =  pr  =  privedennaya  massa  =  reduced  [apparent]  mass 
np  =  pr  =  pryaraaya  volna  =  direct  wave 
c  =  s  =  szhatlye  =  compression 
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